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Abstract 

We study the asymptotic behaviour of tame harmonic bundles. First of all, we prove a local freeness of 
the prolongation by an increasing order. Then we obtain the polarized mixed twistor structure. As one of 
the applications, we obtain the norm estimate of holomorphic or flat sections by weight filtrations of the 
monodromies. 

As other application, we establish the correspondence of semisimple regular holonomic _D-modules and 
polarizable pure imaginary pure twistor _D-modules through a tame pure imaginary harmonic bundles, which 
is a conjecture of Sabbah. Then the regular holonomic version of Kashiwara's conjecture follows from the 
results of Sabbah and us. 
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1 Introduction 

1.1 Simpson's Meta-Theorem 

The guiding principle of our study is the foUowing, which we call Simpson's Meta-Theorem: 
Principle 1.1 The theory of Hodge structure should be generalized to the theory of twistor structures. I 
In Simpson stated the above principle as follows: 

Meta-Theorem If the words "mixed Hodge structure" (resp. "variation of mixed Hodge structure") 
are replaced by the words "mixed twistor structure" (resp. "variation of mixed twistor structure") in 
the hypotheses and conclusions of any theorem in Hodge theory, then one obtains a true statement. 
The proof of the new statement will be analogous to the proof of the old statement. 

We regard it as a kind of principle. As for the study of variation of pure twistor structures (harmonic bundle), 
it may occur that the proof of new statement is not analogous to the proof of the old statement, in our current 
understanding. 



1.2 The purposes in this paper 

We have two main purposes in this paper. 

1. In the previous paper we discussed the behaviour of tame harmonic bundle imposed the nilpotentness 
and the trivial parabolic structure conditions. We would like to remove the assumption. We also improve 
the argument. In particular, we use the reduction to Hodge theory more efficiently. 

2. We would like to apply the study on the behaviour of tame harmonic bundle to the theory of pure twistor 
-D-module, introduced by Sabbah. 
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1.3 On the purpose [T] 

Our principle in the study of tame harmonic bundle is as follows, which is a 'corollary' of Simpson's Meta- 
Theorem: 

Principle 1.2 The asymptotic behaviour oj tame harmonic bundle should be similar to the asymptotic behaviour 
of variation of polarized Hodge structures. I 

Although our goal is to show the theorems known for complex variation of polarized Hodge structures, we do 
not follow closely 07], [S] and [23- Instead we follow the more differential geometric method pioneered by 
Simpson. We refer the following two difficulty to apply the classical method in the Hodge theory directly. 

(a) The nilpotent orbit theorem for harmonic bundle is not known. 

(b) In the case of harmonic bundles, we have non-trivial eigenvalues of the residues and non-trivial parabolic 

structures. 

1.3.1 The difficulty (a) 

In the study of complex variation of polarized Hodge structures, which will be abbreviated as CVHS in the 
following for simplicity, the nilpotent orbit theorem due to Schmid is quite important, and it is a starting point 
of the later studies of Cattani, Kaplan, Kashiwara, Kawai and Schmid. However, we do not know even the 
formulation of nilpotent orbit theorem for harmonic bundles. Since the harmonic bundle can be regarded as a 
pluri-harmonic map from a complex manifold to a symmetric space, it would be possible that we would obtain 
a generalization of the nilpotent orbit theorem for harmonic bundle, after the study would be made progressed. 
(See Remark 112.41 for example.) But anyway we do not have the nilpotent orbit theorem at the moment, and 
thus we will find another starting point. 

Remark 1.1 Now we have understood the asymptotic behaviour of tame harmonic bundle pretty well, and 
hence the author does not think that a generalization of nilpotent orbit theorem is necessary as a starting point, 
although it would be interesting. I 

1.3.2 The difficulty (b) 

We have the non-trivial eigenvalues of the residue of the Higgs field, and non-trivial parabolic structures. As 
an example, we have the following simple example. Let A* denote the punctured disc {zGC|0<|z|<1}. 

Example Let us consider the holomorphic bundle E := Oa* • e of rank 1 over A*. We have the Higgs field 
9 :— a ■ dz/z {a G C) and the metric h determined by h{e, e) := \z\~'^°' (a G R). Then it is easy to check that 
the tuple {E, 9, h) is a harmonic bundle. 

In the case of variation of Hodge, the corresponding Higgs field is always nilpotent. Hence if a ^ 0, the 
example cannot be the variation of Hodge structures. In the case a = 0, the example is Hodge. However if a 
is not rational, then the monodromy of the corresponding local system is not quasi unipotent. Recall that it is 
often assumed that the local monodromy is quasi unipotent in the study of variation of Hodge structures. In 
this sense, the example is far from (usual) Hodge in the case (a, a) ^ Q x {0}. 

1.3.3 A starting point in the paper |38 | 

In our paper ^SSji, we discussed the problem under the assumption that the difficulty (6) does not occur, namely, 
the assumption of the nilpotentness and the trivial parabolic structure. We recall what was our starting point 
in I2H1, instead of the nilpotent orbit theorem. 

We put X := A", A := {zi = 0}, D := IJlLi A- We put A" := X x Ca and P Z? x Cx. Let {E,dE, 9, h) 
be a tame nilpotent harmonic bundle with trivial parabolic structure. We have the deformed holomorphic bundle 
£ and the A-connection O on X — V. We prolong the sheaf £ on X — V to the sheaf *5 over X by imposing the 
condition on increasing order. (See the siibsection 12 . 21 for ^£ and &£.) Then we proved the following. 
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Proposition 1.1 (Theorem 4.1 and Proposition 4.9 in [38]) Under the assumption of the nilpotentness 
and the trivial parabolic structures, the Ox -module ^£ is locally free, and D is a regular X-connection, in the 
sense D/ € *5 (g) fix (log -D) for any section / € I 

Then we obtain the holomorphic vector bundle Vq :— ^£\{o}xCx on the complex plane Cx- The residues 
ReSi(D) induce the nilpotent endomorphism Mi- 

On the other hand, we have the harmonic bundle {E, Oe^GK h) on the conjugate complex manifold — . 
We put := x C^^ and := x Cf^. We obtain the deformed holomorphic bundle £^ and the /Lt- 
connection D, and then the prolongment . Thus we obtain the holomorphic bundle Voo ■= *^^|c,, a-nd the 
nilpotent endomorphism on the complex plane . 

We glue C\ and by the relation A = /i^^, and thus we obtain P^. By taking a point P ^ X ~ D, we 
obtain the gluing of (Vq, A/i) and {Voo, —A//). Thus we obtain the holomorphic vector bundle S{E, P) and the 
nilpotent maps A^^ : S{E, P) — > S{E, P) 0,1 (2) over P^. The nilpotent map N^{n) = J2K^ induces the 
weight filtration W on S{E, P). 

Proposition 1.2 (Theorem 7.2 [38]) The filtered vector bundle {S{E, P), W) is a mixed twistor structure. I 

Propositions II . l1 and II . 2l are the starting points of our study in the paper ^38 . Then we obtain the constant- 
ness of the filtrations, the compatibility of the nilpotent maps, the norm estimate, the limiting CVHS and the 
purity theorem by using some geometric argument. 

1.3.4 When the difficulty (b) occurs 

When the difficulty (b) occurs, we cannot use the argument in |38j straitforwardly. Let us see what happens in 
the example in the subsubsection ITTir^ 

In the example, Oe and 9^ are as follows: 

Oes = e ■ (—a) — , 6^ — a ■ —. 

z z 

Then we have the frame f oi £ given as follows: 

/ := exp(— a • A • log |zp) • e. 

The A-connection is as follows: 



©/ = /• (a-a-A-a-A^) •— . 

^ ' z 

In particular, Res(D) = a — a-\ — a-\^. The norm of u with respect to h is as follows: 

\f\h = |z|— 2R<=("->). 

Then we obtain — ord(|/|;^.A = a + 2Re(a • A), which depends on A, in the case a 7^ 0. It means that the 
sheaves ^£ or b£ for any b e i?" arc not locally free. Namely Proposition 11.11 docs not hold in general. (See 
Remark 18. II on the explanation from the view point of the curvature.) 

1.3.5 How we can modify? 

First we discuss the prolongment for fixed A, namely we consider the prolongment of £^ to the sheaf b£^ on 
. In this case, we can show the local freeness by the essentially same argument as the proof of Proposition 

o 

Proposition 1.3 b£^ is locally free. I 
Then we have following two structures of f,£^|pA (i = 1, . . . , n). 

• The parabolic filtration 'F, which is a filtration of b£^\T)>- in ths category of vector bundles. 
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• The generalized eigen decomposition *E of hS^yj^x with respect to the action of the residue ReSi(I 

They are cahed the KMS-structure (Kashiwara-Malgrange-Sabbah-Simpson). 

The parabohc structure F is determined by the increasing order, namely it is given as follows; 



The filtration *F and the decomposition are compatible, in the sense ^Fa = ®aec ^^a<^^Fa- Then we obtain 
the following data: 

ICMS{b£^,i) := {{a,a) e Rx C\' Grf 'E{t,£iD, ,a)j^O}cRxC. 

We put K:MS{E^,i) = [jf,ICMS{b£^ ,i) C RxC. The elements of K:MS{£^,i) is called the KMS-spectrum 
at A. The number dim' Grf 'E(5£|Oi, a) called the multiplicity of (a, a) G ICA4S{b,i)- 
We have the Z-action on /CA^5(£'^,i) as follows: 

Lemma 1.1 Let (a, a) be an element of R x C . Then {a, a) £ ICA4S{£'^ ,i) if and only i/ (a + l,a — A) G 
ICAiS{£^ , i). The multiplicities of (a, a) and (a + 1, a — A) are same. I 

We have the bijection i{X) .RxC — > RxC. For u = {a, a) E R x C , we put as follows: 

p{X,u) := a + 2Re(A • a), 



6(A,u) := (p(A,u),e(A,M)), 



e(A, u) :— a — a ■ X — a ■ 



We note that e(A,M) is the eigenvalue of the residue Res(D) in the example. We also note that —p{X,u) is the 
increasing order of / in the example (the subsubsections IT. 3 . 21 and 1 1 . 3 . 4|l . 
The following proposition is essentially due to Simpson. 

Proposition 1.4 The map i{X,u) induces the bijection K,MS{£'^ ,i) — > ICA4S{£'^,i). The multiplicities are 
preserved. I 

Note that the map preserves the Z-action. 

Let / be a subset of n = {l,...,n}. Then we have the filtrations ^F [i E I) and the decompositions 
*E {i E I) of b£^ivy- It 

can be shown that they are compatible. Then we obtain the following subset of 

R^ xc^ = {Rx cy-. 

lCMS{b£^,I) := {(a, a) E R' x | ^ Grf ^E(5£|^. , a) ^ O}. 

We put KMS{£^,I) := [jf,KMS{b£^ ,1). The element u = (a, a) e KMS{b£^,I) is called isTMS'-spectrum, 

and the number dim^ Grf ^¥.{b£^^x , oi) is called the multiplicity of u. 

I 

Similarly to the case of / = {«}, we have the Z^-action on ICMS{£^, I), preserving the multiplicities. 

Proposition 1.5 We have the bijection t{X) : ICMS{£",I) — > ICMS{£^J), preserving the "Z-action and the 
multiplicities. I 

Then we put as follows, for any element u E ICA4S{£'^ ,n): 

-e«:=-Grf(,,„)^E(5£,e(A,w)). 

The residue ReSi(D) induces the endomorphism of —G^- The unique eigenvalue of the endomorphism is 
e{X,Ui) by our construction. The nilpotent part is denoted by Af.^. 

Remark 1.2 The tame harmonic bundle {E, Be, 0, h) is nilpotent and with the trivial parabolic structure, if and 
only if the set ICMS{£'^ ,n) is same as Z" x {0}. Due to the "Z-action, we have only to consider the spectrum 
E K.MS{£^,n), and we have = ^f|(o,A)- ■ 
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Then we obtain the family {— | A G C} of vector spaces. We would like to give the structure of a 
holomorphic vector bundle over the complex plane Cx. In the case where {E,dE,0,h) is nilpotent and with 
trivial parabolic structure, we have the holomorphic bundle over X, and thus we obtain the holomorphic 
bundle *f|CA> which gives the structure of the holomorphic vector bundle of the family {— | ^ G ^} ■ 
we have already said, the sheaves *f or i,£ on X are not locally free in general, we cannot apply the method 
directly. 

Let us pick any point Aq G C\. Let us pick an element b G ii" such that 6, ^ ICMS{£'^" ,i) for i £ n. Let 
us take a sufficiently small positive number cq. We put X{Xo, eo) := A(Ao, eo) x X and := {A} x X. 

Proposition 1.6 

• Then b£ is a locally free sheaf on X{Xo, eo). 

• For any point A G A(Ao, eo), we have the canonical isomorphism b£\x^ — b£^- I 

Let V^{\o,eQ) denote A x A(Ao,eo), and denote A x {A}. We have the filtration and the 

decomposition 'E of the vector bundle b£\Vi{\o,e^o)'- 

• The restriction of 'F(^o) to is same as the parabolic filtration of b£ "177-^0 ■ 

• The restriction ^E^^") to X^" is same as the generalized eigen decomposition *E of b£^° ^^xq. 

• 'F^-**") and 'E(^») are compatible. 

Let us explain the restriction of i<'('*'o) and E^'^") to for a point A near Ao- The relation of the filtration 
p{^o) and the parabolic filtration F on b£\v^ is as follows: 

Here e denotes a small number depending on b and A. We also have the following: 

^E(^«)(i,f|P,(;,„,,,),a)|^. = ^E(,f^|^.,/3). 

\0-a\<r, 

For any subset / C n, we obtain the filtrations 'F'^") (i e /) and ^E''^") (i e /) of the vector bundle 
fe^|X'j(Ao,eo)> they satisfies the relations as above. 

Then we put as follows, for any element u G 1CA4S{£° ,n): 

i^iXo) = i^Grf(',':;„) ^E(^o) |^^(,^_^^) , e(Ao, u)) . 

Then we have = —Qu foi' any point A e A(Ao, eo). When the intersection S := A(Ao, eo) fl A(Ai, ei) is not 

empty, we have the canonical isomorphism — — — ^^Ys" ^^^^ obtain the global vector bundle — t/^ on 
C\ such that — 5^ | A(Ao,eo) — ^u""^ and — | >, ~ We also have the nilpotent endomorphism J^i [i e n). 

By the same construction for the tame harmonic bundle {E, ds, 9^ , h) on X^ — D\ we obtain the holomorphic 
bundle —Q^^ for any element u € ICAiS{£'' ,n}, with the nilpotent map AfJ . 

We have the morphism i?xC — > iixC given by (a, a) 1 — > (—a, a). It induces the bijection /CA^<S(f°, n) — > 
KIA4S{£^° ,n). We denote the correspondence by u 1 — > tx^. Then we have the gluing of — C/u and — ^/i, and 
thus we obtain the vector bimdlc Su{E,P). We also obtain the nilpotent morphism Mf" : Su(E,P) — > 
Su{E,P) ig) 0(2). As in the previous paper, we put Af^{n) = Y^^=i-^t ^ which induce the weight filtration 
W on Su{E, P). Then it can be shown that (^Su{E, P),W^) is a mixed twistor structure, which is called the 
limiting mixed twistor structure. 

Remark 1.3 We have another gluing, and the resulted vector bundle is denoted by S^^{E). In fact, it is more 
close to the traditional construction of the limiting mixed Hodge than Su{E,P). I 
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1.3.6 Polarization of the limiting mixed twistor structures 

We discuss the naturally induced polarization S on the limiting mixed twistor structure, following Sabbah |42|. 
who considered the polarized limiting mixed twistor structures for tame harmonic bundle on a quasi projective 
curve. The following theorem is one of the main goals in the study of Part HTl ITTll 

Theorem 1.1 (Theorem [nUl) The tuples {S^'''\E),W, , S) and {Su{E, P),W, , S) {P e X - D) are 
polarized mixed twistor structure. I 

We use Theorem II .11 by taking the associated graded objects. We have the associated graded vector bundle 

we have the naturally induced filtration W'-^\ the nilpotent maps Ar(°) and the 
pairing 5''"' . Then the tuple (V^^'' ,W^'^\ A/'^^-' , S*^"-* ) is again a polarized mixed twistor structure. We can take 
an appropriate torus action on the tuple, and thus it is a polarized Hodge structure. Moreover, it can be shown 
that {V^'^\ W^'^\ N^-^\ S*'"') is a nilpotent orbit. Since the nilpotent orbit was studied very closely in the theory 

of variation of Hodge structures, we can say that we understand the tuple {V^°\W^°\ N^°\ 3^°')) very well, 
due to the classical results on variation of Hodge structures. Much information on the tuple (S''^^'^, W, TV, S) 
can be obtained from (y^°\W^'^\ N^^\ S^^^) . For example, we can obtain the compatibility of the nilpotent 
maps and vanishing cycle theorem. We can also apply the lemmas due to Kashiwara and Saito on the nilpotent 
orbit to (S'u™, W, N, S). In this sense, the study of tame harmonic bundle is reduced to the study of variation 
of Hodge structures. 

In the previous paper j88| . we often used the argument to take a 'limit' of a sequence of tame harmonic bun- 
dles. For example, we consider the morphisms —ipm ■ X — D — > X ~ D given by (^i, . . . , Zn) i — > (z™, . . . , z^), 
and we consider the sequence 9_e, 9, /i)} of harmonic bundles. Under the assumption that {E, ds, 0, h) 

is nilpotent and with trivial parabolic structure, we obtained the complex variation of Hodge structure as the 
'limit'. We also considered the morphisms -ipm ■ X — D — > X — D given by (zi, . . . , z„) i — > (z™, Z2, ■ ■ ■ , Zn), 
and we used a limit of the sequence {-ip^{E, Oe, 0, h)} to derive a sequential compatibility of the residues. 

The argument to take a limit does not work if the residues of the Higgs field is not nilpotent. In the case of 
the example in the subsubsection IT. 3 . 21 we have -ip^^ = m ■ a ■ dz/ z, and thus it is not easy to guess what is 
'limit' for m — > oo. 

In a sense, taking the associated graded tuple {y^'^\ W'^'^\ TV'"-*, S'*^"') corresponds to taking a 'limit'. Let us 
consider the case that {E,dE,d,h) is nilpotent and with trivial parabolic structure. As is already mentioned, 
we obtain the limiting CVHS {E^°°\dE(oa),d^°°\h'-°°'') as a limit. Then it is easy to see that the limiting 
mixed twistor structure (E'^°°\ d^i^) , 0'--°°\ is naturally isomorphic to the associated graded mixed twistor 

structure IF(°)) . 

Most of our argument to take a limit in the previous paper JSSJ can be replaced with the argument to 
consider the associated graded tuple. The only exception is the proof of the constantness of the filtration, for 
which we use some elementary calculus instead of taking a limit. 

Remark 1.4 As is mentioned above, we do not use the argument to take a limit in this paper. However, it 
seems significant to observe that CVHS appears as the limit. I 

1.4 On the purpose m 

1.4.1 Pure twistor _D-module and Sabbah's program 

The author thinks that we have already understood the asymptotic behaviour of tame harmonic bundle pretty 
well. In Part IV, we would like to apply the study in Part II-III to the theory of pure twistor _D-modules of 
Sabbah. 

Following Simpson's Meta-Theorem, it is interesting and natural to ask whether we can construct the theory 
of "twistor module" , which should be a generalization of the theory of Hodge module of Saito. In this direction, 
Sabbah has already done a remarkable work ( 43 ) . He gave a definition of regular pure twistor Z?- modules and 
proved a decomposition theorem. The motivation of Sabbah is to attack a conjecture of Kashiwara, so that we 
recall a part of the conjecture. 

Conjecture 1.1 (The regular holonomic version of Kashiwara's conjecture) 
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(Push-forward) Let X and Y be a quasi projective manifold over the complex number field C . Let f : X — > Y 
be a proper morphism. Let J- be a semisimple regular holonomic D -module on X. 

• Then the push-forward Rf+T is isomorphic to the direct sum ^ W f-^-J- in the derived category of 
cohomologically holonomic complexes on Y . 

• The hard Lefschetz theorem for ^R^f^J- holds. 

• Each R^ fj^T is semisimple. 

(Vanishing cycles) Let X be a quasi projective manifold, and J- be a semisimple regular holonomic D-module 
on X. Let f be a holomorphic function on X . We take the nearby cycle functor and the vanishing cycle 
functor along f. Then the associated graded object with respect to the monodromy weight filtration is 
semisimple. I 

Remark 1.5 The conjecture of Kashiwara is stronger than the statement above. In fact, he conjectured that 
the statement is true for semisimple holonomic D-modules which are not necessarily regular. See 28^ for more 
precise. I 

Sabbah's program to attack the conjecture is as follows: 

Step 1. To establish the correspondence of tame harmonic bundle and semisimple local system. 

Step 2. To give a definition of regular pure twistor _D-module and to prove the decomposition theorem for 
regular pure twistor D-module. 

Step 3. To establish the correspondence of tame harmonic bundles and regular pure twistor _D-modules. 

As for Step 1, there is known the classical result of Corlette who proved that semisimple local system on 
a projective manifold corresponds to a harmonic bundle. The result was generalized by Jost-Zuo, who proved 
there exists a pluri-harmonic metric on a semisimple local system on a quasi projective manifold, in other words, 
there exists the structure of harmonic bundle on any semisimple local system on a quasi projective manifold. 
It is refined in and we know that a flat bundle {E^ V) on a quasi projective manifold is semisimple if and 
only if there exists a tame pure imaginary pluri-harmonic metric on (E', V). Hence we can say that the Step 1 
is established. 

As is already remarked, Sabbah established the step 2 in [321 • Sabbah also proved that a harmonic bundle, 
without singularity, gives a regular pure twistor Z)-module for the step 3. As a corollary of the results due 
to Corlette and himself, Sabbah obtained the decomposition theorem and the hard Lefschetz theorem for 
semisimple local system. 

Remark 1.6 

• After the author submitted the first version of this paper to math arXiv, Sabbah kindly informed on the 
revision 1435 '^f paper j42j , although we mainly refer |42| in this paper. 

• The definition of pure twistor D-module in |43| is more general than that given in '42', and it is most 
appropriate for attacking Kashiwara's conjecture. But it can also be said that it is slightly narrow from 
the view point of Simpson's Meta Theorem. See Appendix. 

• Although Sabbah discusses the pure twistor D-modules which are not necessarily regular, we consider only 
regular pure twistor D-modules in this paper, even if we omit to distinguish "regular". I 

1.4.2 The goal of the part IV, the conjectures of Sabbah and Kashiwara 

Let X be a complex manifold. Let Z be an irreducible closed subset of X. A tame harmonic bundle generically 
defined on Z is defined to be a tame harmonic bundle defined over a smooth Zariski open subset of Z. The 
purpose of the part IV is to establish the step 3, namely we will prove that a tame harmonic bundle generi- 
cally defined on Z gives the pure twistor D-module of weight 0. More precisely, we will prove the following 
correspondence: 
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Theorem 1.2 f Theorem ll9.lL Theorem 119. 4|) We have the bijective correspondences: 



VPTgen(^,?i') =i MPT(Z,w), VPTgen^*(Z,u;) ~ MPTP'{Z,w). 

(See the subsubsection [T^.1.2\ for the notation.) I 

Recall that Saito established the following correspondence. 

Proposition 1.7 (Saito, [46j) Variations of pure polarized Hodge structures of weight w which are defined 
over Zariski open subsets of Z correspond to pure polarized Hodge modules of weight w whose strict supports 
are Z. I 

Theorem 11.21 is a natural generalization of Proposition 11.71 Once we have established the resemblance of 
the asymptotic behaviours of tame harmonic bundles and CVHS, we can use a part of Saito's idea to prove 
Theorem 11.21 In fact, it can be said that the crucial ideas can be found in the subsections 3.19-3.21 of j 46j . 
However, it is not so clear for the author how to modify the arguments in 3.1-3.5 and the most part of 3.b of 
|4()j for our purpose. Hence we will go along the other route. 

Sabbah conjectured that every semisimple regular holonomic _D-module on a complex projective manifold 
underlies a pure imaginary pure twistor D-module. (See the section 4.2.C in|33j or the subsection 119.61 ) Once 
Theorem ll.2l and Step 1 above are established, it is easy to show that his conjecture is true. Namely we obtain 
the following theorem. (See the subsubsection IT^. 1 . 21 and the subsection 119. 61 for the notation.) 

Theorem 1.3 (The conjecture of Sabbah, Theorem HKE^i The map EdoI ■ MPTP'(Z,0) — > RED''{Z) 
is surjective. I 

As a result, we obtain the regular holonomic version of Kashiwara's conjecture, combining the results of 
Sabbah (^) and us. 

Corollary 1.1 Coniecture M.W is true. I 

Remark 1.7 K. Vilonen informed the author of the work of D. Gaitsgory ^7], who proved de Jong's conjec- 
ture. Since V. Drinfeld proved that de Jong's conjecture implies the regular holonomic version of Kashiwara's 
conjecture ^Hl; Coniecture M .1\ has been established also by their works. I 

1.5 The outline of the paper 
1.5.1 Part m Section m 

The Part ^ is a preparation for the subsequent parts. The author expects that the readers can skip Part Q] until 
they need it. 

In the section|21 we prepare some notation and lemmas from several areas. In the subsection l2.1l we prepare 
the notation of some sets and the functions. The maps Kc and Vc in the subsubsection IT. 1 . 51 are used to describe 
the descent of sections for ramified covering. The maps t, e, and p in the subsubsection are used for the 
control of the if MS'-structure of tame harmonic bundles. 

In the subsection l2.2l we recall the prolongment of a holomorphic vector bundle with a hermitian metric over 
X — D to an Ox-sheaf on X. Here X denotes a complex manifold, and D denotes a normal crossing divisor. 
We see when the prolonged sheaf is locally free fLemma l2.4ll . 

In the subsection 12.31 we prepare something on the /ic-equivariant holomorphic bundles. It will be useful 
when we consider the descent of holomorphic bundle. 

In the subsection 12.41 we give a lemma for pluri-subharmonic function and convexity. It will be used in 
the proof of preliminary constantness of the filtrations in the subsubsection 112.2.41 Although the argument is 
elementary, it is one of the key steps. Hence we give some detail. 

In the subsection 12.51 we consider the distributions given by a polynomials of logarithmic functions. The 
result will be used when we calculate the specialization of the sesqui-linear pairing of the 7?.-triples obtained 
from tame harmonic bundle (the subsubsection [T5. 5 . l|l . 
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In the subsection 12.61 we mainly give some lemmas on a metrics on a finite dimensional vector space. They 
are used in the subsection l7.ll and the subsection l8.2l The notation (e > 0) is introduced. We also recall the 
relation between the norm of isomorphism and the distance of the hermitian metrics. The result will be used 
in the subsection 17. 71 

In the subsection 12.71 we recall two kinds of lemmas for the acceptable bundles. One is the vanishing of 
the higher cohomology groups fLemma l2.3UI and corollarv l2.7|l . The other is corollarv l2.6l which controls the 
estimate of the increasing order of holomorphic sections. 

In the subsection l2.8l we give a lemma for a complex of Hilbert space bundles over the disc fLemma |2.41ll . It 
will be used to obtain a locally free prolongmcnt of the deformed holomorphic bundle of tame harmonic bundle 
(the subsection 18. 7|l . Although the procedure is standard, we have to care the infinite dimensionality, and we do 
not know an appropriate reference. Thus we give some detail. We also recall a standard lemma for embeddings 
of Sobolev spaces, which will be used in the subsection l2.9l 

In the subsection 12.91 we give an estimate of Higgs field of harmonic bundle. In the subsection l2.10l we give 
an improvement of the convergency of a sequence of harmonic bundles, which was given in our previous paper 
|88j ■ Since we do not use an argument to take a limit, the reader can skip the subsection 12. 101 

In the subsection 12.111 we recall the relation of Higgs field and a twisted map associated with the flat 
A-connection with a hermitian metric. It will be used in the subsubsection IF. 1 .31 

1.5.2 Section m 

Following Simpson, we give some detail on the relation of Hodge structure and twistor structure. In the 
subsection 13. II we introduce some terminology and the notation. 

In the subsection 13.21 we recall the equivalence of the category of equivariant holomorphic vector bundle 
over and the category of bi-filtered vector space. The equivalence is compatible with real structures. 

In the subsection 13.31 we give the concrete description of the Tate objects, the objects 0{p,q) and 0{n) in 
the category of twistor structures. In particular, we give the isomorphism t(p,g) : cr*0{p,q) — > 0{q,p). The 
isomorphism is fixed in the sequel. We also compare T{n) with the Tate objects in the Hodge theory. 

In the subsection 1^31 we recall the equivalence of the category of polarized pure Hodge structures and the 
category of equivariant polarized pure twistor structures. We also introduce polarized mixed twistor structure, 
and we see the equivalence of the category of polarized mixed Hodge structures and the category of equivariant 
polarized mixed twistor structures. Note that our choice of the signature of the nilpotent maps is different from 
that in the standard Hodge theory. 

In the subsection 13.51 we recall the variation of twistor structures, or more generally, the variation of P^- 
holomorphic bundles. An example given in the subsubsection I?. 5. 31 is important for our understanding of the 
harmonic bundles. We also see the equivalence of the category of variation of Hodge and the category of the 
variation of equivariant pure twistor structures, which is compatible with some additional structures. 

In the subsection 13. 61 we introduce the twistor nilpotent orbit. We see that it is a generalization of nilpotent 
orbit in the Hodge theory f Proposition 13 . 2|l . 

In the subsection 13.71 we see that a split polarized mixed twistor structure gives a nilpotent orbit in the 
Hodge theory fCoroUarv 13.14(1 . Since we can pick an appropriate torus action on the split polarized mixed 
twistor structure, we can regard it as a split polarized mixed Hodge structure. Thus the result may be known 
in the Hodge theory, probably. However it is very important for our application, and hence we give some detail. 
In particular, we can always obtain the nilpotent orbit in the Hodge theory from a polarized mixed twistor 
structure, by taking the associated graded object. This is one of the key steps to reduce our study of tame 
harmonic bundle to the classical study of Hodge structures. 

In the subsection 13.81 we see that the polarized mixed twistor structure {V, W, N, S) induces the polarized 
structure on the primitive part Ph Gr^^^''(l/) (Proposition 13. 5|) . By using the result, we see that the tuple of 
nilpotent maps N is strongly sequentially compatible (Lemma 13. 75(1 . 

In the subsection 13.91 wc translate some results known for the Hodge structure, due to Kashiwara, Kawai 
and Saito, to the results for the twistor structure (Proposition 13. 61 Corollarv l3.16l Proposition 13 . 91 and Lemma 
13.93(1 . They are crucial for our study to relate tame harmonic bundles and pure twistor ZJ-modules. 

In the subsection 13. 101 we give the concrete correspondence of the twistor structure in the sense of Simpson 
and those in the sense of Sabbah. 
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1.5.3 Section|31 



We give some definition of tfie compatibility of decompositions, filtrations and nilpotent maps. Although we 
refer the definition of 'sequential compatibility' and 'strongly sequential compatibility' from our previous paper 
|38j . we do not use the lemmas in essentially. 

In the subsection 14.11 we give definitions of the compatibility of filtrations and decompositions on a vector 
space. In the subsection 14.21 we give definitions of the compatibility of filtrations and decompositions on a 
vector bundle. In the subsection ^31 we give definitions of the compatibility of filtrations, decompositions and 
nilpotent maps. 

In the subsection 14.41 we give some lemmas for extending a splitting given on a divisor. In the subsection 
14.51 we give definitions of compatibility of decompositions, filtrations and nilpotent maps given on divisors. By 
using the result in the subsection 14.41 we see the existence of splitting. 

1.5.4 Section m 

We consider a compatible tuple of filtrations on a discrete valuation ring R, such that the splitting is given on 
the generic point. We assume that some nice property holds on a generic point K. we also assume the nice 
property holds on the associated graded vector bundle on R. Under such assumptions, we see that the nice 
property holds on R. 

In the subsection 15.11 we discuss the sequential compatibility of the nilpotent maps. In the subsection 15.21 
we discuss the strictness of the morphism with the filtrations. 

The results in the section will be very useful, when we combine them with the limiting mixed twistor 
theorem. Briefly and imprecisely speaking, we can derive some information for the associated graded bundle of 
the parabolic filtrations. Then we can obtain the information of the original bundle by using the results in the 
section 121 

1.5.5 Sectionini 

We give easy and basic examples of harmonic bundles on a punctured disc, which we call model bundles. They 
are fundamental for the study of the asymptotic behaviour. In a sense, the study of the asymptotic behaviour 
of general tame harmonic bundles can be reduced to these basic examples. The author apologizes that we use 
the notation introduced in the section^] We also refer the subsection 3.2 in |2H| for model bundles, although 
some constants in |HH! are different from those in this paper. 

1.5.6 Part m Section 13 

In Part^ we discuss the prolongment of the deformed holomorphic bundle of tame harmonic bundle. 

In the section 13 we recall the result of Simpson on the study of tame harmonic bundles over the punctured 
disc, with minor generalization. They play the fundamental role in the study of tame harmonic bundles on a 
higher dimensional complex manifold. 

In the subsection 17. II we give some detail on Simpson's Main estimate, that is, the estimate on the norm 
of Higgs field around the singularity. Since we would like to use the result in the higher dimensional case, 
we clarify the dependence of the constants. We also see the asymptotic orthogonality of the generalized eigen 
decomposition. 

In the subsection 17. 21 we recall the results on the prolongment of the deformed holomorphic bundle £^ for a 
fixed A. We introduce the KMS-structure of the prolongment ^, and we see the functoriality of the structure. 
In particular, we give some detail on the functoriality for pull backs via the ramified covering. It will be useful 
for the study in the higher dimensional case. 

In the subsection 17.31 we recall the basic comparison due to Simpson. As a result, the KMS-structure at A 
can be controlled by the KMS-structure at 0, and we see that the weight filtration at A is equivalent to that 
at 0. We also obtain a rough relation of the frame at A and the frame at 0, which will be used to show the 
asymptotic orthogonality. 

In the subsection l7.4l we give some detail on the space H{£^) of the multi-valued fiat sections of the deformed 
holomorphic bundle We introduce the KMS-structure oi H{£^), and we compare it with the KMS-structure 
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of b£^- In the subsubsection lT^.lOl we introduce the notion of 'generic' with respect to the KMS-structure. In 
the subsubsection [7'.4.11l we see that the prolongment by an increasing order is equivalent to the quasi canonical 
prolongment, if A is generic. In this sense, the prolongment for generic A is canonically given, even if we forget 
the metric h. 

In the subsection 17.51 we consider the family of the spaces {^H{£^) | A e C\}. We introduce the decompo- 
sition E(^") and which are defined on a neighbourhood of Aq G C y^. 

In the subsection 17.61 we see the asymptotic orthogonality of the generalized eigen decomposition, the 
parabolic filtration, and the weight filtration. They are used in the proof of the limiting mixed twistor theorem 
in the case of curves (the subsection ll2.1|l . The asymptotic orthogonality of the generalized eigen decomposition 
is also used for the local prolongment of £ (the subsection 18. 7|l . 

In the subsection 17. 71 we give a maximum principle for the distance of the harmonic metrics on a punctured 
disc. The result will be used to show a characterization of tameness in the subsubsection 18 . 1 .31 

1.5.7 Section m 

We give some detail on the prolongment of the deformed holomorphic bundles of the tame harmonic bundle on 
A* X A"~'. The section is one of the hearts of this paper. 

In the subsection 18.11 we give the remark on the constantncss of the KMS-spectrum. We also see that 
the tame harmonic bundle of rank one is very easy to understand. We use the facts without mention. In the 
subsubsection 15. 1 .31 we give a simple characterization of tameness fCoroUarv 18. If) , which is useful when we 
check the tameness of a harmonic bundle. (See the subsubsection [T^. 2 . 1|) . 

In the subsection 18. 21 we give the estimate of the Higgs bundle around the singularity in the higher dimen- 
sional case. Since we see the dependence of the constants closely in the subsection 17.11 the argument for the 
generalization to the higher dimensional case is elementary. As a consequence, we see that the tame harmonic 
bundle is acceptable. Thus we can apply the result in the subsection 12. 71 

In the subsubsection 18.31 we give the prolongment of 8^ in the case that A is generic. In this case, the 
situation is very easy. We see that the quasi canonical prolongment gives the prolongment by an increasing 
order in that case. Note that the direction of the argument is reverse to those in the one dimensional case. The 
results are used in the next subsections. 

In the subsection 18.41 we see the extension property of sections of £^ defined over a hyperplane, by using 
the result in the subsection 12.71 The argument is essentially given in our previous paper |38| . However it is 
one of the most technical parts for the prolongment, and hence we give some detail. In the subsubsection l5'.4.1l 
we give estimates of Higgs fields by using the results in the subsection 12.91 For a holomorphic section on a 
hyperplane, we construct a cocycle in the subsubsection lS^T!^ By using the estimate in the subsubsection IS^TTl 
we give an estimate of the cocycle. The extension property is stated in the subsubsection 15^^31 and it is proved 
in the subsubsection We use the result in the subsection 12.71 In the subsubsection 15^^31 we also state 

the extension property in the codimension one. Since this is the easier case, we give only an indication of the 
proof. 

In the subsections 18 . 51 and 18 . 61 we show that the prolongment b£^ is locally free. As a preliminary, we show 
the claim under the assumption as in Lemma |8. 371 in the subsection 18.51 by using the result in the subsection 
18.41 Then we show the claim without the assumption in the subsection 18.61 We also see that the parabolic 
structures of the divisors give the compatible tuple of the filtrations. For that purpose, we consider the pull 
back of £^ via the ramified covering ipc for an appropriate c g Z'->g in the subsubsection|^^21 Due to the result 
in the subsection 18. 51 the prolongment of the pull back is locally free. Moreover we have the action of the finite 
abelian group, which induces the decompositions on the divisors. Due to the result in the subsection 17.21 we 
see that the decompositions give the splittings of the parabolic filtrations. In the subsubsection I5?FT51 we take 
an equivariant frame v of '^tpc-S^ which is compatible with the decompositions on the divisors. Then we take 
the descent of v. We will see that the descent gives the frame of the prolongment of by using the result in 
the subsubsection [77^ and we will obtain the local freeness of the prolongment. 

In the subsection l8.7l we see that the prolongment (,£ is locally free on X{Xo, eo). First we show the extension 
property of holomorphic sections. For that purpose, we use the asymptotic orthogonality (the subsection 18. 7|l 
and the trivialization given by the argument in the subsection 12. 81 Once the extension property is shown, it is 
easy to show the local freeness. 
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In the subsection 18. 81 we see some structures induced on the divisors. In particular, we obtain the filtrations 
tpi^^o) (^j^g subsubsection IH^F?T|l and the decompositions 'E*^'^") (the subsubsection I5TKT|| of the vector bundle 
b£\Vi{\o.eo)- The tuples of the filtrations and the decompositions are compatible. In particular, we obtain the 
induced vector bundle -G^^"^ on I?;_(Ao, eo). 

In the subsection 18.91 we see that {-G^°^ | Ao G Cx} gives the holomorphic bundle over Vi_, and we give 
some detail on the vector bundle. 

1.5.8 Section ini 

We give some detail of the XA/S'-structure on the space of the multi- valued flat sections of £^ on A*' x A"^'. 
In the subsection 19. II we see some easy properties of the filtrations 

In the subsection 19. 21 we show the compatibility of the tuple of the filtrations ('JF 1 1 £ The argument to 
deal the filtrations is complicated a little, as usual. However it is elementary. 

Then we obtain the induced object -Q'^°\'H). In the subsection l9.3l we see that the family {^-^^^°\H) \ Aq e 
Ca} gives a vector bundle over C\. We also see some additional structures, the nilpotent maps and the pairing. 

1.5.9 Section [Tol 

In the subsection llO.il we see the compatibility of the naturally defined tuple of the filtrations and the decom- 
positions on ■ 

In the subsection ll0.2l we obtain the filtrations and the decompositions of the prolongment c^. As a result, 
we obtain the induced object on XK 

Then we obtain the isomorphisms <I>Jf" : -GuCH) ~ -Gu\ci ^^'^ ^u.P:0 ■ -Gu{S)\cix{p} — -^m|c*i which is 
described in the subsection llU.3l 

1.5.10 Part Iml Section ITTI 

In Part IIIII we prove a limiting mixed twistor theorem. As an application, we obtain the norm estimate for 
holomorphic sections and multi-valued flat sections. 

In the section 1111 we give some detail on the construction of the vector bundle over with the nilpotent 
maps and the pairing, from a tame harmonic bundle. 

In the subsection lll.il we recall the variation of polarized pure twistor structure induced by the harmonic 
bundles. In particular, we recall about the conjugate of harmonic bundles. The formalism was given by Simpson 
in 

In the subsection lll.2l we see the KMS-structure and the induced objects of the conjugate. Briefly speaking, 
the conjugate is isomorphic to the dual. However we remark that the signature of the nilpotent maps are 
reversed. 

In the subsection 1 11.31 we see the construction of the vector bundles S!^^^{E) and Su{E, P). We also see the 
induced nilpotent maps and the pairings on them. In particular, we obtain the weight filtration W on S!^'^{E) 
and Su{E, P) in the case dim(X) — 1. 

In the subsection 111.41 we give some detail on the associated graded vector bundles Gi^ S^^{E) and 
Gr^ Su{E, P) in the case dim(X) = 1, which are simple. 

1.5.11 Section HH 

We prove the limiting mixed twistor theorem, which will be very important in the study in Part lIVl It is also 
useful to control the conjugacy classes of the nilpotent parts of the residues. 

In the subsection 1 12. II we prove the limiting mixed twistor theorem in the case dim(X) = 1. Although the 
proof is essentially same as those in (2B| and 02], it is rather complicated to state the argument precisely. 

In the subsection ll2.2l we prove the limiting mixed twistor theorem for higher dimensional case. The different 
part from that in [3H| is the proof of the constantness of the filtrations (Lemma 112. 29|) . In our previous paper 
we used the argument to take a 'limit'. Instead we use the result in the subsection l2.4l 

When we take the associated graded objects of (S''^'*"(£^), W, N, S), we obtain the nilpotent orbit due to the 
limiting mixed twistor theorem. In the subsection 112.31 we derive some consequences by using the results for 
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polarized mixed twistor structures (the subsection 13. 8|l and the results in the section |31 We show the strongly 
sequential compatibility and some decomposition. 

1.5.12 Section O 

As one of the application of the limiting mixed twistor theorem, we give a norm estimate of the holomorphic 
sections or flat sections of the deformed holomorphic bundles. The arguments are essentially same as those in 
our previous paper 1381 . We have only to care the parabolic structure. 

In the subsection ll3.1l we give some remark on functoriality for pull backs of deformed holomorphic bundles. 
In the subsection 113.21 we show a preliminary norm estimate for holomorphic sections. In the subsection ll3.3l 
we derive a norm estimate for holomorphic sections. In the subsection 113.41 we reduce the norm estimate for 
flat sections to the norm estimate for holomorphic sections. Contrast to the holomorphic case, we do not discuss 
the norm estimate of the family of flat sections. It seems that we need some additional argument. 

1.5.13 Part Hvl Section ITU 

In Part IIVI we apply the results in Part ITll Hill to the theory of pure twistor D-modules. 

As a preparation, in the section FhI we recall the specialization of 7?.-modules and the sesqui-linear pairings 
introduced by Sabbah with minor generalization. The author recommends the reader to read the very readable 
paper 021 ■ We use some results in ^] without mention. 

In the subsection ll4.1l we recall the specialization of 7?,-module. Although Sabbah considered only the local 
unitary case, we give some more general definitions. However, the basic theory of 7?.-modules are established 
sufficiently generally in |42) . Even if we need a generalization, we need at most minor modification. 

In the subsection ll4.2l we recall the specialization of the sesqui-linear pairings, with some minor generaliza- 
tion. Again, we need at most minor modification. 

Remark 1.8 Sabbah kindly informed to the author on the revised version 43' of his paper, in which the gen- 
eralization treated in this section is already discussed essentially. We keep this section for our reference in the 
later sections. I 

1.5.14 Section [151 

We give the prolongments of the deformed holomorphic bundle £ over X — V io the 7?,-modules on X . 

First we give a naive prolongment ^£ in the subsection 1 15. II Although it is not coherent, ^£ has many nice 
properties, and it is easy to understand ^£ algebraically. We will use ^£ as the ambient sheaf. We introduce 
the sheaf ^f'(^o)(c, d), and we prepare a lemma in the subsubsect ion TTb .1.51 which will be used in the subsection 
ITOI 

In the subsection 115.21 we give the prolongment 2;, which we really need. To understand 2; more closely, 
we introduce the filtrations (/ c and we obtain the sheaves -^T^^"^ (c, d). In the subsection 115.31 we 

show ^T'^'^''^(c, d) and ^T''^°^{c, d) are naturally isomorphic fLemma ll5.33l) . Although it looks a little long and 
complicated, the arguments are elementary. 

In the subsection 115.41 we show a kind of compatibility of the filtrations ^v'^^°\^) [i G Q. First goal is to 
show^Vs((£) =-Vs(°f) n (£ (Proposition UniJ. Once we prove Proposition 1 15. II we can easily translate some 
nice properties of 'l/^'^") ^n^-^ «y(-'^o)^g^^ jj^ particular, we obtain the strictly S'-decomposability of € along 
Zi = for i G L We also obtain the primitive decomposition of sections of £. 

In the subsection 115.51 we give a characterization of £ as the prolongment of the deformed holomorphic 
bundle £ obtained from harmonic bundle. It will be useful when we consider the specialization of 2; along 

nvrii 
■ 

1.5.15 Section [161 

We give some detail on the push-forward 2:[St] for the graph of the holomorphic functions Hi^i -^I"'- Following 
Saito we introduce the filtration [/(-^o) in the subsection ll6.ll Our purpose is to show that [/(-^f) gives the 
F-filtration along t = at Aq whose associated graded module is strict, namely, 2;[3t] is strictly specializable 
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along to. We will also show that the naturally induced filtrations ^V^^"") on tpt,u{^[^t]) gives the F-filtration 
along Zi = at Aq, whose associated graded module is strict, namely '0t.u((£[5i]) is strictly specializable along 
Zi = {i Q I). 

In the subsection 116.21 we give some algorithms to describe sections of €[9(] in a normal (but not imique) 
way. 

In the subsection 116.31 we obtain the primitive decompositions of sections of Gr^ ° C;[3t]. The first goal is 
Proposition ^Ol Once ProDOsition ll6. II is established, the rest are rather formal. 

We obtain the strict S'-decomposability of £[3t] in the subsection 116.41 Even if it looks complicated, it is a 
rather formal consequence of the results in the subsection 116.31 ^ 

In the subsection 116.51 we would like to see the form of ■0t_tj((£[St]) briefly. Since it is not easy to see it 

directly, we see ''^Gr^* "'V"J^°^(^t_ii£[St]), instead. Our goal is to relate them with the construction in the 
subsubsection 1X^7^ Gompare the formulas 1347|) and (|59|l . 

1.5.16 Section nn 

We consider the nilpotent map N = tBt + e(A, u) on ipt^u^i^t]- Then we obtain the weight filtration W{N). We 
would like to see Gr'^^^-' V't.u'Spt]- It is not easy to see it directly, we introduce the filtration F*^'^"^ on ■0t^„€[St], 

such that Gr^ °' is a direct sum of the locally free sheaves ^ C on Vj (|/| — n — m). 

In the subsection ll7.ll we see the relation of the weight filtration W{N) and the induced filtrations iy('^o) 
on ^ C. We also see the decomposition of Ph GrJ^*^^"*. The results easily follow from the limiting mixed twistor 
theorem and the results in the section 

In the subsection 117.21 we introduce the filtration F. We see that the exact sequences associated to F is 
strict with respect to the weight filtration W{N). A key observation is given in the proof of Lemma [17.171 
As a result, we can understand the filtrations ^V^^°^ on Gr*^^^^ (■)/'*, u£[St]) sufficiently well, and we obtain the 
strictly specializability of Gr^^^-* (-0t_„£[3t]) along Zi = {i & n). 

In the subsection 117.31 we obtain the strict S'-decomposability of Gr^^^-'(V't,,j€[St]) along = (i G n), 
by using the results in the previous subsubsections and the lemmas of Kashiwara and Saito prepared in the 
subsection 13.91 As a result, we obtain the decomposition by the supports, as in Proposition ll7.1l We see some 
properties of the components. 

1.5.17 Section [181 

In the subsection ll8.1l we give the sesqui-linear pairing £ of (B, which is the unique prolongation of the pairing 
of £. _ 

In the subsection 118.21 we introduce —Gu for u G ICA4S{£^ ,n), which is a family of fiat bundles on {X — 
D) X C*. We see that the sesqui-linear pairing Co of £ induces the pairing on —Qu. By using it, we obtain the 
sesqui-linear pairing on — t/^' for u' e 1CMS{E^ ,n) in the subsection 1 18. 31 We see that it is essentially obtained 
by the formalism in the subsection 1 14. 21 

In the subsection 118.41 we compare two 7?.-triples in 0-dimension. One is obtained as the specialization of 
the 7?.-triple. The other is obtained from the vector bundle constructed in the section [TTl 

In the subsection ll8.5l we show that the component whose support is {0} is a polarized pure twistor structure 
l'Gorollarv ll8.4|l . by using the lemma of Kashiwara in the subsubsection [!T101 Once we know Gorollarv ll8.4l we 
immediately know that the smooth part of the components of Ph Gr'^*-^-' V't.u^iS*] together with the induced 
sesqui-linear pairing is a variation of pure twistor structures. By using the characterization of the prolongment, 
the each components of the decomposition of -0t_„(£[3t], €[Sf], £) is isomorphic to a 72.-triple obtained from a 
tame harmonic bundle. As a result, we arrive at the stage we can use an induction to show the existence of the 
prolongment as the pure twistor D-module. 

1.5.18 Section Uni 

We see the correspondence of tame harmonic bundles and pure twistor D-modules are given. The statement is 
given in the subsection ll9.1l 
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In the subsection 119.21 we show that every regular pure twistor £>- module gives a tame harmonic bundle 
which is defined on a Zariski open subset of the strict support. 

The existence of the prolongment as pure twistor _D-module is shown in 119.31 This is a formal consequence 
of the result in the subsection ll8.5l 

The uniqueness is shown in the subsection ll9.4l We need some consideration by using the uniqueness of the 
intermediate extension and the Riemann-Hilbert correspondence. 

In the subsection ll9.5l we see that the correspondence of Theorem I 1 9 . ll preserves the pure imaginary property. 
By the correspondence, we can show that Sabbah's conjecture is true, i.e., semisimple regular holonomic D- 
modules correspond to pure imaginary pure twistor Z?-modules. As a result, we obtain the regular holonomic 
version of Kashiwara's conjecture by combining the results of Sabbah and us. 

1.5.19 Part |Vl Appendix 

As is noted in the subsubsection [lTTI the definition of pure twistor Z?- module given by Sabbah (see 15 and 
gSI) is slightly narrow from the view point of Simpson's Meta Theorem, although his definition is natural to 
attack the conjecture of Kashiwara. Hence we give some minor complement for pure twistor Z?-modules as an 
appendix. In particular, we give some detail on the decomposition theorem of the pure twistor D-module on a 
smooth projective curve. 

1.6 Some remarks 

1.6.1 On the contents and the length 

Although the paper is long, most of the contents are rather standard. It is the intension of the author to 
organize the facts for our purpose and to give a proof when he does not know an appropriate reference. He 
does not pretend that most of the contents are original. He just hopes that everything contained in this paper 
is clear for everyone. 

1.6.2 The difference of the version 1 and the version 2 

Many typos and arguments arc improved. We only refer the main difference. 

• Because the paper |39j has been written, the discussion on pure imaginary pure twistor _D-module is 
added. We give the correspondence of semisimple regular holonomic I?-modules and of pure imaginary 
pure twistor D-modules through tame pure imaginary harmonic bundles. Namely, the conjectures of 
Sabbah and Kashiwara are estabhshed. The related part is mainly the subsections ll9.5iri9.6L and the 
subsection 120.21 

• The explanation for the tameness of harmonic bundle obtained from a pure twistor £)-modules is added. 
The related part is mainly the subsubsections I2.6.4KI5TH1)I the subsection 12.111 the subsection 17.71 the 
subsubsection 18 . 1 and the subsection 119.21 
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Part I 

Preliminary 

2 Preliminary 

2.1 Notation 
2.1.1 Sets 

We will use the following notation: 



Z: 


the set of the integers. 


Z>o: 


the set of the positive integers. 


Q: 


the sc;t of the rational numbers, 


Q>o- 


the set of the positive rational numbers. 


R: 


the set of the real numbers. 




the set of the positive real numbers, 


C: 


the set of the complex numbers, 


n: 


the set {1,2,..., n}, 


M{r): 


the set of r X r-matrices. 




the set of r X r-hermitian matrices, 


ei: 


the l-th symmetric group. 







We denote the set of positive hermitian metric of V by VH{V). We often identify it with the set of the 
positive hermitian matrices by taking an appropriate base of V. 

2.1.2 A disc, a punctured disc and some products 

For any positive number C > and zq G C, the open disc |zgC||z — zo|< C} is denoted by A(zo. C), and the 
punctured disc A(zo, C) — {zq} is denoted by A*(zo, C). When zo — 0, A(0, C) and A*(0, C) are often denoted 
by A(C) and A*(C). Moreover, if C = 1, A(l) and A*(l) are often denoted by A and A*. If we emphasize the 
variable, we describe as A^, A^. For example, Az x = {{z, w) E Ax A}, and Ai x A2 = {(^i, Z2) E Ax A}. 
We often use the notation Cx and to denote the complex planes {A G C} and {/i G C}. 

Unfortunately, the notation A is also used to denote the Laplacian. The author hopes that there will be no 
confusion. 

We put A(C) := {z \ \z\ < C] and A*(C) := | < \z\ < C}. In the case C = 1, we use A and A instead 

of A(l) and A*(l). 

For a complex manifold X, a point Aq G Ca and a positive number eo, we often consider the product 
X X A(Ao, eo) and X x A*(Ao, eo). For simplicity, we denote them by Af(Ao, eo) and A'*(Ao, eo) respectively. We 
also use the notation X and to denote the X x Cx and X x C*x. 

For a complex manifold X, we have the conjugate complex manifold, which is denoted by X'^ . 

2.1.3 Projections 

Let / be a finite set and J be a subset of /. In general, qj : X^ — > X'^ denotes the naturally induced projection 
taking the i-th components for i G J. Similarly, wj : X^ — > X^~^ denotes the projection omitting the j-th 
component for j G J. However, we will often use tt to denote some other projections. If J consists of the unique 
element j, We often use the notation qj and tt^ instead of q^j^ and tt^jJ. 
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2.1.4 The order on i2" 

We have the natural order on R. Let n be a positive integer. We often use the order on i?" given as foUows: 
For elements a,b G i?", we say a < b if and only if qi{a) < qi{b) for any i E n. When we consider such order, 
we say a < b if and only if qi{a) < qi{b) for any i € n, and we say a < b if and only if a < b and a ^ b. 

2.1.5 Kc and Vc 

Let c be a real number. The maps : R — >]c — 1, c] and Vc '■ R — ^ ^ are defined by the following condition: 

For a real number x Cz R, the equality Kc{x) + Vcix) — x holds. 

In the case c = 0, we use the notation k and v instead of Kc and Vc- 

Let S* be a finite subset of ] — 1,0] and be a positive number. We obtain the map 0;, : S — > Z given by 
(j)b{x) = v{b ■ x). 

Definition 2.1 A real number b is sufficiently large with respect to S, if the map 0f, is injective. I 

2.1.6 p, e and t 

For any element u = {a, a) E R x C , we put as follows: 

p(A, m) := a + 2 • Re(A • a), 
e(A, u) := a — a ■ X — a ■ X^. 

Then we obtain the following morphism: 

i{X) = (p(A), e(A)) :RxC — >RxC. 
The following lemma is checked by a direct calculation. 
Lemma 2.1 t{X) is bijective. 

Proof Let us consider the equation p(A, (a, a)) — A and e(A,w) — B for {B^A) E C x R. Then we have the 
unique solution: 

_ X-A + B _ (-|Ap + l)^-2Re(A;B) 
"~ |A|2 + 1 ' ''^ W+~^ ■ 

It may be useful to use the relation A • p(A, (a, a)) + e(A, (a, a)) = (|Ap + 1) • a. I 

Remark 2.1 We will use Lemma lZ.W to control the KMS-structure of the prolongment of deformed holomorphic 
bundles. I 

For any element u — (a, a) E C x R, we put — (a, —a) G C x R. 

Lemma 2.2 Let u be an element of C x R. We have the following formula: 

-p(A,7.) = p(-A,ut), 7(X;u) = z{-\u^). (1) 

Proof It can be checked by a direct calculation. I 
For any element u = {a, a) E R x C , we put as follows: 

p-^ (A, u) := Re(A -a + X^^-a)^ p(A, u) + Re{X^^ ■ e(A, u)) , 

(2) 

e^(A, u) := exp(— 27rV^ • (A ^ • a — a — A • a)) = exp(— 27r\/^A ^•e(A, u)). 
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Lemma 2.3 Let u he an element of Rx C. We have the following formula: 

e/(A, u) = {X-\ u^) ~\ p^(A, u) = {X-\u^) . 
Proof We have the following equalities: 

t^{\,u) =exp(-27rv^(A-^a-o- Aa)) = e-^(A-\ 
We also have the following equalities: 

p^(A,u) =Re(Aa + A-^a) =p^{\-^,v}). 

Thus we are done. I 

Notation To denote the element (1,0) G Rx C, we often use the notation Sq. We often identify {R x CY 
and R^ x&. 

For any element u = (a, 6) € C' x il', we put := (a, —b). 

2.2 Prolongation by an increasing order 
2.2.1 Notation 

Let X be a complex manifold and D = UiLi I^i be a normal crossing divisor. Let -E be a holomorphic vector 
bundle with a hermitian metric h over X — D. 

Let U be an open subset of X, which is admissible with respect to D, i.e., we have a coordinate (^i, . . . , Zn) 
satisfying the following: 

Dn[/= |J(A.nc/), A. ={^fc = o}. 

fc=i 

For any section / € T{U C\{X — D), E), let \ f\h denote the norm function of / with respect to the metric 

h. We describe \f\h — 0(ni=i \zk\~^''), if there exists a positive number C such that \f\h < C ■ nfe=i \zk\~^'' ■ 
Recall that '— ord(/) < 6' means the following: 



= O^jQ^ |zfe| for any positive number e. 



fe=i 

For any b € R^ , the sheaf b-B is defined as follows: 

T{U.,bE) := [f eT{U r\{X - D),E) \ - ord(/) < b). 

The sheaf bE is called the prolongment of E by an increasing order b. In particular, we use the notation '^E in 
the case 6 = (0, . . . , 0). 

2.2.2 Adaptedness and adaptedness up to log order 

Let X be a C°°-manifold, and i5 be a C°° -vector bundle with a hermitian metric h. Let v = . . . , Vr) be 
a C°°-frame of E. We obtain the W(r)-valued function H{h,v), whose (i, j)-component is given by h{vi,Vj). 
Recall that the frame v is called adapted, if H{h, v) and H{h, v)~^ are bounded. 

Let E = 0^ Ei be a C°°-decomposition of E. The hermitian metric h oi E induces the metric hi on Ei. 
Then we obtain the metric 0^ hi of E. 

Definition 2.2 The decomposition E = ^iEi is quasi adapted with respect to h, if h and @ihi are mutually 
hounded. I 

Let us consider the case X = A* ' x A"~'. We have the coordinate [zi,. . Zn)- Let E, h and v be as above. 
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Definition 2.3 A frame v is called adapted up to log order, if the following inequalities hold over X , for some 
positive numbers Ci {i — 1, 2) and M : 



' -M , ' s M 



< Ci • (- 5]log < H(h,v) < C2 • (- ^ log 



1=1 



2.2.3 Lemmas for local freeness and tiie parabolic filtration 

We put X := A" and D := lJi=i where Di = {(zi, . . . , z„) G X | = O}. Let E he a holomorphic bundle 
over X — D and ft, be a hermitian metric of E. 

Lemma 2.4 We assume that we have a holomorphic frame v — (^Vj \j — 1, . . . ,rank(_E)) of E satisfying the 
following conditions: 

• There exists bi{vj) g] — 1, 0] for 1 < j < rank(_E) and for 1 < i < I. 

• The -frame v' = {v'. \ j ^ 1, . . . , mnk(E)) , given as follows, is adapted up to log order. 



I 

i=l 



Then the following holds: 

1. The Ox-sheaf "^E is locally free. 

2. Each Vi is a section of^E, and v gives a frame of^E. 

Proof ft is easy to see that Vj are sections of ^E. Let / be a section of ^E over an open subset oi U C X. We 
have the following development on U: 



1=1 



Here fj are holomorphic functions on U O {X — D). Since v' is adapted up to log order, we have the following 
estimate: 

|/j ■ l^il"'''''"^' ~ '^(n 1'^*!"'^) ' for any positive number e. 

i=l 1=1 

In fact, the left hand side can be dominated by a polynomial of — log \zi\ {i — 1, . . . ,1). Hence we obtain the 
following estimate, for any e > 0, 



\z,. 

i=l 



Note that bi{vj) — e > —1 for any sufficiently small positive number e. Hence the functions fj are holomorphic 
on U. Thus t) is a frame of ^E, and is locally free. I 

Let Si denote the element (0, . . . , 0, 1, 0, . . . , 0). For any real number & < 0, we have the natural morphism 
bSiE — > ^E. Thus we have the parabolic filtration *F on Di given as follows: 

'Fb :- Im(b6,-B|A ^^^pj- 
Lemma 2.5 We impose the same assumption in Lemma l2.A[ Then the following holds. 
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• For each i, is a filtration in the category of vector bundles on Di, namely the associated graded sheaf 
* Gr^ is locally free on Di . 

• The tuple of the filtrations (^''F \ i — 1, . . . ,tj is compatible, in the sense of Definition \4:.n\ 

• We have ' deg^ (vj) = bi{vj). 

Proof Let / be a section of b Si^i have the description f = J2 fj ' some holomorphic functions fj. 

By an argument similar to the proof of Lemma 12.41 we obtain the vanishing fj | . = in the case biivj) > b. 
Thus ^F}, is the vector subbundle of ^E^jj. generated by Vi such that bi{vj) < b. It imphes aU the claims. I 

2.3 A preliminary for yUc-equivariant bundle 
2.3.1 The action of the group 

For any positive integer c, we put /^c := {z G C | z"^ = l}. We pick a generator w(c) of /ic- For any element 

c = (ci, . . . , c„) e Z>o: we put fj,c := YViLi Mc; ■ We denote the element (l, . . . , 1, w{ci), 1, . . . , l) by uj{ci) for 
simplicity. We have the natural inclusion — > Mc- The image is also denoted by Ha 

We put X — A", Di :— {zi — 0} and D = [j^^i for some I < n. We have the natural GJJj-action 
on X, given by the componentwise multiplication. Let c be an element of Z™g. If we take a homomorphism 
p : /ic — > G^, we obtain the ^c-action p on X. In the following, we consider only such /^c-actions on X. 



2.3.2 An equivariant section and an equivariant lift 

Let p be a /ic-action on X . Let _B be a p-equivariant holomorphic vector bundle on X . 

Definition 2.4 A section f of E is called p- equivariant, if there exists a homomorphism x '■ /^c — C* such 
that g*{f) = xia) ■ f for any element 

Let T{X, E) denote the space of holomorphic sections of E over X. We have the natural pc-action on 
T{X,E). Since pc is a finite group, we have the canonical decomposition: 

TiX,E)^ Hom{V^,r{X,E))®Vr,. 

Here Rep(/ic) denote the set of the equivalence classes of the irreducible representations of pc, and Vr/ [rj G 
Rep(/ic)) denotes an irreducible representation corresponding to rj. Then a section / G T[X,E) is equivariant 
if and only if / is contained in one of the components in the canonical decomposition. 
Let / be a subset of n. We put Di :— Hie / Ei. 

Lemma 2.6 Let /o be a holomorphic equivariant section of E^^^, i.e., there exists a homomorphism x '■ Pc — > 
C* such that g*{fo) — x{g) ' /o for any g E Pc. Then there exists a holomorphic equivariant section f of E on 
X satisfying /p, = /o and g*{f) = x{g) ■ /• 

Proof We have the equivariant surjection r{X,E) — > r(_D/, Since pc is finite, we have the canonical 

decompositions of r(X, E) and T{Di, E^jj^). Then we obtain the surjections of the components of the canonical 
decompositions. Hence we are done. I 

Let u — (ui) be an equivariant base of E\o^ i-^-, there exist Xi ■ G — > C* such that g*{u.i) — Xiid) ■ ""i for 
each i. 



Corollary 2.1 There exists an equivariant frame v of E on a neighbourhood of O, such that g*{vi) — Xii9) ' "^j 
and I o = Mi . I 

Definition 2.5 A frame as in Corollary \2.1\ is called an equivariant frame. I 
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Lemma 2.7 Let Ej {j = 1,2) he fic-vector bundles over X, and tt : Ei — > E2 be equivariant surjection. Let 
N be a fi^-subbundle of E2 and M be a ii^-subbundle of Ei\£,. Assume that the restriction o/Trp to M gives 
an isomorphism of AI and N^^. 

Then there exists a ^c-subbundle M of Ei defined around O satisfying the following: 

• The restriction ofir^D to M gives an isomorphism of M and N. 

Such M is called an equivariant lift of N extending M. 

Proof We have the foUowing exact sequence: 

T{Ei) ^ T{E2) e r(Si I n) r{E2 \d)^0. (3) 

Since /Xc is finite, ^c-vector spaces in the complex have the canonical decomposition. On each component 
of the canonical decomposition, the complex is exact. 

Let take an equivariant frame of iV on a neighbourhood of O. By using an isomorphism Trp : M — > N^jj, 
we take an equivariant frame V]\i of M around O such that tt\d{vm) — ■Ua'|_d- By using the equivariant 
exact sequence (O, we can take an equivariant sections ^ of M around O such that 7r(uj|j^ J = VN,i and 
VM,i- Then vtj '■— {vjr, j) gives a /ic-subbundle M of £^1, which has desired properties. I 



V 



2.3.3 Compatible frames 

We put X = A", Di = {zi = 0} and D = [J"^i Di. Let F be a /^^-vector bundle on X. Assume that we are 
given /ic-subbundles Hj C V^jj^ for any subset I C n, satisfying Hji | D Hj (/' C /) . 

Lemma 2.8 Let v be a ^c- equivariant section of Hi. Then there exists a ^i^- equivariant section v of V on a 
neighbourhood of D„, satisfying v\Dj £ Hi and v^jj^ = v. 

Proof We construct v^Oi descending inductively on |/|. Assume that we have already took v^jj'^ for any /' D I. 
We put dDj :— {Jji^Dji. Then v^guj is an equivariant section of Hj^gjjj. By an argument similar to the 
proof of Lemma l2.6l we can extend it to an equivariant section of Hj. Thus the inductive construction can 
proceed. I 

Let S' be a set. For any subset 7 C n, we have the set := {f : I — > S}. For any pair / C /', we have the 
naturally defined projection q^ : — > . Let us consider decompositions V = ^^es' ^^s- denote the 
tuple [^Us I s £ S^) by ^U. We assume the following, for any subset I C n and for any element u £ : 

qi(u')=u 

Lemma 2.9 Let v be an equivariant frame ofV^u^ compatible with —U . Then we have an equivariant frame i) 
of V on a neighbourhood of Dn, satisfying that V\jj^ = v and that V\Di is compatible with ^U. 

Proof From any element u £ S-, we obtain the elements qi{u) £ . Then we obtain the subbundles ^Uq^i^u) C 
V\Dj. Hence we can take a tuple of sections v satisfying that v\d^ = v and that v^]j^ is compatible with U, 
by using Lemma 12.81 On a neighbourhood of D„, i) gives a frame. I 



2.4 Some very elementary preliminary for convexity 
2.4.1 Preliminary 

Let T" be an n-dimensional torus, i.e., T" = {(zi,...,z„) £ C" | \zi\ — l}. We use the coordinate Zi — 
exp^-y/— l&i) . Let a ~ (ai, . . . , q;„) be an element of i?" such that ai, . . . , a„ are linearly independent over Q. 
Let us consider the morphism tpa '■ R — T", given as follows: 

i^a{x) — (exp(-\/— la^ ■ x)\i = \, . . . ,n). 
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Let / be an iZ- valued function on T'^. Then we have the Fourier decomposition of /: 

71 

meZ" i=l 

Here rrii denotes the i-th component of m, and am are complex numbers. Since / is -R-valued, we have the 
relation am = o,-m- Thus we have the following equality: 

/= ^ ^(a,, • exp^A/^^mi • + a,„ • exp^-A/^^mi 

In the following, we put m - a := rrii- ai. Then we have the following: 

V'a^(/)(a;) = ^ ^(^am-exp{V^m,-a-x) +amey^p{-V-^Tn-cx-x)y 

meZ" 

Let bm and Cm denote the real part and the imaginary part of Um respectively. Then we obtain the following: 
V'a^(/)(a;) = ^ bm ■ cos(in ■ a ■ x) — Cm ■ sm(^m ■ a ■ x) . 

meZ" meZn 

Lemma 2.10 We have the finiteness J2m < 

Proof We put Z* := Z - {0}. We have the natural inclusion Z*^ — > Z". Let T/ be the sub-torus of T" 
determined by the condition Zj = 1 for any j € n — I. Then the restriction f\Tj is C°°. Hence we have the 
following: 

Thus we obtain the following: 

E i«-i<( E nKi-')-( E ni™^M«-i')<°°- 

mei,*' ■mez*-fje/ mez*-fje/ 

On the other hand, we have the following: 

E \^rn\ = E E l'*"^! < 

Thus we are done. I 
Corollary 2.2 We have J2mei." < °° '^"^ X^mez" 1^1 < oo. I 
Lemma 2.11 We have the following equalities: 

dx , , dx smim-a-N) , , dx 

1 • TTTT = 1; / cos(m • a • x) • — - = — - — r— , / smim • a • x) • — — = 0. 

Proof It can be checked by direct calculations. I 
We put as follows: 

-N 

Lemma 2.12 We have the following equality: 

77 en ?> J. \^ sin(m ■ a ■ A^) 
^ — ' N ■ Im. ■ rv I 



2N' 



N ■im-cx) 
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Proof We have the following: 

V'a^(/) = ^1™ ( ^ bm ■ cos{m ■ a ■ x) — ^ Cm ■ sm{m ■ a ■ x) 



|m|<A/ |Tn|<Af 

Due to CoroUarvIO we can change the order of the integral and the summation. Thus we obtain the following: 

/ dx dx 

"Jv(/)=X1(/ cos{m-a-x)— -bm- sm{m ■ a ■ x)— ■ ^ 

Thus we obtain the result. I 

Lemma 2.13 When N — > oo, the sequence of the numbers {S7v(/)} is convergent. We put 'B.{f) := lim7v-»oo ■^-w (/)■ 
Then we have S(/) = 69. 

Proof We have only to show the following: 

/ \ - sin(m • a ■ N) 
1™ / — 77 



We have the following inequality: 

sinfm ■ a ■ N) , ,, , 

' -brr,. < \bm\- 



N ■ m ■ a 

We also have J2m^o l^"*! Then we obtain the following: 

^.^ /^sin(m.a.iV) X sin(m ' ^ ' N) ^ \ ^_ 

Thus we are done. I 

The morphism ipa induces the morphism R x i?>o — > T" x i2>o, which we denote also by t/iq,- Let / be 
an ii- valued C°°-function on T" x i?>o- Then we have the Fourier decomposition as before: 



m 

Pick y e il>o- Then we put as follows: 



mi ■ Ui 

i=l 



^ _i . . dx 



We have the hmit E{f){y) :— hmjv-+oo Sjv(/)(y), and thus we obtain the functions E{f),E]y{f) : i?>o — » R- 
If we decompose am{y) into the real part bm{y) and the imaginary part Cm{y), then we have — 5o(z/)- 

In particular, is C°° and we have the following: 

\oy/ dy'- \oy''/ 

2.4.2 Convexity 

We continue to use the setting in the subsubsection IT^TI We put F := ''Pa^if)- 

Lemma 2.14 Assume F is subharmonic, i.e., the following inequality holds: 

d^F d^F 
dx"^ dy-^ 

Then we have the following convexity ofE{f): 

dy 



< 0. 



2S(/)<0. 
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Proof We have the following equality: 

We have the following inequality due to the subharmonicity of F: 

' d^F\ dx d^F dx 1 /dF,_ , OF, 



l-N 

Let V denote the vector field on T", given as follows: 

1=1 

Then we have the following equality: 

If we fix y, then V f is bounded function on a compact set T", and thus dF/dx is a bounded function on R. 
Hence we have the following: 

\ / r)F r)F \ 

Thus we obtain the result. I 
2.4.3 An elementary boundedness of a convex function 

Lemma [2 . 1 41 will be used in the proof of preliminary constantncss of the filtration in the subsubsect ion [T^ . 2 . 41 
together with the following lemma. 

Lemma 2.15 Let f : R>i — > R be a -function. Assume the following: 

1 -^<0 
dy^ 

2. There exist positive numbers Ci and C2 such that f < Ci + C2 ■ logy. 
Then there exists a positive number C3 such that / < C3 . 

Proof Due to the condition^ the function / is convex below. On the other hand, the right hand side in the 
condition 121 is convex above. They imply that / is dominated by a constant. I 

2.5 An elementary remark on some distributions 
2.5.1 Some integrals 

In this subsubsection, (j) denotes a C°°-function on R whose support is compact. We denote the differential ^ 
by (j)' . We put as follows: 

(logr^)" 

Ln '■= 1 • 

n! 

Lemma 2.16 We have the following equality: 

/ <j>-Ln-r^'-^ ■dr = -y^{-s)-'-^ 4>' -Ln^.-r^'dr. (4) 
7o ^ ,^0 Jo 



24 



Proof We have the following equality: 

1 d 



1=0 

Then I^J immediately follows. I 

Since (p' is C°° around r — 0, (j)' ■ L^r^^ ■ dr gives a entire function for the variable s around s = 0. 
Lemma 2.17 We have the following Taylor development at s = 0; 



Proof We have the following: 



d^' -Lk-r^' -dr^Y.'' ( ) ■ ^' ■ Lk+i ■ dr. 



(5) 



OO 



Then immediately follows. 
Lemma 2.18 We have the following equality: 



/•OO / -|\n °° i<oo 

/ • L„ • r2^-i • dr = ^—^ ■ • 0(0) + V X„,i • / 0' • • dr. (6) 

Jo ^ 1 ,1 Jo 



=n+l 

ifere we piti as follows: 



Xn,:=^-^Y.^~lt[ ]\€R. (7) 



2 

h=0 



Proof We have the following: 

/ . L„ . r^-i . dr = i E(-^)-^-' E ^' • f " ^ ^ ) ^' • • (8) 

By putting h = n — i and m = n — i + I, the right hand side can be rewritten as follows: 



I E E (-1)-"+''-^ • ■ ( r ) 7 ■ ^™ ■ 

h<n 

^ OQ y \ „0 

^E( E M)M : ))-(-ir-^^-"""^7 



2 

m— h+l—ni 
h<n 



^'■Lm-dr. (9) 



The term m = is as follows: 



1 I'— Tl" 

- . (-l)"-\s-"-i . 0' . dr = . . 0(0). 

It is easy to see that the terms 1 < m < n vanish. Then we obtain 
Corollary 2.3 We have the following development: 

/( _-\\n -.OO „oo 

• L„ • r2"— idr = ^^(m,s)-"-i • 0(0) + x E ' ("^ ' / ' ' 

Here Xn.i is given in 
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Corollary 2.4 Let <j) he a test function the complex plane C. We have the following formula: 

r 1 (n = 0), 
Res^=o / (A • ind^n • \z'^''~'^ ■ -^^dz hdz= I 



2.5.2 Some distributions 

In this subsubsection <^ denotes a test function on C". Let us consider the function $ on C*" of the following 
form: 

N n 
k=lneS i=l 

Here S denotes a finite subset of Z", an^k denote complex numbers, and rii {i = l,...,n) denote the i-th 
component of n. We have the distribution $ defined as follows: 

:= Res«=o / $ • • ff l^ip'"--^-^ • ^dzi A dzi. 

Lemma 2.19 Assume that the support of the distribution $ is contained in {O}. Then we have the following 
formula: 

m= E an,fe-(-i)^"*-.^(o)-n^r^"'- 

(n,fc)eSi 

Here Si denotes the set of the elements {n,k) £ S x Z satisfying "^ni = k — n + 1. 

Proof We have only to consider the test functions of the form ^{zi, . . . , Zn) = nr=i 'Pii^i)- Note the following 
equality: 

/n /— Y N n „oo 

* • • n l^^r™*'"' • ^dzi Adzi = J2J2s''- «»,fc • 2" • n / • • r^'^^^'^dri. 

We have the following equalities: 



2miS—l 



dri 



poo 

n / ^i-^-r r1 

= E ^-^•-^•^^^--'"'-"^'''•^(^^^^(o))•E^^"..^^ ao) 

Here we put |n| = X^iLi ^^"^ 1^1 ~ S^ieJ ^J' P'^* ^ follows: 

A{m, n, I, J, I) := JJ " 11 ^Ml " 11 ^ 

ie/ jeJ jeJ iei 

In the case I = n, we have the following equality: 

n 

A{m, n, n, 0, 0) = J] "^r"'"' ' ("I)'"' " 2-"- 



i=l 
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Then the right hand side can be rewritten as follows: 

iuj=ni^zj iei jeJ 

We have the following: 

ReSs=o s'' f[ [ ^i-Lnrr!""''~'dri= ^ ^ A{Tn,n, I, J,l) 'HMO) ■ H f ^'j ■ Li. ■ drj. 

i=l'^ IUj=nleS{n,n,k) iei jeJ 

Here we put S{n, n, A;) := {Z € Z> q | — |ti| — n + |Z| + fc = — l}. Then we obtain the following: 

n,fc IUJ=nleS{n,n,k) iei jeJ 

= E E ^(^' n -^'(O) • n / '^i • ■ drj (11) 
/uj=njez-' iei jeJ 

Here we put as follows: 

Y{I, J,l) an,k ■ A{m, n, I, J, I) e R. 

Note the tuple {Iljej-^'i | ^ ^ ^>o} of C°°-functions on C* is linearly independent over R. Since wc have 
assumed that the support of $ is contained in {O}, we obtain the vanishings of the constants Y{I, J, I) ( J ^ 0). 
Then we obtain the following: 

n n 

m= a„,fe-2"-2-«.(-l)l"l.nmr--V.(0)= E • (-1)1"! • 0(0) • H^^P^"'- 

(n,fc)6Si i=l (n,fe)eSi i=l 

Then we obtain the result. I 



2.6 Some preliminciry from elementciry linecir algebra 
2.6.1 The generalized eigen decomposition 

Let y be a finite dimensional vector space over C, and / be an endomorphism of V. We often denote the set 
of eigenvalues of / by Sp{f). For any element a G Sp{f), we denote the generalized eigenspace corresponding 
to a by E(/, a). We often denote it by E(a) or E(y, a), if there are no confusion. Note the compatibility of the 
filtration and the generalized eigen decomposition. 

Lemma 2.20 Let V be a finite dimensional vector space, and f be an endomorphism ofV. Let F be a filtration 
ofV such that f preserves F. Then the generalized eigen decomposition of f and F is compatible. 

Proof If a subspace of F is preserved by /, then we have W = ®aeSp{f) ^ ^ ^(/' ^)- Then the lemma 
immediately follows. I 



2.6.2 A lemma for the boundedness of the hermitian metrics 

Let F be a finite dimensional vector space over C and ft, be a hermitian metric of V. Let 5 C C be a finite 
subset. Let r/ be a positive number such that Ba{r]) fl Bi,{r]) = for a ^ 6 e 5. Then we put as follows: 

S{S,r^,C) := {/ e End{V) \ |/U < C, Sp{f) C \J B,{r])}. (12) 

aeS 

Lemma 2.21 The subset S{S, r], C) C EndiV) is compact. 
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Proof Duo to the condition < C, the set S{S, r], C) is bounded. We also have the closedness of the defining 
condition of 5(5*, 77, C) . I 

For any / € S{S,r], C), we have the decomposition of V: 

y = 0E,(/,a), E,(/,a):= E(/,a). 

aeS aeSp{f), 

\o:—a\<r} 

Then we obtain the hermitian metric h{f) given as follows: 
Lemma 2.22 The set {h{f ) | / e S{S, rj, m, C)} is compact. 

Proof It immediately follows from the compactness of S{S, t], C) I 
2.6.3 A lemma for e-orthogonality 

Let F be a finite dimensional vector space over C. Let 5 be a finite set, and V = 0og5 Va be a decomposition. 
Let /i be a hermitian metric of V . 

Definition 2.6 Let e he a positive number such that e < 1. The decomposition V = ®aes^<^ called e- 
orthogonal, if the inequalities \h{u,v)\ < e- \u\h ■ \v\h hold for any elements u,v gV. I 

Assume the following: 

• There exist positive constants Ci and C2 such that the following holds for any element v = "^aes °^ 
V: 

Ci ■Y.Mh < \v\h < C2 ■Y.ivtih. 

• We assume that the decomposition V = ^aes ^ e-orthogonal with respect to h. 

Let g be an element of 0<j£5 End{Va), and be the adjoint of g with respect to h. We have the decompo- 
sition: 

9^ = (9'')ab e Hom{Va,Vb). 

Lemma 2.23 There exists a positive constant C such that the following holds: 

• C is independent of e. 

• The inequalities | {g^)ab\f^ < C ■ e ■ \g\h hold for any elements g G ®aeS ^n-diVa) and for any a b £ S. 

Proof Let V be an element of Va- We put Wb := gabi"")- Let u be an element of \^ for c ^ a. Then we have 
the following equality: 

{v,giu))^ = {g''{v),u)i^ = ^{wb,u)h- 

Hence we have the following: 

iwc,u)h = {v,g{u))^ - ^{wb,u)h. 
Then we obtain the following due to the e-orthogonality: 

\{wc,u)h\ < e - \v\h - \g\h - \u\h + '^e - \wb\h ■ \u\h < e - \v\h ■ \g\h ■ \u\h + e ■ C^^\g^v)\h ■ \u\h 

<€■ {l + C^')\v\h-\g\h-\u\h. (13) 
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In particular, we consider the case u = Wc- 

\wc\h < e ■ {1 + C-') ■ \v\n ■ \g\h 
Then we obtain the fohowing inequahty for any v d Va'. 

\gLiv)\h<e-{l + C^')-\vk-\g\h. 
It impUes the claim. I 

2.6.4 Norm of endomorphisms 

Let V be an r-dimensional vector space, and h he a. hermitian metric of V. Let v be a base of V. We put 
H := H{h, v). Let / be an endomorphism of V, and then we have the matrix A such that f ■ v = v ■ A. Let 
denote the adjoint of / with respect to the metric h. Then we have pv ~ v ■ 
We have the norm \ f\h of / with respect to the metric h. 

Lemma 2.24 The following holds: 

\f\l=tT{A-H-' -'A-H). 

Proof We have |/|^ = tr(/ • /^). Then the claim immediately follows. I 

2.6.5 The GL(r)-invariant metric 

Let V'H{r) denote the set of (r x r)-positive definite hermitian matrices. We have the standard left action k of 
GL{r) on Vn{r): 

GL{r) X Vn{T) rn{r), {g, H) ^ K{g, H) = g ■ H ■ 'g. 

For any point H E V'H{r), the tangent space TH'P'H{r) is naturally identified with the vector space TL{r). Let 
Ir denote the identity matrix. We have the positive definite metric of Ti^VH{r) given by {A, B)j^ = tr{A ■ B) = 
tr{A ■ It is easy to see the metric is invariant with respect to the J7(r)-action on Ti^V'H{r). 

Let H be any point of 'PTL{r) and let g be an element of GL{r) such that H = g ■ *g. Then the metric of 
TnTHir) is given as follows: 

{A, B)h - {<g-%A, n{g-%B)^^ = tr[g-^A'-g-' ■ g-'B'r') - tT{H-'AH-'B) . (14) 

Since (•, •)/^ is [/(r)-invariant, the metric (•, ■)h on THVTi.{r) is well defined. Thus we have the Gi(r )-invariant 
Riemannian metric of VTL{r). 

It is well known that VTL{r) with the metric above is a symmetric space with non-positive curvature. We 
denote the induced distance by (ip-H(r)- We often use the simple notation d to denote d-p-H^j.)i if there are no 
confusion. 

Let X be a manifold, and 'J : X — > V'H{r) be a differentiable map. Let P be a point of X, and v be an 
element of the tangent space TpX . 

Lemma 2.25 We have the following formula: 

\d^{v)\l,^^^^^^^^^^ = tv(^{P)-^ ■ d'^{v) ■ *(P)"i • d^{v)^ ^ tr(l'(P)^^ • d-^iv) ■ *(P)~^ • 
Proof It follows from itTH) . I 
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2.6.6 Comparison of the norm and the distance 



For any elements Hi and H2 of 'P'H{r), we have an element g E GL{r) such that K{g, Hi) = Ij. and that K{g, H2) 
is the diagonal matrix. The set of the eigenvalues of K{g, H2) is independent of a choice of g. Let e"^ , ■ • ■ , e"'' 
be the eigenvalues of K.{g, H^)- We put as follows: 



5{Hi,H2) (^(— 



\ 1/2 



2 

=1 



On the other hand, we have the distance d-pi-c(^r){Hi, H2) = {J2 
For any real number R, we put as follows: 

C{R) 



1/2 



2R 

If < a; < i?, we have x < C{R) ■ x. We also note that C{R) 1 when i? 0. 
Lemma 2.26 

• We have the inequality: 

d-pn(r){Hi,H2)<5{Hi,H2). 

• If d(Hi, H2) < R, we have the inequality: 

5{Hi:H2) < C{R)-drnir){Hi,H2). 



Proof It can be checked elementarily. I 

We reformulate Lemma 12.261 as follows: Let V be an r-dimensional vector space, and let hi and /i2 be 
hermitian metrics of V. The identity map induces the map $ : {V, hi) — > {V, /i2)- We have the norms |$| and 

Lemma 2.27 

• The following inequality holds: 

dvn{r){hi,h2) < . 



If d-p-H{r)ihi, h2) < R, the following inequality holds 

|$P + |$-ip-2r 



<C{R)^ ■dT,n(r){hi,h2)^ 



Proof If we take an appropriate base of V, hi and /12 are represented by the identity matrix Ir and the 
diagonal matrices whose diagonal entries are e"'^ , . . . , e"'' . It is easy to check that |<I>p = 6^"* and 

= XlLie"^"'- Then it immediately follows 4-i(|$|2 + |$-i|2 - 2r) = S{Hi,H2)^. Thus the claims 
follow from Lemma [2. 261 I 

2.7 Preliminary from complex differential Geometry 
2.7.1 Some results of Andreotti-Vesentini 

We recall some results of Andreotti-Vesentini in Let {Y,g) be a complete Kahler manifold, not necessarily 
compact. We denote the natural volume form of Y by dvol. Let {E, dsjh) be a hermitian holomorphic bundle 
over Y. The hermitian metric h and the Kahler metric g induces the fiberwise hermitian metric of i? ily'', 
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which we denote by (•, ■)h.g- The space of C°° {p, q)-iorms with compact support is denoted by Ap-''^{E). For 
any 771,772 S AP''^{E), we put as follows: 

{Vl,m)h = J {Vl,V2)h,g ■ dvol, W-qWl = {■q,'q)h- 

The completion of A^''^{E) with respect to the norm || • is denoted by ^^'^(i?). 

We have the operator Oe : Al-'i{E) — > Ap-^+i (£;), and the formal adjoint d*E : Al'^^iE) — > A^^'^-^iE). We 
use the notation A" = d^dE + QeOe- We have the maximal closed extensions ds ■ A^f^'^{E) — > and 
d*E ■ A^''^{E) — > A^'''~^{E). We denote the domains of Oe and d*E by Dom{dE) and Dom{d*E) respectively. 

Proposition 2.1 (Proposition 5 of ^) /ti T^P'^ := Dom{dE) H Dom{d*E), the space AP''^{E) is dense with 

respect to the the graph norm: + WdEvWh + II'^b'?!!^- (^^^ ^^^'^ El/'- ' 

Proposition 2.2 (Theorem 21 of [2j) Assume that there exists a positive number c > satisfying the fol- 
lowing: 

Then, for any tj e iyP'«, we have WOevWI + WdsVWl >c-M\l- 

For any C'°° -element rj g A^'^{E) such that dEir]) — 0, we have a -solution p e A^''^^{E) satisfying the 
equation d e{p) = il ■ I 

2.7.2 Kodaira identity 

For a Kahler manifold Y , we have the operator A : fi^'''? — > VF^^''^^^ (see 62 page of For a section / of 

End{E)<Sinp''^°, we have the natural morphism AP''i{E) — > (£■), defined by 77 1 — > /A77. We denote 

the morphism by e(/). 

Let be a holomorphic vector bundle with a hermitian metric h over Y . We have the metric connection of 
E induced by the holomorphic structure Be and the hermitian metric h. We denote the curvature by R{h). 
We have the Levi-Civita connection of the tangent bundle of Y . It induces the connection oi E ® ri°'^: 

V : A^f{E ® — > Al'^{E ® ® Al^^{E ® 1]"''?). 

We denote the (0, l)-part of V by V" to distinguish with Oe ■ Al-i{E) — > The (1, 0)-part of V is same 

as 5 of -E (g) Vfi 'i. We denote the curvature of V by i?(V). 

We have the Laplacian A" on A^^''^{E) and the equalities of the operators: 

A" = dEd*E + OeOe - dEd*E + d*EdE + V^[eiR{h)), A] . 

In particular, we have the equality A" = d^ds - V^A o e{R{h)) on A^^''J{E). 
On the other hand, we have the following Laplacian on A'^''^{E (g) fl'^'''): 

A" = V"V"* + V"* V" = d*EdE - V^A o e(i?(V)). 

For an element 77 of (g 17°'^), note the following equality: 

Ao e(i?(V))(77) = A(i?(V)) • 77. 

Since we have -R(V) ~ R{h) + _R(f2°'*), we have the following: 

A o e(i?(V))(77) = A{R{h)) ■ 77 + A(i?(f]°'«)) • 77. 

Then we have the following identity: 

(9e77, dET]),^ = {dE-n, dE7])^ - ■ (A(i?(/i) • 77), 77)^ 

- (V't,, V"77)^ + y=T . (A(f70^«) . ^, - . (A{R{h) ■ 77) - AR{h) ■ 77, 77)^ (15) 
Let X be a il- valued C°°-function. If we put h -.^ h ■ e~^, we obtain the following equality: 

= (V't;, V'rj)-^ + ■ (A(f7°'«)77, 77)^ - • {AiRih),j) - A(i?,(/7)) • 77, 77)^^ 

+ V^{A(ddx ■ 7?) - A(ddx) ■ 77, 77),-. (16) 
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2.7.3 Kodaira identity for sections of A°'''^{E) 

We denote the Ricci curvature of the Kahler metric g by Kic{g). We can naturally regard Kic{g) as a section of 
End{E) (g) Q}'^ , by the natural diagonal inclusion C — > End{E). 

Let / be a section of End{E) (X) fiy^, and -q be an element of Then we put as follows: 

((/,r;)),:=-y^(e,r;)^, ^ := (a o e(/) - e(A(/))) (r;) = A(/ • r;) - A(/) • 77 (17) 

We recall the following special case. 

Proposition 2.3 (Kodaira |33| . Cornalba-GrifRths [llj) Let -q he an element of A^'^{E). We have the 
following equality: 

\\dE{v)\\l + \\d*E{v)\\l = l|V"r/|P + l{{Rih) + mc{g),v)),dyo\. 
Proof See Proposition 4.5 in |2H1- I 
Corollary 2.5 Let rj he an element of Dom{dE)(~^L)om{d^) in A^'^(£'). Then we have the following inequality: 

WdEml + WdEml > fmh)+Ric{g),rj)),dvol. 



2.7.4 Acceptable bundle 

We put X = A" and D = Di. We have the Poincare metric gp on X — D: 



9p ■=^qj9n+ '^jfi- 

j=i j=i+i 

Here we put as follows: 

2 ■ dz ■ dz 2 ■ dz ■ dz 

91 = TTJT?' 50 = 



(l-|z|2)2' |z|2(-log|z|2)2- 

We have the corresponding Kahler form: 

/ n 

Here we put as follows: 

\/—ldz A dz \/^ldz A dz 

UJl — ; 1 n^o , Wo : = 



(1-|Z|2)2 ' |z|2(-log|z|2)2- 

Let P be a point of X and {U, (p) be an admissible coordinate around P. By the isomorphism ip -.U — D ~ 
A*' X A"~', we take the Poincare metric gp on U — D. The metric h oi E and the metric gp on T{U — D) 
induce the metric (•, ■)h.gp of End{E) (g) $1^'^ over U — D. Recall the following definition. 

Definition 2.7 We say that {E, Oe, h) is acceptahle at P, if the following holds: 

• Let {lA, ip) be an admissible coordinate around P. The norms of the curvature R(h) with respect to the 
metric (•, ■)h.g-p is hounded over lA — D. 

When {E, dE,h) is acceptahle at any point P, then we say that it is acceptahle. I 
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Let {E,dE,h) be an acceptable bundle over X — D. We apply for x — '''{(^7^)1 where the function 
T(a, N) is as follows: 

/ / n 

T{a, N) := J2 log l^'l' + ^ • (E l°g(- l°g l^^l') + E log(l " l^^l')) ' (1^) 

i=l i=l i=l+l 

We use the notation | • \a,N, \\ ■ \\a,N, (•, ■)aM and ((•, ■))a,N instead of | • || • (•, ■)ha.,N and ((•, •))h„,jv 

for simplicity. We also use the notation A^'^j^{E) instead of A^''^ ^{E). 

Lemma 2.28 We have the following equality for any section rj G A^^;''{E): 

^/^{^{AddT{a, N)ri) - A(ddT{a, TV) • =-N -q- 77. 

Proof We have ddT{a, N) = —N ■ \/^^ • ujp. Then we obtain the following: 

L.H.S. = ■ {-Ny^ ■ (A(wpr/) - (Awp) ■ rij ^ N ■ {-{n - q) ■ rj - n ■ r]) ^ -q ■ N ■ t] ^ R.H.S.. 

Hence we are done. I 

2.7.5 The vanishing of the cohomology of acceptable bundle (When N is sufficiently negative) 

We have the following inequality: 

(BeV, dEri)^^j,+{dEV, 9b77)„,^ > \/^-(A(r!°'^)-77, rj) ^^~V^-(^A{Rihyrj)-AR{hyrj, v) ^ ^-N-q-MllN- 
ilQ) 

Lemma 2.29 When {E,dE,h) is an acceptable bundle, there exists a positive constant C > satisfying the 
following for any q — 1, . . . ,n and for any rj £ A'^''^(E): 



(a(170'«) . r, - A{Rih) ■ ^) + A(i?(/i)) • 77, ,7) J < C ■ \r,\l 



Proof Recall that R{h) is dominated by ojp. Then the claim follows from a direct calculation of the curvature 
of Poincare metric ^p. I 

If we take a sufficiently negative integer N such that N < — C — 1 for the constant C as in Lemma [2.291 
then we obtain the following inequalities for any q > 1 and for any 77 e A'-^-'^{E), due to the inequality (|19|l : 

(BeV, 9Ev)a.M + (BeV, 9ev)c,,n - M\l,N- (20) 

Lemma 2.30 Let C be a positive constant as in Lemma \2.29[ If N < — C — 1, we have the vanishings of any 
higher cohomology group if ' (A^' ^ (£^) , S^a) (i > 0). 

Proof It follows from Proposition 12 . II and Proposition 12 . 21 and 11201) . I 
2.7.6 A lemma for an increasing order (When N is sufficiently positive) 

Let (-E, dE,h) be an acceptable hermitian holomorphic bundle over X — D. The following lemma will be used 
in many times. It says, we obtain the increasing order of a holomorphic section over A*' x A"~' from the 
increasing order of the restriction to the curves, which are transversal with the smooth part of the singularity 
D. 

Let -Kj denote the projection of X onto Dj. Let Y{C) denote the set {(zi,...,z„) |0 < \zi\ < C, {i — 
1,...,0, \zi\ <C {i = l + l,...,n)}. 
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Corollary 2.6 Let F be a holomorphic section of Let aj and kj be real numbers {j — 1, . . . ,1). 

For any point p e A*(C)'^^ x A(C)"^' and any 1 < j < I, we assume that we are given numbers Ci{p,j), 
(^2{P-,j), o-iPTj) o.'^d f^iPjj) satisfying the following: 

1. Ci{p,j) andC2{p,j) are positive numbers. 

2. a{p,j) and k{p,j) are real numbers satisfying a{p,j) < aj and k{p,j) < kj. 

3. The following inequality holds on ttJ^{p): 

4. Ci{p,j), C2{p,j), a(jp,i) andk(ji, j) may depend on p and j . 

Then there exists a positive constant C3 and a large number M , satisfying the following: 

• The inequality \s\h < C'3 • Hj^i Nil"'' (" log |)*^ holds overY{C). 

• The constant C3 depends only on the values of \s\h on the following compact set: 

{(zi,...,z„)| = \zj\<C {j ^l + l,...,n)]. 

Proof See Corollary 4.12 of [1H|. I 
2.7.7 The metrics and the curvatures of 0{i) on 

In the next few subsubsecions, we recall the subsubsection 4.7.3 in |2H1- Let denote the one dimensional 
projective space over C. We use the homogeneous coordinate [to : ti]. The points [0 : 1] and [1 : 0] are denoted 
by and 00 respectively. We use the coordinates t = to/ti and s = ti/to. We have the line bundle 0{i) over 
P^. The coordinates of 0{i) is given as follows: {t, Ci) over P^ — {00}, and (s, (2) over P^ — {0}. The relations 
are given hy s = t~^ and • Ci = C2- 

Recall that we have the smooth metric hi of 0{i). Let ^ = (t, Ci) = (s, (2) be an element of 0{i). 

h^{^,o ■.^\ci\'-{i+\t\'r-\c2\'-{i+\^\'r. 

For any real numbers a and b, we have the possibly singular metrics h^^j^^^^iij of 0{i): Let ^ = {t, Ci) = (s, (2) be 
an element of 0{i). 

K^iaMi,0 h,{tO ■ (1 + \t\-'T ■ (1 + l^n' = h.,itO ■ (1 + ■ (1 + 

Around |<| — 0, the order of hi_(^a.b) is equivalent to Around \s\ = 0, the order of hi^^a,b) is equivalent to 

|g|-2b rpj^g curvature R{hi a^b) is as follows: 

R{h^,a,b) = {-a-b + ^)■-^^^^. (21) 

Let take a point P E P^. Then we obtain a morphism 0{i) — > 0{i + 1) of coherent sheaves. 
Lemma 2.31 The morphism is bounded with respect to the metrics hi ^a.b) o,nd ft.i+i,(a,6)- I 
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2.7.8 Some open subset of the line bundle ©( 1) with the complete Kahler metric 

We are mainly interested in the case i — —1. We regard C(— 1) as a complex manifold. The open submanifold 
Y is defined to be S | /i_i_(o,o) (C; < l}- We denote the natm^ally defined projection of Y onto 

by TT. We denote the image of the 0-section — > F by P^. Then we have the normal crossing divisor 
D' = Pi U7r-i(0)U7r-i(c») of F. The manifold Y - D' is same as G C*^ | \x\^{l + \t\^) < l}. 

We have the complete Kahler metric g ■— gi + 02 + 93 of 1" — D' given as follows: As a contribution of the 



0-section P^ , we put n = — log 



l + |i| 



, and as follows: 



t ■ dt dx\ f t ■ dt dx\ 1 dt ■ dt 

gi 



■ X J \l+\t\^ ' X J • Ti(l+|i|2)2- 

Lemma 2.32 Note that gi gives the complete Kahler metric ofY — ¥^. It is equivalent to the Poincare metric 
around the divisor P"'^ . I 

As a contribution of ti~^{oo), we put T2 = log(l + and as follows: 



52 = -(-1 

To V 



dt-dt 



r2^ T-2 / {l + \t\^Y' 

Lemma 2.33 We have —1 + |tp • r^^ > 0. Around \t\ = oo, or equivalently, around \s\ = 0, the g2 is similar 
to (-|s| log\s\)~'^ds ■ ds. Around \t\ = 0, we have 52 = (2^^ + o(|ip)) • dt ■ dt. 

Proof It can be checked by a direct calculation. I 

As the contribution of the divisor 7r^^(0), we put := log(l + — log |tp = log(l + |sp), where we use 
s = t~^. And we put as follows: 

53 = -- (-1 + — , 



rs V ^3/(l + |s|2)- 

By the symmetry, the behaviour of 173 is similar to 32- (See Lemma |2.33|I 
The following lemma can be checked directly. 

Lemma 2.34 The metric g gives the complete Kahler metric of the complex manifold Y ~ D' . Around the 
divisors P^, 7r^"'^(0) and tt^^{oo), the behaviours of the metric g are equivalent to the Poincare metric. I 

We note the following formulas: 

— 1 f i ■ dt dx\ f t ■ di dx\ 1 dt/\dt 

do log Ti = ^ r-rrr H A — + — H 5- =: , 

rfVl + ltp xJ Vl + |t|2 xJ ri(i + |t|2)2 



ao, 1/ . \t\ \ dtAdt 1/ ^ spx dsAds 

r2\ T2 J (l + |t|2)' rsV T3 J (l+|s|2)' 

We put Lo = uji + 0^2 + W3- We put as follows: 



1 1 / liPx 1 / 

Ti r2 V T2 / T3 V r3 



Then we have the following: 



uj"^ — det(q) ■ dt A dt A dx A dx — ( ^ x Hn) ■ dt A dt A dx A dx. 

VMx|2.(l + |<|2)2 J 



We put as follows: 

Hi :-- 

Recall that we have Ric(g) = dd{det{g)). 



Hn 



^l + |t|2).(l+|.|2) 
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Lemma 2.35 

• Let C be a number such that < C < 1. On the domain {(t, a;) G C* ^ | \x\'^ ■ (l + < C}, we have the 
following similarity of the behaviour: 

i/i ^(log|t|)-2, (|t| _>oo,or, |i| ^0), 
H,^i-\og\x\)-\ i\x\^0). 

• We have the equality: Ric{g) — dd\og{Hi) = —ddlogrf . I 
2.7.9 The inequality and the vanishing for the acceptable bundle 

We put Al = {(zi, za) I l^d < 1} and D[ = {z, = 0} C A^. Let ip : — > Al denote the blow up of at the 
origin O — (0, 0). We have the exceptional divisor (p^^{0), the proper transforms D'i of D'^. 
We put X = Al X A^,^^. Then we have the composite ip of the natural morphisms: 

X Al X Ar' > 

Here the latter morphism is the natural isomorphism given by Wi = Zi+2- We put D := Tp^^{D), which is same 
as the following: 

~ ^ "^^ 
{^'\0,0)UD[UD'^)xAl-'uAlx[\J{w,^0}). 

i=l 

The restriction oi if) to X — D gives an isomorphism X ~ D ^ X ~ D. 

We can take a holomorphic embedding i of y, given in the subsubsection lTT!HI to A^ satisfying the following: 

• The image of the 0-section is the exceptional divisor 0^^(O). 

• We have r^{D[) = 7r-i(cx)) and r^{D'^) = 7r-i(0). 



We put X ■.= Y X A^ ^ . Then we have the naturally induced morphism X — > Al x A^ ^, which we also 
denote by l. We put as follows 



D:=L-^{D), XW :=n-\P)x Al-^, := n D. 

Note that l{X) gives a neighborhood of Xq in X. The composite ij; o l is denoted by ■01 ■ 

Let {E, Oe) be a holomorphic bundle with a hermitian metric h over X ~ D. We assume that {E, Oe, h) is 
acceptable in the sense of Definition 12.71 We denote the curvature of ipl{E, Oe, h) by iplR{h). It is dominated 
by ■iplddlogT{a, N) for sufficiently negative number N. (See (I18|l for the definition of r(a, N)). 
Let ei (i — 1, 2) be positive numbers such that ei + £2 < 1- 

Lemma 2.36 We can pick positive numbers e and negative numbers a and b satisfying the following: 

-a- 6=1, < -a < 1 - ei - e, < -6 < 1 - €2 - e. 

Proof It can be checked elementarily. I 

Let e, a and b be as in Lemma [2. 361 The metric h of 'ipl{E){—x''^^) := ipl{E) (g) 7r*C'p(— 1) over the complex 
manifold Y — D' is given as follows: 

hN,e,a,b ■■= ^J*lha,N ' ^i-l.a.b ' ■ T^^" {t2 ■ Tg)'. (22) 

For simplicity, we use the notation h instead of hj^ e a b- 
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Lemma 2.37 Let e, a and b be as in Lemma \2.'6V>\ When N is sufficiently smaller than 0, then the following 
inequality holds for any rj G A'^'^{'iplE(—X^'^'^)): 

(See the formula p7|) for the definition o/ ((•, 
Proof We have the foUowing equahty: 

Rih) + Ric(<?) = i?(V'i*/ia,w) + Bih^i,a,b) - ddlogHi + (2 + e) • 99 log n + e • 9a(logr2 + logrg) + Ric(.g) 

= i?(V'i/la,A') + + CJ2 +^^3)- (23) 

Here we have used i?(/i_i_o,b) = due to H21(l and our choice of a and b. By taking sufficiently negative N, we 
can assume the following inequality for any 7/ e A'^'^{E) on X — D: 

{{R{h^M),V))a,N > 0. 

Then, by a fiberwise linear algebraic argument, it is easy to see that the following inequality holds for any 
rye 

{{rRiha,N),v))H> 0. 

On the other hand, we obtain + uj2 + 1^3,77))^ > e • ||??||^, which can be checked directly from definition. 
Thus we are done. I 

Corollary 2.7 Let e. a and b be as in Lemm,a I2.36L Lf N is sufficiently negative, then the first cohomology 
H^{A"^'{'iJj^^E{-x'''^^))) vanishes. 

Proof It immediately follows from Lemma [2.371 Proposition 12 . II and Proposition 12. 21 I 
We remark the following. 

Lemma 2.38 The contribution of h^i^a,b ■ ■ t^^*^ • (t2 ■ t^Y to the metric h is equivalent to the following, 
around \t\ — 0; 

\tr^ ■ {-\og\t\f ■ \tr{-\og\t\f' = |tr2(a-.) . (_log|^|)2+2^ 

We have a similar estimate around \s\ = 0. The contribution is equivalent to (— log around x = 0. 

Proof We have the following equivalences: 

~ ir'", i?r^~(- log |^|)^ Tr^~(-iog|xp)'+' r^^iip^ ri^{-\og\t\r. 

Thus we are done. I 

2.8 Preliminary from functional analysis 
2.8.1 On a family of complexes of Hilbert spaces 

Lemma 2.39 Let Hi {i — 1, 2) be Hilbert spaces. Let F{X) : Hi — > H2 be bounded morphisms depending on 
X G A(Ao,e). Assume the following: 

1. F{X) is bounded for any X G A(Ao,e). 

2. There exists a positive constant C such that ||-F'(A) — i^(A')|| < C • |A — A'| for any A, A' G A(Ao, e). 

3. F is holomorphic with respect to X in the following sense: For any v G Hi, F{X){v) gives a holomorphic 
function from A(Ao, e) > H2. (See |34) for Hilbert space valued holomorphic functions, for example.) 

4. F{Xo) is surjective. 
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Then there exists rj > such that the following holds: 
• F(X) is surjective for any A G A(Ao,77). 

There exists a family of bounded morphisms ^'(A) : Hi — > H2 for A G A(Ao,77), and the following holds: 

1. ^(A) is homeomorphic for any A G A(Ao,?7). 

2. There exists a positive constant C' such that the following holds: 



c{||*(A)-*(A')||, ||*(A)-i -*(A')"'||} < |A- A'l -C^'- 



3. ^(A) is holomorphic with respect to A. 
4-. The following diagramm is commutative: 



id 



Proof We put Ci := KerF(Ao) and C2 = Keri^(Ao)-^. We put ip := F(Ao)|C2 '■ — > H2 is bijective and 
bounded. Hence it is homeomorphic, i.e., (p~^ is also bounded. 

We have the bounded morphisms a(A) : Ci — > H2 and 6(A) : C2 — » H2 defined by a(A) = F{X)\Ci ^'^^ 
6(A) — F(A)|(72 ~ f - 6^^y check the following: 

• a and 6 are holomorphic with respect to A. 

• There exists positive constants C2 such that |a(A) — a(A')| < C2 • |A — A'| and |6(A) — 6(A')| < C2 • |A — A'|. 

• a(Ao) - 6(Ao) - 0. 

Since ip is homeomorphic, there exists 77 > such that (p + 6(A) is homeomorphic for any A G A(Ao,?7). I^^i 
particular, F(A) is surjective. 

The morphism 4" : Ci C2 — > Ci C2 can be given as follows: 

1 ((^ + 6(A))-ioa(A) 
{(p + b{X))-^ o (p{X) 

Then it is easy to check that 5* has the desired properties. I 

Corollary 2.8 Let F and Hi (i = 1,2) be as in Lemma \'2.'A9l There exists a positive constant 77 > and the 
linear morphism G(A) : Ker_F(Ao) > Hi depending on A G A(Ao,77) with the following properties: 

• It satisfies the conditions'^ and^ in Lemma^^^ 

• For any X G A(Ao,77), G(A) gives a homeomorphism Keri^(Ao) — Keri^(A). 
Namely it gives the trivialization of the family of Hilbert spaces {Ker(_F(A)) | A G A(Ao,77)}. 

Proof We have only to restrict 5" to Ker(F(Ao)). I 

Reduction procedure We have the standard reduction procedure of the family of the complexes of Hilbert 
spaces, as is explained in the following. Let us consider the following family of complexes of Hilbert spaces Hi 
{i = 0, 1, 2) depending on A G A(Ao, e): 

H, Hi H2. (24) 

Assume the family satisfies the following conditions: 
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• Fq and Fi satisfy the conditions El and 13 in Lemma [2.391 

• Fi satisfies the condition^ in Lemma [2. 391 

• The complex at Aq is exact, i.e., Ker(i^i(Ao)) = ImFo(Ao). 

Then we can take the family of the morphisms ^'(A) : Hi — > Hi depending on A G A(Ao,?y) as in Lemma 
TTM We put F^{X) o Fo(A). 

Lemma 2.40 The image of Fq{X) is contained in Ker_F'i(Ao). 

Proof We have i^i(Ao) o F(,{\) ^ Fi{X)o^o o Fo(A) = Fi{\) o Fo(A) = 0. I 

Hence we obtain the family of morphisms Fq{X) : Hq — > Ker(i^(Ao)) depending on A e A(Ao,?/). By 
our construction, Fq' satisfies the conditions ^ |21 and |31 in Lemma 12.391 Since the complex is exact at Aq , the 
morphism Fq' satisfies the condition^ in Lemma [2. 391 too. 

Lemma 2.41 Let Hi {i — 0, . . . ,n) be Hilbert spaces. For simplicity, we put Hn+i — 0. Let di{\) : Hi — > Hi^i 
be family of linear morphisms satisfying the conditions'^ and^ in Lemma \2.'69\ Assume the following: 

• The higher cohomology groups vanishes at Aq. Namely, we have Ker((ii-|-i(Ao)) = Im((ii(Ao)) for i = 
0,...,n- 1. 

Then there exists a positive constant rj and the family of linear morphisms G{X) : Ker(io(Ao) > H^ (A G 

A(Ao,77)) satisfying the following: 

• The higher cohomology groups vanishes at any A G A(Ao,?7). 

• G{X) satisfies the conditions ^ |5] and |31 in Lemma I2.39L and it gives the trivialization of the family 
{Ker(io(A) | A G A(Ao,77)}, namely, G{X) gives the homeomorphism o/Ker(io(Ao) and Ker(io(A) for A G 
A(Ao,r7). 

Proof We have only to use the above reduction procedure successively and Corollarv l2.8l I 
2.8.2 Sobolev spaces 

We recall the following theorem (See Theorem 9.1 in 40 ). 

Proposition 2.4 Let p and q be real numbers such that p,q > 1. Let k and I be real numbers satisfying 
the following inequality: k — ^ > I ~ ^ . Then we have the natural inclusion L^{R™') C Ll{R"^), and it is 
continuous. Lf the inequality k > I and k — ^ > I — ^ hold, then the inclusion is compact. 

Lemma 2.42 Let p be a real number such that p > 2d. We put as follows for i — 1, . . . ,d: 

2d 

* < 



{i < d) 



d~ 

y p {^ = d) 

Then we have the continuous inclusion L'!^^^ {B?'^) C F^'(i2^'^). 
Proof We have the following relation from our choice of qc. 



2n 2n 
2 > 1 . 

qi-i qi 



Then the lemma immediately follows from 12.41 
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2.9 An estimate of the norms of Higgs field and the conjugate 
2.9.1 Preliminary 

Let Xq be an open subset of C™. Assume that we are given the holomorphic one forms rji € 51 {i — 1, . . . , m), 
which gives are frame. For example, we consider dzi, . . . , dzm or • dzi, . . . , ■ dzm- We put X = x Xq- 
Let {E, dE,0,h) be a harmonic bundle over X of rank r. Then we have the deformed holomorphic bundle 
£^ with the holomorphic structure dgx and the A-connection B'^. (See the subsection 3.1 in our previous paper 

M)- 

Let t> be a C°°-frame oi E = The (0, l)-form K e C^{X, ^f^^ (g) M(r)) is determined by the following 
relation: 

d^xv ~ V ■ K. 

The (l,0)-form A e C°°(X, ^2^'° (g) M(r)) is determined by the following relation: 

B^v = v -{A + K). 

We also have 6 e C°°(X, M{r) ® and 6^ G C°°{X, M{r) ® given by the following relation: 
We decompose as follows: 

= E Qc, • + E • ' = E ■ ^c. + E ■ ■ 

Lemma 2.43 We have the following relation: 

dQ+ [K-xe\e] =0. 

Proof It follows from the relations ds = dgx — A • 6*^ and dsQ = 0. I 
Lemma 2.44 We have the following relation: 

ae^ + A-i[A-e,e^] =o. 

Proof It follows from the relation Be = A^^ • (©^ - dgx - 9) and OeO^ =0. I 

Let be a C°°-function. 
Lemma 2.45 We have the following formula: 

d{ip^^ • e) = - [if'^K - A•(/J^e^ if^'e] ~2-dip^ ■ ^''e, 

Proof It immediately follows from Lemma [2 .431 and Lemma [2.441 I 
Lemma 2.46 We have the following relation for C, = Cj o.'^^d a = z^: 

(26) 

dciv^'ei) = -A-1 . [^M^ - ^"e^ /et] - 2 • dc^" ■ ^'el 

Proof It immediately follows from H25|l I 



(25) 
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Lemma 2.47 We have the following formulas: 



Proof It immediately follows from \2J6\ . I 
Lemma 2.48 Let f be a compact support C°° -function on X. Then we have the following equality: 

\df,df)^ fidf,df). 



Proof It follows from the following: 

\df,df) = - /(/,A(/))= l{df,df). 



Here we have used the Kahler identity d d — A — d*d. I 
2.9.2 An estimate 

Let P be a point of Xq. A Lj^-function spaces on x {P} is denoted by LFf. p- If fc = 0, we use the notation Lp. 
For a C°°-function F on X, we obtain the restriction F\p := P|a^x{p}7 ^"^^ the norm | |P|p| |^p- For simplicity, 
we denote it by | |P| . We put as follows: 



Q{P) ■■= ll©IU^? + lie^lU?? + \\k\\l^ + \\a\\l^ + 1. (28) 

d 

c 

1 (Pi€A^(l/3)) 



Let us pick a C°°-function ip on A, satisfying the following: 



< <^(Pi) < 1, ifiO 



(Pi^A^(2/3)) 



Lemma 2.49 For any b G Z>o, we have the following: 

max{||<^''e|U^, Wf'e^WLf] <Q{P). 

Proof It immediately follows from our choice of Q{P). I 
Lemma 2.50 For any 6 G 2 • Z>o, there exists a positive constant Ci(b) such that the following holds: 

max{||9c(/e)|Lj., Pc(/et)||^^}< Ci(6).g(P)2. 

Proof It follows from l|26|) and Lemma [2.491 I 
Lemma 2.51 For any 6 € 2 • Z>o, there exists a positive constant Ci{b) such that the following holds: 

max{Pc(/e)|L.^, ||9c(/et)||^^} <Ci(6).g(P)^ 

Proof It follows from Lemma [2.501 and Lemma [2 .481 I 



41 



\3+i 



\3+i 



Lemma 2.52 For any b G 2^ ■ Z>o, there exists a positive constant C2{b) > such that the following holds: 

max{||/e|L.^^, ||/et||^. J <C3(6)-Q(P)^ 
Proof From (|27|l . Lemma [2. 5 II and Lemma [2.491 we obtain the following for any b E 2^ ■ Z>o 

max{||9c9c(^''0)JU^> WdcMv^'oDUL^} < C {b) ■ Q{Pf . 
Thus we are done. I 

Lemma 2.53 Let b be an integer contained in 2^"*"* • Z>o. Let qi (j = 1, . . . , d) he the numbers given in Lemma 
12.421 Then there exist positive constants C2+i (b) satisfying the following: 

maxjll^" . ejl^,.^, 11/ • et||^,,J < C2+^{b) ■ Q{Pf+\ (29) 

Proof We use an induction on i. We have already known the claim for i = holds. We assume the claim for 
i holds, and we will show that the claim for i + 1 holds. 

Due to our hypothesis of our induction, we have the following inequality: 

max{||/ . e„|L,.^, II.^" • et||^,.J < C2+.(6) • Q{Pf+\ 

Recall that we have the continuous inclusion L*^ C due to Lemma [2.421 Thus we obtain the following: 

max{||/.e„||^,>ji, ||/-el||^,.+.} <c'(fe)-g(p)3 

In particular, we obtain the following: 

maxjiiac/ • e.||^^.+i, Wd^ip' ■ el 11^^.+. } < C"{b) ■ Q{Pf 

Then we obtain the following due to Lemma [2. 491 and (|27|l : 

max{||99c'^'' ■ ©all^^+i, ||59c¥''' • ©llL'^+i} < ^^^'H^) ' Q(P)'+'+^ 
Thus we obtain the inequality 129|) for i + 1, and the induction can proceed. I 

Corollary 2.9 Letp be a real number such that p > 2d — 2 dime ^ ■ Let b be an integer contained in 2^+''-Z>o. 
Then there exists a positive constant C2+d satisfying the following: 

max{||/ . QaWLl,, 11/ • ©IIIl^.J < C2+d{b) ■ QiPf^". 
Proof It immediately follows from Lemma [2.581 I 
Lemma 2.54 For any b E 2'^^^ ■ Z>o, there exists a positive constant Cd+k{b) satisfying the following: 

max{||/eiu.^^, Il/et|u. J < a+4b) ■ QiPr+''+'. 

Proof We can show it by a standard boot strapping argument. I 
We put Ka := A^(l/3)'^. 

Corollary 2.10 Let k be an integer, and p be any sufficiently large number. There exist positive constants M 
and C such that the L^-norms and C^-norms o/ 0|;^|-,x{P} '^^'^ ®f/fox{P} '"'^^ dominated by C ■ Q{P)^^ . 

Proof Let us pick a real number ki such that we have the continuous inclusion L^{R''') C C''{R'^). Then we 
can pick 6i, Ci and Mi such that the following holds, due to Lemma [2. 541 

max< 1 1'^"^ . Ml I ^ " 1 1/^"^ . 1-1 ' 1 1 ^ 11 \ < I . 1 1( p^-^i 



Then we obtain the estimate for C'^-norms of (/^''^ 8 and iff'^ . Since if is identically 1 on a neighbourhood of 
K[) by our choice of ip. Thus we obtain the result. I 
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2.9.3 Estimate for the differential of 8^ 

Let us consider the case rji — dzi/zi [i = l,...,m). We have the vector fields Vi :— Zid/dzi, and df = 
E A 77, and df = Y: V,if) A rj,. 

Lemma 2.55 We have the following relation: 

de^ + [K-X-Q\ 6^] =0. 

Proof It foUows from the relation dsO^ = and Oe = dgx — . I 
We obtain the following relation for any ~ Q and i = 1, . . . , m: 

v,Ql-di;el + [K,,^ - xel, el] - [k^ - Ae[, e^j = o. 

Hence we obtain the following: 

Lemma 2.56 There exist positive constants C and M such that the functions ViQ^, {i = 1, . . . ,m, j = 
1, . . . , d) are dominated by C ■ Q{P)^^ on Kq x Xq. I 

2.10 Convergency of the sequence of harmonic bundles 

Although we do not use the argument to take a 'limit' of a sequence of harmonic bundles, contrary to the previous 
paper |SH|, the author thinks that such convergency seems significant for the study of harmonic bundles. We 
can improve the argument for the convergency in j^Hl by using the estimate in the subsubsection We 
explain it in this subsection. In this subsection, we assume that A 7^ 0. 

2.10.1 Convergency of the sequences of the Higgs fields 8'-"-' and the adjoint maps 8^*^"^ 

Let X be A*' X A''"', and (^;("), 6'("\ /i^")) be a harmonic bundles on X such that rank(i;(")) = r. Recah 
that we have the deformed holomorphic bundles (f^ d"^ ("), /i^")) on ^ {X} x X C X. In this 

subsection, the metric and the measure of X are X]"=i '^^i ' '^^i Y\a=i M-^* ' '^^il- 

Assume that we are given holomorphic frames w (") = off^("). Then we have the elements 

q(«) g C^[x,M{r) (g) rji'°) determined by 6i(")ti;(") = • e^"^ We also have the elements 8^ ("^ G 

C°^{X, M{r) (g) ^f-^^) determined by 6'(")^u;(") = u;("'8^ ("I 

We assume the following condition. 

Condition 2.1 

1. We have the holomorphic X-connection forms A^") £ T(X,M{r) (g) i^x^) determined by D"^ '^"^ii;^"^ — 
w 

(«) . . Then the sequence converges on any compact subset 

Y C X. 

2. On any compact subset Y C X, |8'-"^} and |8^^"-'} are bounded independently of n. I 
Let y be a compact subset of X. We put as follows: 

Q^Y^ ■■= l|e(")|Uoo(^) + ||8t(")|Uo.(y) + p(")|U=.(y). 

(n) 

Then we have a positive constant Cy independent of n such that Qy < Cy for any integer n due to Condition 

o 

Lemma 2.57 Let k be a positive number. There exist positive constants C and M such that L^-norms and 
C'^ -norms of G'^y and Q^y^ "^^^ dominated by C ■ Cy . 

Proof Since we have the boundedness of Qy we can use Corollarv l2.1UI Note that we use the holomorphic 
frames w'^'^\ the term ||iir||Loo is trivial. I 
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Corollary 2.11 There exists a subsequence {rii} such that {©['y'''} and {©[y"''^} are convergent in the C°° - 
sense. 

Proof We have only to use Lemma [2.571 and an easy diagonal argument. I 

Proposition 2.5 There exists a subsequence {ni\ such that {©[y*''} and {©[y'''^} are convergent on any com- 
pact subset Y <Z X in the C°° -sense. 

Proof We have only to use CoroUarv 12 . 1 II and an easy diagonal argument. I 
2.10.2 The convergency of 

Besides Condition 12. II we consider the following additional condition: 
Condition 2.2 

• We put := G C°°{X,n{r)). On any compact subset Y C X, and 

are bounded independently of n. Namely we have a constant Cy depending on Y such that [iJ^"-*! < Cy 

Due to Proposition 12. 51 we may assume that j©'^"-'} and |©^^^")} are convergent on any compact subset Y 
in the C°°-sense, by picking a subsequence. 

We have the unitary connection V^"^ :— dgxin) + dgxtn) of Let i?*^"^ denote the connection form of 

V^"'^ i.e., V^")t(;^"^ = u;^"^ • i?^"^ Then we have the following by a standard theory: 

On the other hand, we have V(") = D^(") - 26l("). Hence we obtain the following relation: 

bM = - A-i(l + |A|2) . e("). (31) 

Let y be a compact subset of X, and we pick the function if as in the previous subsubsection. Let us pick 
a compact subset Y C X, and let pick compact subsets Yi and Y2 of X such that Y is contained in the interior 
of Yi, and that Yi is contained in the interior of Y2. We can pick an element ip e C°°{X,R), satisfying the 
following: 

'1 (xeY) 



< ip{x) < 1, ip{x) 



ix^Y2) 



Lemma 2.58 We have the following formula: 

5(^2b_^(„)^ = ip'' ■ . (95'' - /A-i(l + |A|2)e(")) + 2V • (^''iJ^"). (32) 
Proof We obtain the following relation due to (|3()|l and (|31(l : 

= • - 2 • a-i(i + |A|i)©(")). 

Then 1)32(1 follows immediately. I 
Lemma 2.59 Let {ui} be a subsequence of {n}. 

• Assume is bounded in L^, anc? • iJ*-"*-*) } is bounded in L^. Then {(^''-i/^"'^} is bounded 
in is bounded in L^^^ . 

• Assume {ip'' ■ is bounded in L^, and {d(^p'' ■ iJ^"'-*)} is convergent in L^. Then ■ is 
bounded in is convergent in L^i^j^i- 
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Proof Note that we have (p-Hij = (p ■ Hji. Hence we have the following: 



d{ip ■ Hij) = d{ip ■ Hji). 

Thus the estimate for dH implies the estimate for dH . Thus we obtain the result. I 

Lemma 2.60 There exists a subsequence {rii} such that {ip^^ ■ ij'"')} are convergent in Lq for any 6 G 2 • Z. 

Proof Due to H32|l and Lemma [2. 591 we have the boundedness of the family {ip^'' ■ are bounded in L^. 

Then we obtain the result due to the compactness of the inclusion C Lq. I 

Lemma 2.61 Let {ui} be the subsequence as in Lemma I2.60L Then {iJ^"*-*} are convergent on the compact 
subset Y in the Lf -sense for any I. 

Proof Let fc be a positive integer. For any sufficiently large integer 6, the family {ip'' ■ ijf"-)} are convergent 
in Lj^-sense, by using ()32|l and the bootstrapping argument. Since = 1 on a neighbourhood of K, we obtain 
the result. I 

Proposition 2.6 Assume the conditions in Condition 12.11 and Condition 12.21 are satisfied. There exists a 
subsequence {ui} such that li/*-"''}, {G*-"''} and are convergent on any compact subset Y in the 

C°° -sense. 

Proof We have already seen the convergency of {8*^"-' } and {9^ '^"^ } for some subsequence in Proposition l2.5l 
We have seen the convergency of {i?^")} on any compact subset for some subsequence in Lemma f2.61l Then 
we have only to use the diagonal argument. I 

2.11 Higgs field and twisted map 
2.11.1 A description of Higgs field 

Let X be a complex manifold, and let {E, Oe, d, h) be a harmonic bundle over X . Let ^, O^) be the correspond- 
ing A-connection, and denote the associated flat connection. We have the decomposition D"^^ = d' + d" into 
the (l,0)-part and the (0, l)-part. Let S' denote the (1, 0)-operator such that d" + (5' is a unitary connection. 
Let 5" denote the (0, l)-operator such that d' -{-S" is a unitary connection. Then we have the following formula: 

d'^d + \-'^-e, d" = d + x-e\ 5" = d-T^-e^. 

It can be rewritten as follows: 



9 = A • (1 + |A|2) • (A • d' + A-i • a = A • (1 + |A|2) • (A • d" + A • 5"), 
e = \-{l + |A|2)"' . (d' - (5')' 0^ = A • (1 + |A|2)"' . (d" - 5"). 



Let t) be a flat frame with respect to the flat connection . We put H = H{h, v). We have the C°°-section 
& and 8^ of M{r)^U^'° and M{r)^^^'^ respectively, determined by the relations 9-v = v-Q and 9^ - v — v-Q^ 
respectively. Then we have the following relation: 

dH,j =dh{v,,v,) ^ h{v^,S'v,) ^ ~h{v,,{d' -5')v,) = ~h{v^,\-^-{l + \X\^)evj) = -X~' ■ {l + \X\'') ■ H,, -0^. 
Hence we obtain the relation Q = —A • (l + |Ap) ^ ■ H ■ dH. Similarly, we obtain the relation — —A • (l + 

\x\^y^ -H^' -m. 

Hence we have the following relation: 

A • e + A • = |A|2 • (1 + |A|2)"^ . i?"^ . dH. 
Let w be a real vector field on X. Hence we obtain the following equality, by using Lemma [2. 241 

|A • 0{v) + X ■ 9Hv)\l = |Af • (1 + \X\^y^ ■ tr(i?"' • dH{v) ■ H^^ ■ dH{v) ■ 77"' • i?) 

= |A|^ • (1 + \X\^y^ ■ trfn-^ ■ dH{v) ■ H-^ ■ dH{v)) . (33) 
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2.11.2 Higgs field as the differential of the twisted map 

Let TT : X — > X be a universal covering. Recall that V'H{r) denote the sets of the (r x r)-positive definite 
hermitian matrices. By taking a flat trivialization of the flat bundle 7r~^(f^,D^-^), we obtain the equivariant 
map 'i'h : X — > 'P'H{r), which is essentially independent of a choice of a flat trivialization. 

We have the tti (X)-action on X. The monodromy induces endomorphism p : tti{X) — > GL{r), which 
induces the 7ri(X)-action on 'PTi{r). The map 'i'h is equivariant with respect to the actions of the hmdamental 
group TTiiX). 

The map 5' ft, is called the twisted map associated with D'*' ^, h). We often regard it as a map '^h ■ X — > 
Pn{r)/Tri{X), although Vn{r)/TTi{X) is not a good topological space in general. 
Then the equality (|33|1 can be reformulated as follows, by using Lemma [2.251 

\X-0{v) + X ■ = |A|4 . (1 + |A|2)-i . |d^ft(t;)|'. (34) 



3 Preliminary for mixed twistor structure 

3.1 P^-holomorphic vector bundle over X x 

3.1.1 y-holomorphic structure 

Let X be a C°°-manifold and F be a complex manifold. Let V he a C°°-vector bundle over X x Y. Let py 
denote the projection oi X x Y onto Y. 

Definition 3.1 A Y -holomorphic structure of V is defined to be a differential operator dyy ■ C°°{V) > 

{V Py^y^) satisfying the following: 

• For any function f gC°°{X xY) and any section s S C°° ( X x Y,V) , the following holds: 

d'i^^YU ■s)=dY{f )-S + f ■d'^.^YS. 

The pair (Vjdyy) or V is called a Y -holomorphic vector bundle. We often denote d" instead of dyy- I 

Definition 3.2 Let (V, d") be a Y -holomorphic vector bundle. A Y -holomorphic section of V is a C°° -section 
sofV such that d"{s) = 0. I 

Let {V,dyY) be a F-holomorphic vector bundle. Then the y-holomorphic structure on the dual V"^ is 
naturally defined. Let {V'^^\d'y^-j y) [i = 1,2) be y-holomorphic vector bundles over X xY. Then the tensor 
product and the direct sum of {V''^\ dy^-, y) = li 2) are naturally defined. 

Definition 3.3 Let (V^'-'\ d'^j;, y) (i — 1,2) be Y-holomorphic vector bundles over X x Y. A morphism of 
{V^^\dy^i^ y) to {V^'^\dy^2) y) is dcfincd to be a Y-holomorphic section of Hom{V^^\V^'^^). I 

3.1.2 Some description of P^-holomorphic vector bundle over X xF^ 

We are particularly interested in the P^-holomorphic vector bundle over X x P^. It is often useful to consider 
the following object. In the following, we regard as the gluing of C\ and by the relation A = /i"^. 

Definition 3.4 A patched object on X is defined to be a tuple {Vx, V^, ip) as follows: 

• Va is a C a-holomorphic vector bundle over X x Ca for a = X, ii . 

• We have the C\-holomorphic vector bundles V\|xxCj f^i^d V^ixxC* over X x C*^. Then if is a C^- 
holomorphic isomorphism of Vx\x-kC'^ ^o V^\x-kC' ■ I 
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Definition 3.5 Let {Vj^\v/i'\<f'^^) {i = 1, 2) be patched objects over X. A morphism f of {Vl^^\ V^^\<f^'^^) to 
{Vl'^\v/^'^\(p^^^) is defined to be a tuple {f\,fij), where fa {a = X, n) is a C a-holomorphic morphism Va^^ — > 
vi^' which is compatible with t^^^^ and ip^'^^ . I 

A direct sum, a tensor product and a dual are naturally defined. 
Equivalence 

Let (Vx) ^) '■p) be a patched object over X. By gluing them, we obtain the P^-holomorphic vector bundle over 
X X P^. On the other hand, let F be a P^-holomorphic vector bundle over X xW^, we put Va := V|c„ for 
a = A, /i. Wc have the naturally defined isomorphism id : V\ \ c* — > | c* ■ Thus wc obtain the patched 
object. It is easy to check the equivalence of the category of the P^-holomorphic vector bundle over X x P^ 
and the category of the patched object over X. The equivalence preserves a tensor product, a direct sum and 
a dual. 

Another description 

We can also consider another kind of patched objects (Vq, Fi, Vooi Q^O) Q^oo) as follows: For simplicity, we put 
Fo := Ca, Foo := and ^ := C^. 

• V^a be a Ya-holomorphic vector bimdlc over X xYa- 

• We have the li-holomorphic vector bundles (a = 0, l,oo). Then a is a Fi-holomorphic morphism 
K|Yi — ' {a = 0,oo). 

We can naturally define the morphism of such patched objects. We also have a tensor product, a direct sum 
and a dual of such objects. As before we have the naturally defined equivalence of the category of such patched 
objects and the category of the P-'^-holomorphic vector bundle over X x P^. 

Due to the equivalences explained above, we will often use the descriptions (Va, V^) or (Vb, Ko, Vi; a,/3) to 
denote a P^-holomorphic vector bundle over X x P^ , in the following. 



3.1.3 The involution a and the induced bundles 

Let a denote the morphism — > P^ given by [^o : -^oo] ' — > [^oo : — ^o]- We also use the notation a to denote 
the following induced morphisms: 

• Cx — > given by a* ^ = -A. 

• — > Cx given by a*X = -JI. 

• C\ — > Cx given by A i — > —A ^ . 

We take the anti-linear isomorphism : C°°{X x C ^) — > C°°(X x Cx) by — cr*{f ). It is induced by 
the conjugate map (po : a*CxxC^ — ^ CxxCx given by a i — > a, where Cy denotes the trivial line bundle over 
a C°°-manifold Y. 

Since the morphism a is anti-holomorphic, we have the naturally induced isomorphism a*Cl^^^ — > ^ci 

given by a* (a ■ dp) i — > —a* (a) ■ d\. On the other hand, we have the conjugate 17^° — > ^^C^x S^'^^'^ by 
a ■ dX I — > a ■ dX, which is anti-linear. As the composite, we obtain the linear morphism tpo : (T(ri^^ ) — > ^c\- 
They induces the morphism : C°° (X x , fi^^ ) — > C°° (X x Ca , if^^l ) given by / • d/I i — > -a* (/) • dX. 

Let / be an element of C°°(X x C^^). Then we obtain the elements </?(/) G C°°(X x Ca) and dx^{f) e 
C°°(X x Cx,^°c\)- ot^ei' ^and, we have the elements 9^/ e C°°(X x C^,^^?),)- We also have the 

element ^p(d^f) e C°°(X x Cx,^c\). 

Lemma 3.1 We have the equality dxfif) — (^(9^/). Namely, we have dx o ip ^ p o d^. 
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Proof We have the following: 



We have the following equalities: 

|)<.„.|,,_I)._%Z)._|M;„.,„). (3., 

From (|35|l and H36() . we obtain the result. I 

Let be a C°°-vector bundle over C ^ x X. Then we obtain the pull back a*V over C\ x X. We change the 
C-vector bundle structure of a*V as follows: For a complex number a € C and an element (t*{v) € cr*V\(^\ p-^, 
a-(T*{v) is defined to be a*{a-v). We denote the resulted C°°-vector bundle by cr{V). The anti-linear morphisms 
(po given above can be regarded as the linear morphisms (tCxxc^ — > CxxCx '^^ crf^^^ — > ^c\- 

Then the morphism (po induces the following isomorphism 

Po : cr(y «) f^c^J — > (t{V) (g) f^^^, (/3o(cr(w (g) dp)) = -cr(u) (g) dX 

It induces the morphism po ■ {^^ >^ C x, a{V (g) flcl)) — >C°°(^X xCx, a{V) (g) flc\)- 

Let (V, dfi) be a C^-holomorphic vector bundle over X x C^. Then the differential operator d\ on a{V) is 
defined as follows: 

dxi(7{v)) = po{<T(df,v)). 



Lemma 3.2 The operator dx gives the C x-holomorphic structure ofa{V). 
Proof We have the following: 

5a(/-^(«)) =9a(^M/)-«)) =^o('t(9^(¥'(/)-«))) =^o(^(a^^(/)-« + ^(/)-a^«)) (37) 
We have the following: 

po(T{df,p{f) ■ v) = pacr{p(dxf)) ■ cr(w) = dxf ■ cr{v). (38) 

We also have the following: 

Vo{cr{v{f) ■df.v)) = f ■ po{(T(df,v)). 

It is easy to check that 9^ = 0. Thus we are done. I 

Namely wc obtain the induced CA-holomorphic vector bundle (t{V) from a C^-holomorphic vector bundle 
V. Similarly, a y-holomorphic vector bundle V induces the cr(y)-holomorphic vector bundle a{V) for Y = Cx, 
C^, CI and Pi. 

3.2 Equivariant P^-holomorphic bundle over X xF^ 
3.2.1 Torus action 

Let Po denote the Gm-action on given as follows: 

po(i, [zq ■■ Zoo]) ^[t ■ zo : Zoo]- 

It induces the Gm-action on X x P^, which we also denote by po- We have the open subsets X x Cx, X x C ^ 
and X X C*x of X x P^. They are stable with respect to po- 

Let y be a G~-vector bundle over X x F for F = Ca, C;,, or P^ 

When we consider the Gm-action on V , we consider only the action which is a lift of po. Assume that V is 
holomorphic along the P^-direction. Let p be a Gm-action on V. It is called holomorphic if t*dx — dx for any 
t G Gm- 



48 



3.2.2 Rees bundle (one filtration) 

Let po, and Pi denote the projection of X x Cx, X x and X x C\ onto X . Let i7 be a C°°-bundle 
over X, and F be a decreasing C°° -filtration of H. Let us pick a point of P and a small neighbourhood U of 
P. We may assume that we have a frame v = {vi) of H^jj which is compatible with F. We put 6j = Aegp{vi) = 
max{/i| Vi e We put Vi := A"''* • Pi{vi). Then we obtain the frame v := (vi) of over C\ x f/. The 

frame v gives a prolongation of to a vector bundle ^{H\u;F) over J7 x C\. 

Lemma 3.3 The C°° -bundle £^{H\^u,F) is independent of a choice of compatible frame v. 

Proof Assume that u is other compatible frame. We have the following relation: 

Here we have bji = in the case degp{ui) > degp{vj). Then we obtain the following relation. 

u, = A-''(«^) . ui = J^bji ■ A-''(«^)+''(''^) • A-^^"^) • vj = J2bji ■ A-''(«*)+''(-^) . vj. 
It impUes the well definedness of £,{H^jj-, F). I 
Corollary 3.1 We obtain the global C°° -vector bundle ^{H;F), which is C \-holomorphic. I 

It is characterized locally as follows: We may assume that U = X. We have the ring C°°(X)[A]. We have 
the C°°(X)[A]-module C°°(X, H)[\ X-^\. We have the submodule of C°°(X, H)[\ X-^\ given as follows: 

^A-f •C°°(X,Ff)[A]. 

By taking v as above, we can show that it is locally free, and (_{H^u, F) is the corresponding vector bundle. The 
restriction ^{H;F)^xo is naturally isomorphic to the associated graded vector bundle Gri?(i/) = 0pGr^(if). 

The po can be naturally lifted to the action on pl{H). It is easy to check that the action can be prolonged 
to the action on £,{H; F). Since X'^ := X x {0} is fixed by the torus action, we obtain the weight decomposition 
of ^(-ff; -F)!;^^). It is given by the decomposition GrpiH) = ^pGr^p{H), i.e., the weight on Gr^(iJ) is p. 

Let Filt(X) be the category of filtered C°°-vector bundle over X. For two filtered bundles {Hi, Fi) {i — 1,2), 
a morphism F : {Hi,Fi) — > (i?2,F2) is defined to be a morphism Hi — > H2 preserving filtrations. Let 
Equi(X X Cx) be the C°°-vector bimdle with Gm-action over X x Cx- For equivariant bundles Vi {i = 1, 2), 
a morphism / : Vi — > V2 is defined to be an equivariant CA-holomorphic section of the equivariant bundle 
Hom{Vi,V2). 

Let / : {Hi,F) — > {H2,F) be a morphism. Let v be a section of F'p{Hi). Then f{v) is contained in 
FP{H2). Hence /(A"*' • v) gives a section of ^{H2,F). Thus we obtain the section ^(/) of Hom{Vi,V2). It is 
easy to check that ^(/) is equivariant with respect to the torus action. Therefore we obtain the equivariant 
morphism ^(/) : Vi — > V2- 

Let {Hi,F) (i = 1,2) be a filtered vector bundle. Recall that the filtration of the tensor product Hi (g) H2 
is defined as follows: 

FP{Hi ^ H2) := ^''(^1) ® ^'(^^2). 

Let {H, F) be a filtered vector bundle. Recall that the dual of (H, F) is defined as follows: 

Ff (if^) = Ker(iJ^ (F-P+^y). 

Lemma 3.4 ^ gives the fully faithful functor from Fi\t{X) toEqui(X). It preserves direct sums, tensor products 
and duals. 
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Proof It is clear that f is a functor and that f preserves direct sums. 

We pick a spHttings Hi = 0^ Uf and H2 = t/f of the filtrations. Then the decomposition Hi ® H2 = 
®p ®r+s=p ^1 ® ^2 gives the sphtting of the filtration of Hi (E) H2. Then it is easy to see that the tensor 
product ^{Hi,F)(g)^{H2,F) is isomorphic to ^{{Hi,F) (g> {H2,F)). 

We have the perfect pairing H (g) H^ — > C . Due to the definition of F{H'^), the composite of the following 
morphisms is trivial for i > —p + 1 : 

F'{H) (g FP{H'') — > F-P+\H) (g) FPiH"") — > C. 

For any v G F^{H) and G FP{H'^), the pairing ^A~^ • w^, A^* • w) is contained in C[X]. It implies we have 
the equivariant morphism ^(ff^,/) — > /)^. By using the perfectness of Grp{H) (g) Gri?(iJ^) — > C, we 
obtain that is isomorphic to ^{H,Fy. 

Let (f) : ^(Hi,F) — > ^{H2,F) be an equivariant morphism. Then we obtain the morphism / = ipliiyxx '■ 
Hi — > H2- Since (f) is equivariant, we have 0(A~^ • v) — X~Pf{v). Let w be a section of FP{Hi). Since 
4>{X~P • v) = X^P ■ f{v) is a section of ^(i?2, F), f{v) is contained in F'p[H2)- Thus we are done. I 

Remark 3.1 In fact, the functor £^ gives the equivalence of two categories. I 
3.2.3 Rees bundle (bi-filtration) 

Let 7? be a C°°-vector bundle over X. Let F and G be filtrations of H in the C"^-category. As we have already 
seen, we obtain the equivariant bundle S^{H]F) over X x C\. By a similar way, we obtain the equivariant 
bundle ^(H\ G) over X x C^. Note that they are isomorphic to plH on X x C*^. Hence we can glue them, and 
we obtain the equivariant vector bundle ^{H, F, G) over X x P^. Or, we can say that we obtain the patched 
object F), CiH, G),p*iH- id, id) . 

Let Bifilt(X) be the category of bi-filtered C°°-vector bundle over X. Let {Hi,F, G) {i — 1, 2) be bi-filtered 
vector bundles over X. A morphism / : {Hi, F, G) — > {H2, F, G) is defined to be a morphism / : Hi — > H2 
preserving the filtrations F and G. 

Let Equi(X x P^) be the cate gory of equivariant P^-holomorphic vector bundle over X x P^. Let Vi (i = 1, 2) 
be equivariant vector bundles over X xP^. A morphism / : Vi — > V2 is defined to be an equivariant section 
of the equivariant bundle HomiVi, V2). 

Let / : {Hi, F, G) — > {H2, F, G) be a morphism of bi-filtered vector bundles. Then we obtain the morphism 

af)--aHi,F,G)^aH2,F,G). 

Proposition 3.1 The functor gives an equivalence of two categories. It preserves direct sums, tensor products 
and duals. It is functorial for a G°° -morphism Y > X . 

Proof We only show the equivalence of the categories, because the rests are easy. It follows easily from Lemma 
13.41 that ^ is fully faithful. Thus we have only to show that ^ is essentially surjective. 

Let V be an equivariant vector bundle over X x P^ . We will construct the bi-filtered vector bundle {H, F, G) . 
We put H = V|Ari, where we put := X y. {1}. We will construct the filtrations F and G. We have only to 
construct them locally on X. 

Let us pick a point P oi X . The following lemmas are standard. 

Lemma 3.5 There exists a number uq, such that the following holds for any n > uq: 

1. The following morphism is surjective: 

77"(y®O(0,n)|{p}xPi) V^®0(0,n)|{p}x{o} =^{p}x{o}- 

2. H^{V (E)0{Q,n)i[p}y,pi) = 0. I 
Lemma 3.6 We have a neighbourhood U of P in X satisfying the following: 

• The properties^ and^ in Lemma 13.51 for any point Q . 
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IQxpi) I Q G } forms a C°° -vector bundle En on U. 
Proof It can be shown by arguments similar to those in the subsubsection [THTI I 

Let us return to the proof of Proposition 13. II Then we have the equivariant surjective morphism tt : £„ — > 
V^x" over X. If n < n', then we have the commutativity C £„' — > V^x"- 

Let V = (vi) be a C°°-frame of V\xo, which is compatible with the weight decomposition V\xo = ® Uh- We 
denote the weight of Vi by Wi. Let Vi be a C°°-section of the weight w^-part of such that Tr{vi) = Vi. Note 
that Vi naturally give sections oiV^O{0, n), and they are CA-holomorphic. Then there exists a neighbourhood 
Ui of O in C\, and a neighbourhood U2 of P in X, such that v = (vi) gives a frame oi V O{0,n)^^J^x^^. 

Let £n,h denote the weight /i-part of £„. The decreasing filtration F is defined as follows: 



}xX 

'k>h 

Lemma 3.7 We have Gvp ~ Uh- 

Proof Let / be a section of the weight /i-part of £„. Then there exist C°°-functions ai{x,X) which are CA- 
holomorphic, such that the following holds: 

/ = ^ai{x,X) ■ v^. 

Due to the condition on the weight, the functions ai{x, A) are described as ai{x) ■ A™'"'' for C°^-functions ai{x). 
Note that ai{x) = if — /i < 0. Then Lemma [3.71 follows . I 

Lemma 3.8 The construction of the suhhundle F'^ of H is independent of a choice of n. 

Proof Recall that we have f„ — > £„' — > V^a for any n < n' and for any A. The lemma follows easily. I 

Thus we obtain the well defined filtration F of H. We denote the image of Vi by Vi. We have the equivariant 
morphism plH — > V\xxC' j given by A^™' • Vi 1 — > | xx- It is prolonged to the equivariant isomorphism 
aH,F)^Vic,xxOYeTCxxX. 

Similarly, we obtain the filtration G by considering V (E) O{n,0) and V|a=oo: and we have the natural 
equivariant isomorphism ^{H,G) — > V\xxc^- Then we obtain the isomorphism ^{H,F,G) — > V. Thus the 
proof of Proposition 13 . II is accomplished. I 

Lemma 3.9 An equivariant subbundle W of V — C,{H, F,G) corresponds to a subbundle H' of H with strict 
filtrations F' ^ F H' and G' = G H' . 

Proof Let H' be a subbundle of H. We put F' = F n H' and G' = G n H' . Then it is easy to check that 
F', G') gives a subbundle of V. 
Let W he & subbundle of V . We put H' = W\\=i, and then we obtain ^{H\ F' , G') as above. Due to the 
equivariance, the restrictions of W and S,{H' , F' ,G') to X x C*x are same. It implies W and £^{H' , F' ,G') are 
same. Thus we are done. I 

3.2.4 Real structure of equivariant bundles 

Let (y, p) be an equivariant vector bundle over X xP^. We have the Gm-action a{p) on a{V) defined as follows: 

a{p){t) ■ {a{v)) -.^aipity'-v). 
On the other hand, we have the bi-filtered vector space {H, F, G) and the conjugate [H^ , G^ , F^). 
Lemma 3.10 If {V, p) = ^{H, F,G), then we have {a{V),(7{p)) ^ ^{H\G\F^). 

Proof It directly follows from the definition. I 
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Definition 3.6 A real structure on an equivariant bundle (V, p) is defined to be an equivariant isomorphism 
bv '■ [(j{V),(t{p)^ ~ (^iP); such that by o cr{Lv) = idy. I 

Remark 3.2 In this paper, we do not consider the real structure of non- equivariant -holomorphic vector 
bundle. See the section 2 in |52| . I 

The real structure of {H,F,G) is defined to be tfie isomorphism bH ■ {H,F,G) — > , F^). In other 

words, bH is anti-isomorphism H — *■ H and we have G = F^ . 

Lemma 3.11 In the case (V, p) = ^{H, F, G), a real structure by of (V, p) and a real structure bu of ^{H^ F, G) 
corresponds by the relation by = £,{bH)- I 

Definition 3.7 Let {W,pw) be a vector subbundle of {V,p). If we have bv{o'{W)) C W, the subbundle W is 
called defined over R. I 

Lemma 3.12 An equivariant subbundle (W, pw) is defined over R if and only if the subbundle H' = VF|a=i of 
H is defined over R. 

Proof We have the action of by on C°°(X, iJ)[A, A^^], it is equivalent with bH ® to- Here to is given by 
to (A) = — A^^. Let us consider the following property: 

G°°{X, II')[X, A^^] is preserved by by — bn ® to- 
Then it is easy to see that three properties are equivalent. I 

Definition 3.8 Let {Vi,pi,bi) (i — 1,2) be equivariant vector bundles defined over R. Let f : {Vi,pi) — > 
(V2, P2) be an equivariant morphism. It is called defined over R if b2 o a{f) = / o ti. I 

Lemma 3.13 Let (Hi, Fi,Gi) (i — 1,2) be bi-filtered vector bundles with real structures b^.. We put {Vi, pi) — 
(,{Hi, Fi,Gi). A morphism f : {Vi,pi) — > {^2^92) is defined over R if and only if f — S,{N) and N : 
{Hi, Fi, Gi) — > {H2, ^2,^2) is defined over R. 

Proof From /, we obtain the morphism /' : C°°(X, ffi)[A, A"!] — > C°°(X, i72)[A, A"!]. Then the both 
properties are equivalent to the property that /' is compatible with ii-structure. I 

3.3 Tate objects and 0{p, q) 
3.3.1 Tate object 

The following patched object is called the Tate object: 



T 



[n) = (Oc.-4"\ Oa^-tt\ Ocrt^r\ 4"^, "S^" 



Here the morphisms Oq"'' and alx) are given as follows: 

(n) 

The vector bundle corresponding to the patched object above can be regarded as the gluing of Oca ' ^o ^^"^ 
Oc^ -tfe^ by the relation (v^A)-"-^"^ = (-v^M)""-*fe\ i-e., (y^A)-^".^"' = t'£\ Hence it is isomorphic 
to Cpi(— 2n). We denote the corresponding vector bundle also by T{n) or 0(— 2n) for simplicity. 

By the projection tt : X x — > F'^, we obtain the patched object 7r*T(n) over X, which we denote by 
T(n)x or T(n) for simplicity. 

We have the torus action pT(n) on T(n) given as follows: 

(i,4"))^i".4"), (^t,t(^))^t--tt\ (t,4«))^t("). 
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We have the isomorphism f.T(n) '■ o-*T(n) — > T(n) given as follows: 

^*(4W)^(_i)".i(n), a*(e))^(-ir.4"\ ^*(4"))^i("). 

Note that it is well defined as it can be checked as follows: 

aH^^^ = a((^A)-2» • 4"^) = (v^m)"'" • <^*4"^ ^ (^m)"'" • (-1)" • ^fe^ = (-1)" • 
a*4") = a*((x/=TA)-" • 4"^) = (\/=Tm)-" • «^*4"^ ^ (\/=Tm)"" • (-1)" • ifc^ = 4"^- 

Lemma 3.14 We have (.T(n) ° o'*(tT(n)) = idT(n)- Namely, the morphism (.T(n) ^^^^es i/ie real structure o/T(n). 
Proof It can be checked by a direct calculation. I 

We have the corresponding real structure on T(n)|;^=i. In the following, the real base 4"a=i ^® fixed. 

3.3.2 0{p,q) and 0{n) 

We have the following patched object: 

Op.(p,g) = (oc.•/^'l Oc,-f^''^\ OcrA''''\ o.^r\ 

Here the morphism ag^'^^ and a^''^ are given as follows: 

Since 0{p, q) is the vector bundle over obtained as the gluing of Ocx ' /o^''^ and Oc^ ■ /oo'*'' by the relation 
(v^^A)^^' • /q'^ = /^^, it is isomorphic to Opi{p + q). We also note that we have the canonical isomorphism 
<l>{p,q),{p',q') '■ 0{p, q) ~ 0{p', q') in the case p + q = p' + q', which is given as follows: 

f!,"''^ ^ f^'''''^ f!£''^ ^ f^''"'^- (39) 

In this sense, we may also use /q"^ and instead of /g^'^^ and f^''^\ when we forget the torus action and 
we have p + q = n. 

We denote V{0{p, q)) by 0{p, q) or 0{p + q) for simplicity. Let ttx ■ X xW^ — > denote the projection. 

The induced patched objects ir'^Oip, q) are denoted by 0{p, q)x or simply by 0{p, q). 
We have the torus action P(p^q) on 0{p, q) given as follows: 

The isomorphism 4'(p,q),(p' ,q') ^'^^ compatible with the toms actions, if {p,q) ^ {p',q')- 
We have the isomorphism ^(p^q) ■ a*0{p,q) ~ 0{q,p) given as follows: 

Lemma 3.15 The morphism L(p^q) is well defined. 
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Proof Wc have only to check that the second and the third correspondences are induced by the first corre- 
spondence as is checked. We have the following equalities: 

^ {-lY+'i{^/^X)-P-1 ■ • /^'f) = x/^^" • /^«'^^ (40) 

We also have the following: 

Thus the morphism is well defined. I 
Lemma 3.16 The morphism i(p^q) is compatible with (p(p,q).(p' ^q'), i.e., 

Proof It can be checked by a direct calculation. I 

Lemma 3.17 We have the natural isomorphism 

0{pi,qi)(giO{p2,q2) I — > 0{pi +P2,qi+q2)- 

It IS given by fi"''^'^ ® /i^^'"^) ^ f(Pi+P2,<}i+q2) „ = q, 1, oo. 

It is compatible with the morphisms 4'{p,q),{p' .q')j P{p-q) '^"■'^ '■(p,?)- ' 

Lemma 3.18 We have the isomorphism 0{—n, —n) ~ T('^) given 

3.3.3 The description as the Rees bundle 

We have the following description as the Rees bundle. We put C{p,q) = C ■ e'^'''\ The decreasing filtrations 
aF{p,q) {d = 1, 2) are defined as follows: 

_ / (^ > p) p» _ / > 9) 

\C{p,q) {l<p) \C{p,q) {l<q) 

Wc have the Rccs bundle ^(C(p, g), iF(p ,j), 2i^(p,g))- The correspondence e^^*''^ i — > /i^''^ induces the equivariant 
isomorphism ^(C(p, q), ii^(p,,), 2-F(p,g)) — > Opi (p, q) 

We have the isomorphism C{p,qY — > C{q,p) given by a ■ i — > V—l'^ ^ ■ a ■ e'''^. It induces the 
isomorphism L(p^q) : a*0{p,q) — > 0{q,p). 

We have the pairing (•, •)(p,q) : C{p, q) C{p, q)^ — > C{n, n), which is given as follows: 

e(p-9) ^ ^ ^/^~'' . e("'"). 

Since the real base of C{n,n) is given by e'"'"^, the pairing \/— 1^ ^ • (•,-)(p,g) is positive definite. Note that 
the pairing (•, •) corresponds to <S'(p^g) below. 

3.3.4 Polarization of twistor structure 

In the case p + q = n, the canonical pairing S'(p,g) : 0{p,q) (S) a*0{p,q) — > T(— n) is defined to be the 
composite of the morphisms 0{p,q)^a*0{p,q) — > 0{p,q)^0{q,p) — > 0{p + q,p + q) = T(— n). More precise 
correspondence is as follows: 

fi"'"^ ® «T*(/}^'«)) ^ V^'-" ■ fi"'"^ ® fi''"^ ^ V^'-" ■ t[-^\ 

4^''^ ® a^ift'^) ^ (-^/=T)" . /(^''^ <g> f^'^ ^ (-^/=T)" • 4""\ (41) 
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Lemma 3.19 Let consider the case p + q = p' + q' = n. Under the isomorphism 0{p, q) ~ ©(p', q') given by 
H39|l . we have S(^p^q) = S(p',q')- 

Proof It immediately follows from 14111 . I 

When we forget the torus action, we use the notation S(ji) instead of S(^p^qy 
Lemma 3.20 The pairing S'(„) is (—1)" -symmetric. 

Proof We have ® = (V^)-" ■ 4""^ and 5(„)(/io"^ ® ^(/(i"^)) = Hence we 

have the following equalities: 

® ^(/.i"^))) = (^/^)-" • (-1)" • 4""^ - (-1)" • ^(n)(/(i"^ ® ^(/i:^)). 

Thus we are done. I 

Let be a P^-holomorphic bundle, and let S : V (E) <^(V) — > T(— n) be a pairing. Then the pairing S'(j) 
induces the following pairing: 

S : (V(gi Oii)) ® a{V ® 0{i)) — > T{-n + i). 
Definition 3.9 (Simpson) Let V be a pure twistor of weight n, and let S :V ® cr(y) — > T(— n) is a pairing. 

• In the case n = 0, the pairing S is called a polarization if the induced hermitian pairing on _ff'^(P^, V) is 
positive definite. 

• For any n, the pairing S is called polarization if the induced pairing S : (V ^0{—n)'j ^a(V ®0{—n)'^ — > 
T(0) is polarization of the pure twistor structure V 0{~n) of weight 0. I 

3.3.5 The polarization of dual and the conjugate 

The polarization S : 0{n) a{0{n)) — > T{—n) and the isomorphism a{T{~n)) ~ T(— induce the pairing 
a{S) : cr{0{n)) ® 0{n) — > T(-n). 

Lemma 3.21 The pairing (t{S) is a polarization. 

Proof The pairing a{S) is the composite of the following correspondences: 

® /io"' ^ ■ 4""^) ^ (V^)" ■ (-1)" ■ = (V^)"" • 
<j{f^^) ® ^ '^iiv^r ■ i-"^) ^ (v^)-" • (-1)" • 4""^ = (v^)" • 4""^- 

Hence the pairing a{S){~n) is given by the composite of the following correspondences: 

i'^ift^) ® /io-') ® (/oo ® aift"^)) ^ iV^)- ■ tL"^ ■ • = (-1)" • 

{<T{f^^) ® ft"^) ® (/^^ ® <T(/io-"^)) ^ (^/^)" • 4""^ • iV^r ■ 4"^ = (-1)" • 

A global section s of (7(0(71)) (g) 0{—n) is given as follows: 

s = a(/(">) ® /L-) = ct((V^A)-" • /(;')) = (-1)" • a(/i")) ® 

Hence we obtain a{S){—n){s,a{s)) = 1, which means cr(S') is a polarization. I 

As for the dual, the induced pairing 5^ : 0{—n) t7(C'(— n)) — > T{n) is clearly the polarization. 

Lemma 3.22 Let V be a pure twistor of weight n, and S : V iS) cr{V) — > T{—n) is a polarization. Then the 
following induced pairings are also the polarization: 

(t{S) : (j{V) (g)V — > r{-n), S'^ : V'' (g) aiV'') — > T{n). 

Proof Since any polarized pure twistor of weight n is isomorphic to a direct sum of (©(n), S*), the lemma can 
be reduced to the case [0{n), S). It has been already checked above. I 
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3.3.6 Some remarks 

Let {H, F, G) be a bi-filtered vector bundle and we put (F, p) = £,{H, F,G). A pairing S : {V, p) (g) a{V, p) — > 
T{—n) corresponds to the pairing (•, •) : {H,F,G) (g) {H^ ,G^ , F^) — > C{n,n). The correspondence can be 
regarded as follows: S induces the morphism C°°{X, H)[\, X-^] (g) C°°(X, H^)[X, A^i] — > C(n, n)[X, A'^], and 
H(giH^ — y Cin,n). 

Lemma 3.23 S is defined over R if and only if (•, •) is defined over R. I 
Lemma 3.24 A morphism V — > V (g) T(— 1) corresponds to a morphism {H, F, G) — > [H, F, G) ® C(l, 1). 
Proof It follows from T(— 1) = ^(C(l, 1)) and the equivalence of the categories (Proposition |^^. I 

Let / : {V, p) — > {V, p) ® T(-l), which corresponds to /|i := f\x=i ■ {H, F, G) — > {H, F, G) ® C(l, 1). 
Lemma 3.25 5(/ «) id) + 5(id®cr(/)) = and onZt/ i/ ® id) + (id®/|i) = 0. I 

Recall that we have the isomorphism C(l, 1) ® C(— 1, —1) — > C(0,0), given by the following: 

The multiplication t'^y^^T^ gives the isomorphism of the vector spaces C(l,l) and C(0, 0), which preserves 
the real bases. Under the isomorphism, we can identify the morphisms (/ • ^'^^^^ i]^x-i ^"^^ /|a=i- We put 
N:=-{f-t'^%x=i- 

Lemma 3.26 Under the identification, we have the following identities: 

(/|i®id) + (id®a(/)|i) = -((iV®id) + {id®(j{N)) 
(-l)'^.(id®a(/'')|,^^) = (id®a(7V'')). 

Proof We have the following: 

<55 id) + (id®a(/)|i) = 4'^),^ ® id) - (id(»a(/ ® 4'')|i) ^^{{N® id) + {id®(j{N))). 

We also have the following: 

(-1)'^ . (id®a(/)|,^^) ^ (id®a((-/ . 4'V')|A=i) - (:^Am{N'^)). 
Thus we are done. I 

3.4 Equivalence of some categories 

3.4.1 complex Hodge structure and the equivariant twistor structure 

We put {V, p) :— ({H, F, G) for a bi-filtered vector bundle (iJ, F, G) bundle over a C°°-manifold X. 

Lemma 3.27 V is pure twistor bundle of weight n if and only if (H, F, G) is complex Hodge structure bundle, 
i.e., F and G are n-opposed. 

Proof If F and G are n-opposed, then we have the decomposition H ~ H^''', where iJ^'^ = F^ OG'^. 

Then ^{H, F, G) ~ 0^+,^^ iJ^'' <E) 0{p, q). Hence it is pure twistor of weight n. 

We can assume X is a point. By considering V ® 0{—n, 0), we can reduce the problem to the case n = 0. 
We have the weight decomposition 

H"{F\V)^^Uh. 

h 

Here Uh denotes the weight /i-space. Then Uh gives the subbundle Uh^O^i C V , which is isomorphic to a direct 
sum of 0{h, —h), and (V, p) — Ut ® 0{h, ~h). Then it can be checked that the corresponding filtrations F 
and G are n-opposed. I 
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Corollary 3.2 The functor ^ gives the equivalence of the following two categories: 

• The category of equivariant pure twistor bundle of weight n. 

• The category of complex pure Hodge structure bundle of weight n. 
The functor ^ gives the equivalence of the following two categories: 

• The category of equivariant pure twistor bundle of weight n defined over R. 

• The category of real pure Hodge structure bundle of weight n. I 
Corollary 3.3 The functor ^ gives the equivalence of the following two categories: 

• The category of equivariant mixed twistor bundle. 

• The category of complex mixed Hodge structure bundle. 

The functor ^ gives the equivalence of the following two categories: 

• The category of equivariant mixed twistor bundle defined over R. 

• The category of real mixed Hodge structure bundle. I 

Let S : {V, p) ® a{V, p) — > T(-n) be an equivariant pairing. Let (•, •) : (iJ, G) ® {H\G\ F^) — > C(n, n) 
be the corresponding pairing. 

Lemma 3.28 The pairing S is a polarization of twistor structure if and only if the induced pairing (•, •) is a 
polarization of Hodge structure. 

Proof We may assume that X is a point. We have the following: 

a*S{a-u^(j*{b-v)) = a* (a-a*{b)- {u,v)^ =a*{a)-b - {u,v). 
We also have the following equality: 

S(b ■ V® (7* {a - u)) = a*{a) ■ b ■ {v,u). 

Hence S is (—1) "-symmetric if and only if (•, •) is (— l)"-hermitian symmetric. 
To compare the positive definiteness conditions, note the following: 

H°{F\V®0{-n)) ^ {A-P+"-w|ueFP'«}. 

p+g=n 

Then we have the following: 

S{-n) (A-f+" • u /(-"■°' a(A-f+" • u /}-"'°^)) 

= (u, u) ■ X-P+" ■ i-XjP-" ■ /^"'°^ (V^" • /{°'-"^) = {u, u) ■ t["^ ■ V^"'". (42) 

Here we have used the equality (— 1)^*"" • V^l" = V^l^ Thus H^\S{—n)) is positive definite if and only if 
i/— 1^ ' • (•, •) is positive definite. Note that the real base of C(n, n) is fixed as t^ I 

Corollary 3.4 The functor ^ gives an equivalence of the following categories: 

• The category of the equivariant polarized pure twistor bundle of weight n. 

• The category of polarized complex pure Hodge structure bundle of weight n. 
The functor ^ gives an equivalence of the following categories: 

• The category of the equivariant polarized pure twistor bundle of weight n defined over R. 

• The category of polarized real pure Hodge structure bundle of weight n. I 
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3.4.2 Polarized mixed twistor structures 

Definition 3.10 A tuple {V, W, N, S) as follows is called a polarized mixed twistor structure of weight n in one 

variable: 

1. {y,W) is a mixed twistor structure. 

2. The morphism f : V — > V (g) T(— 1) is a morphism of mixed twistors, and it is nilpotent. The weight 

filtration of N is denoted by W{f). 

3. The pairing S :V ® cr(y) — > T(— n) is a morphism of mixed twistor satisfying the following: 

S'(/0id) + S'(id(g)c7(/)) = 0. 
Note that we obtain the induced morphism: 

5:Grr+„0GrV™^T(-n). 

4.. We have Wh = W{f)h-n for any h. 

5. The induced pairing S{f^ ® id) = (—1)^ • S'(id0cr(/'*)) gives the polarization of the primitive part 

If a tuple (y, W, f, S) satisfies the first four conditions, then it is called a pseudo-polarized mixed twistor structure 
of weight n in one variable. I 

Assume {V, W, f, S) is a pseudo-polarized mixed twistor structure of weight n in one variable. We put as 
follows: 

y(0) _ Gr'^iV), VFf ) = Grf (y). 

i<h 

We obtain the induced morphism /(o) : Grf — > GrJ^^a and /(o) : — > V^°\ We also obtain the 

induced morphism 5^°) : V^^^ <g) a{V^°^) — > T(-n). Then it is easy to check that {V^°\W^°\ f^°\ S^°'>) is also 
a pseudo-polarized mixed twistor structure of weight n in one variable. 
The following lemma is clear. 

Lemma 3.29 Let {V, W, f, S) be a pseudo polarized mixed twistor structure of weight n in one variable. Then it 
is a polarized mixed twistor structure of weight n in one variable, if and only if the induced tuple , , Z^"-* , S^^^ ) 
is a polarized mixed twistor structure of weight n in one variable. I 

Definition 3.11 A tuple {V, W, f, S) is called polarized mixed twistor structure of weight n in I variable, if 

• {V, W) is a mixed twistor structure. 

• f is a tuple of nilpotent morphisms fi : V > V ^ T(— 1) {i = 1, . . . ,1) of mixed twistor structures. 

• Let S* : y (g) a{V) — > T(— n) be a morphism of mixed twistor structures satisfying the following: 

S{fi^\d) + S{idm{fi)) =0. 

• For any element a G C\ we put f{a) :— Yl,'^i ' fi- Then {y,W, f{a),S) is a polarized mixed twistor 
structure in one variable of weight n for any element a e i?>o- 

For simplicity, polarized mixed twistor structure of weight n in l-variable is abbreviated to Pol-MTS of{n, l)-type. 

If a tuple (v. W, /, S) satisfies the first three conditions, then it is called pseudo polarized, mixed twistor 
structure of weight n in l-variable. Similarly, pseudo polarized mixed twistor structure of weight n in l-variable 
is abbreviated to -^-Pol-MTS of {n, l)-type. I 
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Let {V, W, /, S) is a *-Pol-MTS of (n, 0-typc. Then we put as follows: 

yio) Gr^(F), Wl°^ Grf'iV). 

i<h 

We have the induced morphism /j"^ : Grf'(y) — > Gr,^2(^) ® and : — > F^") «) T(-l). We 

also have the induced morphism: 

5.(0) . y(o)^^(y(o)) ^Tr(-n), 
Then it is easy to check that {V'^^\W'^°\ f^°\ S'^°'>) is also a ^--Pol-MTS of (n, 0-type. 

Lemma 3.30 Let {V, W, /, 5*) is a "H-Pol-MTS of {n, l)-type. It is a Pol-MTS of (n, l)-type, if and only if the 
induced tuple {y^^\W^^\ f'^°\ S^^^) is a Pol-MTS of{n,l). 

Proof It follows from Lemma IH. 291 I 
Lemma 3.31 The functor ^ gives the following categories: 

• The category of polarized equivariant mixed twistor structures. 

• The category of polarized mixed Hodge structures defined over C. 
The functor ^ gives the following categories: 

• The category of equivariant mixed twistor structures defined over R. 

• The category of polarized mixed Hodge structures defined over R. 

Proof It follows from Lemma IH. 251 Lemma \'A.'2(]\ and CoroUarv 13.41 I 

3.5 Variation of P^-holomorphic bundles 
3.5.1 Definition and some functorial properties 

We put as follows: 

h 

We have the differential operator defined as follows: 

: C^iX,^n],), g ^ dx{g) ® ft"^ +dx{g) ® {V^-fl°''^). 

When we forget the torus action, we can use the notation /i^"* {x = 0, l,oo) instead of /i^'"' or /i^'^'. On the 

open subsets X x C\, X x Cf^ and X x it can be regarded as follows: On X x Ca, we take the base /g"^^ 

of 0{l)\Cx- Then induces the operator {dx + A • dx) ® • /o^^)- On X x C^t, we take the base f!^ of 

0{l)\c^- Then induces the operator {dx + ^i^x) ® f^^ ■ On X x C\, we take the base of of 0(1, 0) 

and V— 1 • fo''^^ of 0(0, 1), and then induces the operator dx = dx + dx- 
The following lemma can be checked easily. 

Lemma 3.32 

1. The Leibniz rule holds in the following sense: 

D^if-g) = f-D%)+D^if)-g. 
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2. We have the induced operator D'^ on C°°{X x P^, ^^I'x), o-nd we have the flatness (D^ + 9pi)^ =0. I 

Let y be a P^-holomorphic vector bundle over X x¥^. 

Definition 3.12 A variation ofP^-holomorphic vector bundle over X xF^ is defined to be a differential operator 
By : C°°(X X Pi, V) — >C°°{X X Pi, V ® In]^) satisfying the following conditions: 

(©^ + rf'^)' = 0, I}^{f-v)=f- B^{v) + • V. 

I 

A tensor product, a direct sum and a dual for variations of P^-holomorphic vector bundles are naturally 
defined. Let (y('',D^(.)) {i = 1,2) be variation of P^-holomorphic vector bundles. A morphism of {V^^\l}y^^) 
to is defined to be a P^-holomorphic and D^-fiat section of fl'om(y(^\ F^^)) 

3.5.2 Some description of a variation of P^-holomorphic bundles 

Let y be a P^-holomorphic vector bundle with variation D^. On X x C\, we take the base f^^^ of 0(1), 
and then By induces the A-connection By : C°°{X x C\,Vo) — > C°°(X x Cx,Vo ® O^^), and we have the 
flatness {Bvo + d")'^ = 0. On X x C^, we take the base f^ of 0{1), and then By^ induces the yu-connection 

D|>^ : C°°(Xt X C^,Voo) — > C°°(Xt x C^,l/oc ® fi^t)' and wc have the flatness {B\^^ + d"f = 0. On 
X X C*x, we take the bases f^'*^^ of 0(1, 0) and /g^'^'' of 0(0, 1), and then induces the family of holomorphic 
connections D(.^ :C°°{Xx C^, Vi) — >C°°{X x C^, Vi (g) fl]^), and we have the flatness (d(,^ + d")^ = 0. 
On the other hand, we can consider a patched object (Vq, Voo,Vi;ao, aoo)' 

• Vb is a CA-holomorphic vector bundle over X x C\, which is equipped with the A-connection Bvo such 
that (Dvb + d"f = 0. 

• Voo is a C^-holomorphic vector bundle over X x C^, which is equipped with the yu-connection By^ such 

that (Dy^ + d")^ = 0. 

is a C^-holomorphic vector bundle over X x C^, which is equipped with the holomorphic family of 

the flat connections Dy^ . 

• We have the induced famihes of flat connections {Vq^ xxCi^^Vg), {Voo\ xxC* ■>^\/^)- Then aa (a = 0,oo) 
are isomorphisms Va\xxCi — ^ Vi\xxCi^ which are compatible with the C;^-holomorphic structure and 
the family of fiat connections. 

Once wc are given such a patched object (Vq, V^, Vi; ao, aoo), then we have the P^-holomorphic vector 
bundle V by gluing. 

Lemma 3.33 We have the well defined differential operator By given as follows: 



4if) 



Vo(/)0(\/=T-/r), (onXxCx) 
(onXxC^). 



The operator By gives a variation of -holomorphic vector bundles. 

Proof The well definedness follows from the compatibility of aa {a = 0, oo) with the fiat connections. It is 
easy to see that By gives a variation. I 

Corollary 3.5 The category of the patched objects above and the category of the variations of -holomorphic 
vector bundles are equivalent, by the correspondence given above. I 

We can also consider patched objects (Vq, V^; V'): 
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• Vo is a CA-holomorphic vector bundle equipped with A-connection Dv^ ■ 

• Voo is a C^-holomorphic vector bundle equipped with /x-connection Dy^ . 

• is an isomorphism of the induced family of the flat bundles Vq | cjxx and Vi^cixx- 

As before, the category of such patched objects and the category of variations of P^-holomorphic vector bundles 

are naturally equivalent. 

In the following, wo often use the descriptions (Vq, Voo,Vi;ao, aoo) or (Vq, Voo, '0) to denote the variation of 
P^-holomorphic vector bundles. 

3.5.3 An example of variation of the P^-holomorphic vector bundle 

Let y be a vector bundle over P^, and /, : V — > V (S) T(— 1) (i = 1, . . . , n) be nilpotent morphisms such that 
fi and fj are commutative. 

We put X := C", £>j := {zi = 0}, and D = IJ-^^ Di. We will construct the P^-holomorphic vector bundle 

V and the variation Dy over X — D. 

We put Vo := Vjcj, and Voo ■= ^\c^- We put as follows: 

Vo:=Vo(8)Ox-v, Voo := ® OA-t-x-t • 
From the morphism fi G Hom{V, V (E) T(— 1)), we obtain the morphism fi E Honi(Vo, Vg ® T(— 1)) on Cx, 
and then we have the endomorphism fi (g) <q^' € End(Vb). Then the A-connection is given. Namely, for any 

V e T{Cx, Vo) and g e C°°{X - V), we put as follows: 

rovo(fl ■v)--=Y.9- M^) ■ • — + (A • dx{9) + dx{g)) ■ V. (43) 
i=i 

We also have the endomorphism € End(yoo) on C^.. The /^-connection Dy is given. Namely, for 
any G r(C^, Voo) and g G C°°{X^ - V^), we put as follows: 

Kj9 ■v^)--=T.9- M^^) • V + • + ^^(^)) • ^44) 

We will give the isomorphism ^ : Vo\xi-vt — * Voo|A'tit-i?t«- Let A = be an element of and P be a 
point oi X — D. Let v be an element of V\x- It gives the elements vq gVq^x and Voo S VJ^, | ij,- Then we naturally 
obtain the following elements: 

^^0|P e Vo|(A,P), vl^ip &Voo\(^^P)- 

Then ^ is defined as follows: 

n 

*(exp(-^A-i-log|2;i(P)|2-/i®4^^) ' ^oI(^.-p)) = ^^oo|(m,p), (45) 

or equivalently, 

n 

*(wo I p) = exp(- ^ • log |2i(P)|2 • /i ® t^^)) • t;^ I p. 
1=1 

Here we have used the relation A~^ • = — • 

Corresponding to w € V| a, we have the flat sections of Vq | Ar^-i>^ and Voo \ Art c -Dt m : 

n 

§0 := exp^^-V^^logZj • fi (g) ^1^^) • Vo, 

i=l 

n 

Soo ■■= exp(y^^\ogZi ■ fi ig) 4^^) • Voo- 

i=l 
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Lemma 3.34 We have the relation sq = Soo- The gluing is characterized by this property. 
Proof It can be easily checked by a direct calculation. 
Lemma 3.35 ^ is compatible with ©Vo '^'^'^ ■ 
Proof We put as follows: 

n 

V :=exp(-^A-i • log • /, 4^^) ^'o- 

Then we have the following: 



Zi y Zi z-i J 

= - E ® 4'^^ = E /'^(*) ® (46) 



Zi 

Hence it is compatible with the definition of 131/ given in 1441) . I 
We put Ni ■= -f^®t'^^\ 

Lemma 3.36 The endomorphism exp(27r • Ni) is the monodromy of the loop {0 < t < 1} > C*"^ given by 

the following: 

ti — > (zi, . . . ,Zi_i,exp(-27rV^i) • Zi, Zi+i, . . . , z„) . 
Proof It can be checked by a direct calculation. I 
Remark 3.3 When we consider the monodromy in this paper, we usually use the loop with the inverse direction: 

1 1 — > (zi, . . . , •Zi_i,exp(27r\/^t) • Zi,Zi+i, . . . ,2:„). 

However, Cattani-K apian- Schmid use the loop given in Lemma |3. 361 The author apologize the inconvenience, 
and he hopes that there are no confusion. I 

3.5.4 The involution and the induced variation 

We have the isomorphisms li^ : aO{l, 0) — > C(0, 1) and to.i : ctC'(0, 1) — > 0{1, 0). We take the isomorphisms 
cril^" — > nj^^ and crJl^^ — > given by the following: 

dzi I — > —dzi, dzi I — > dzi. 

Then we obtain the morphisms a* ® 0(1, 0)) ~ ® 0(0, 1) and a* (17^^ ® 0(0, 1)) ~ n]f ® 0(1, 0). 
We denote them by (^o- 

Lemma 3.37 We have the following equalities: 

fo{<J*{dz, ® ft°^)) = dz, <E> M<^*{dz, (g> /io''°^)) = ~dz, <E> V^f^°''\ 

ipo{a*{dz, ®V^-f^°''^)) = dz, ® ft°\ ^o{(T*{dz, ® • f^"'^^)) - -dz, ® /io'^"^ 
Proof It can be checked by a direct calculation. I 
The morphism ipo induces the following morphisms: 

C°°{X X Pi,l]^^ (8 0(0,1)) ~ C°°(X X Pi,f]^° (8 0(1,0)). 

We denote them by ip. 
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Lemma 3.38 We have the following: 

f{9-dz(g> ft°^) ^a*ig)-dz(g>V^- f^°^^\ ^{g ■ dz <E) ■ /^"^'^) = a*ig) ■ dz (g> f^'°\ 

Proof It can be checked by a direct calculation. 
Recall that we put (p{f) cr*{f) for a function /. 

Lemma 3.39 We have o = o 
Proof We have the following: 



We have the following, by using Lemma [ 



Similarly we have the following: 



. dzi I dzi 

It implies the commutativity o 

Let be a P^-holomorphic vector bundle over X x P^. Let be a variation of P^-holomorphic vector 



bundles on V. We have the P^-holomorphic bundle cr(V^)- Then we have the operator uf'^yj on i7{V) defined 
as follows: 

Lemma 3.40 O^^^y^ is a variation of -holomorphic vector bundles. 
Proof We have the following: 

= po ° ^(Dx(^(/)) • V + Vif) ■ ^vi^)) = ^xif) ■ ^i^) + f ■ n%vM^))- (47) 
Thus we are done. I 

3.5.5 Equivariant variation of P^-holomorphic vector bundles 

The following lemma is easy to see. 

Lemma 3.41 is equivariant with respect to the torus action. We have 0^{cf* g) = cr*(D^(7). I 

Let (y, p) be an equivariant P^-holomorphic vector bundle over X X pi. Let By be the variation of P^- 
holomorphic vector bundles. We put H := V|{i}xx- Then we have the flat connection Dq := \ {\}yiX- Since 
V is equivariant, we have the two filtrations F and G on H , such that £,{H, F, G) ~ (V, p). 

Lemma 3.42 Dy is equivariant, if and only ifDo satisfies the Griffiths transversality in the following sense: 

p(o,i) (coo(^pp-^'^ ^ G°°{FP (g> n°/), d[,^'°^ (c°°{fp)^ c g°°{fp-^ (g> 
jQ)(o,i) i^c'oo(gp)^ ^ c°°(GP-i (E) n"/), d[,^'°^ (c°°(gp)) c c°°(gp (g) n]f). 



63 



Proof Let s be a section of F^. Then A ^ • s is a section of F on X x Cx- We have the following: 



(0,1) 



Thus (A ^' • s) is a section of 1^ (g) ^f2^ on X x Cx if and only if the following is satisfied: 



Similar things for G hold. Thus we are done. 



I 



Let (W, p) be an equivariant subbundle of {V,p). We have the corresponding vector bundle Hw and Hy- 

Lemma 3.43 We have'Dy{C°°{X,W)) C C°°{X,W ^Q]^) if and only if Hw is a fiat vector subbundle of 
H with respect to the flat connection Do • 

Proof induces the morphism C°°{X, H)[X, X'^] — > C°°{X, H Vl\-)[X, X-% which is same as ©o O id. 
The both claims are equivalent to the following: 



Let / be an equivariant morphism (14, pi) — > {V2,p2) corresponding to /|i : {Hi,Fi,Gi) — > (-ff2, -^2, G2). 
Lemma 3.44 Dy^ o / = / o Dy^ if and only if Do H2 ° f\i ^ f\i °OoHi- 

Proof / induces the morphism / : {X, Hi)[X, X'^] — > C~(X, iJ2)[A, A"!]. Then the both claims are 
equivalent to the compatibility of /, and Hy^ . I 

Corollary 3.6 

• Lv is fiat with respect to Dy if and only if lh is fiat with respect to Dq . 

• S is flat if and only if {■,■) is flat. 

Proof It follows from the previous lemma. I 
Corollary 3.7 ^ gives the equivalence of the following categories: 

• The category of variation of pure twistor structures. 

• The category of variation of complex pure Hodge structure. 

It is compatible with real structures and polarizations. I 
Corollary 3.8 ^ gives the equivalence of the following categories: 

• The category of variation of mixed twistor structures. 

• The category of variation of complex mixed Hodge structure. 

It is compatible with the real structures and the polarizations. I 




Then the lemma follows. 



I 
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3.6 The twistor nilpotent orbit 
3.6.1 Pairing 

We put X — C", Di := {z^ = O} and D = U"=i ^i- Let F be a holomorphic vector bundle over and / be a 
tuple of nilpotent maps fi : V — > V ® T(— 1) (i = 1, . . . , n). From (V, /), we obtain the P^-holoniorphic vector 
bundle V and the variation Dy over x (X — D) (the subsubsection 1^57!^ . 

Let S : V ® cr{V) — > T(0) be a pairing such that S{fi ® id) + S{id®a{fi)) = 0. Then the pairing 
5 : Vo crVoc> — > Ox-v is given. Namely, for saiy u eV^, v eV^, a e C^iX -V) and h eC^{X^ -V^), we 
put as follows: 

S{a-u®a{b-v)) = a ■ a* (5) ■ S(u(g) a{v)) . 
Then we obtain the morphism S : V{V, f)o ®) (jV{V, /)oo — > Ox- 
Lemma 3.45 S is a morphism of X- connections. 

Proof Let u and v be sections of Vq and (t{Voo) respectively. We have 3xS(u, (J*{v)) = 0. On the other hand, 
we have the following equality on X ~ V: 

^(D^H ® a{v)) = ^ S{Mu) ® ^^y^^^. f(m 
We also have the following: 

i 

i i 

(48) 

Thus we obtain the equahty ^(Dv,, ® id) + '5(id ®0„(y^)) = Dx o ^. I 

On the plane X^ — 2?^, we have the pairing 5 : Voo ® trVo — > Ox'i-v^- 
Lemma 3.46 S is a morphism of fi- connections. 
Proof Note the following equality on X^ — T)^: 

We also have the following: 

S{u ® D^(y^)C7(«)) =Y,s{u® ^o'j{Mv) ® 4'^ ■ V^f^'^"^ ■ ^)) 

= J2s{u^<^{Mv)))^{-tg^)-ft''i-V-i)-iV^f!^^'^)\^?^)^J2s{^^^^ 

^ Zi / _ Zi 

(49) 

Thus we obtain the equality S'(Dy^ {u) ®v)-\- S(u ® Do-(Vo)^(^)) — for any m, u e r(C^, T4o)- I 
Lemma 3.47 We obtain the pairing Sv :V ® aV — > T(0). 
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Proof We have only to check the pairings on the planes X — V and — are preserved by the gluing 
morphism. Note we have the following: 

Then we obtain the following compatibility. 

S{u (g, a*v) = 5(exp(- ^ X'^ ■ log |2,| ® 4'^)" ^* exp(- ^ /i-^ • log |z,p/» ® tg^)v) ■ 
Thus we are done. I 
3.6.2 Definition of twistor nilpotent orbit 

Definition 3.13 (V, /, S) is called a twistor nilpotent orbit, if there exists a positive constant C > such that 
(V,Dy , ^v) is a variation of polarized pure twistor structure over A(C)*". I 

Lemma 3.48 The resulted harmonic bundle over A(C)*" is tame. The eigenvalues of the residues of Higgs 
field are trivial. The parabolic structure is trivial. 

Proof The first two claims are clear from our construction of the variation. By our construction, it is clear 
that the eigenvalue is trivial. By seeing the eigenvalues of A-connections for any A, we obtain the triviality of 
the parabolic structures. I 

Lemma 3.49 The tuple [S'^^'^{Pat{V, f , S)),KeSi, S) is isomorphic to the original {V,f,S). (See the subsub- 
section I11.3.4L ) 

Proof We have only to note that the prolongment of M(F, /) is Vq (Xi Ox. On X x C^, it is clear. Then by 
using the Hartogs Theorem, we obtain the coincidence ^M(y, JF) ~ Vq ^ Ox. Similarly, we obtain '^A{V,T) = 
Vao ®Ox'f. Then we obtain the isomorphisms: 

Let us compare the gluing. Let A be a point of C\. Let v be an element of V\\. Let us consider the 
multi-valued flat section vi of M(V, f)\x and the multi-valued flat section V2 of A(y, f)\\-i are given as follows: 

n n 

:= exp(^-\/^^logZj • f, iSi t'-^^)v, V2 ■= exp(^\/^^ log • fi ® t^i'^^v. 



i=l ' i=l 

Then vi gives a flat section of Vg | a, and V2 gives a flat section of | a-i • Then the gluing of S^^^ is obtained 
by the following relations: 

Here recall (^'^'^'^ is obtained by taking the degree 0-part of the polynomials "Y^vj ■ (logz)'^, which gives the 
second correspondence. The third correspondence can be obtained similarly. Hence the gluing of S''^''" is same 
as the gluing of V . 

The comparison of fi and ReSi and the comparison of the pairings should be checked only on A", and it is 
easy. I 

3.6.3 A lemma for tiie restriction of tvifistor nilpotent orbit 

We put X ^ and -D = IJi ^i- Let tt : X — > denote the projection (zi, . . . , z;) i — > (zm+i, ■ • • , zi). For 
any point Q e Z3J^, 7r~^((5) is naturally isomorphic to A™. 

From (V,/), we obtain the variation (V,©) of P^-holomorphic bundles over X — D. Let us consider the 
restriction V|t-i(q). 
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We put Q = (T, . . .,Q) e X - D. We put V := V^^Q^^pi. The vector bundle V is a twist of V by the 
following endomorphism of X^cj • 

I 

exp(- Yl /i-logN(Q)r4'0- 

z=m+l 

The tuple /' of the morphisms f- : V — > (g) T(— 1) (i = 1, . . . , m) are naturally defined. Then it is easy to 
see that we have the isomorphism 

v(y',/')^v(y,/)|.-i(Q). 

Thus we obtain the following lemma. 

Lemma 3.50 Let {E, dE,d, h) be a harmonic bundle over A*' corresponding a twistor nilpotent orbit. Then 
the restriction 9b, ^, /i)|^-i(q) is also a harmonic bundle corresponding to a twistor nilpotent orbit. I 

3.6.4 Twist of Rees bundles 

We would like to see the relation of twistor nilpotent orbit and the nilpotent orbit in the Hodge theory. 

Let if be a vector space with a decreasing filtration F = {F^). For an endomorphism g of H, we put 
g ■ F :— {g ■ PP), which is called the twist of F by g. Then we obtain the left Aut{H)-a,ction on the set of 
filtrations of H. 

We have the natural isomorphism ip ■ ^{H, F)\xxci ~ Pi^' element g G Aut{H), we have the 

natural isomorphism g : {H,F) — > {H,g-F). Then it induces the isomorphism (f)g : (_{H.F) — > £^{H,g-F). 

Let Auteq{PiH) be equivariant automorphisms ofplH. Clearly we have the natural isomorphism Auteq{PiH) c 
Aut{H). We do not distinguish them. 

Let g be an clement of Aut{H). Then we have the twist of if, i.e., g oip : ^{H,F)\xxC\ — Pi{H). Then 
we have the following commutative diagramm: 

id 

^{H,g.F)^x>cCi P*^- 
Let {H, F, G) be bi- filtered vector bundle. The Rees bundle ^ [H, F, G) is obtained by the following gluing: 

Let gi {i = 1,2) be element of Aut{H). Then the vector bundle ^{H,F,G,gi,g2), is obtained as the twisting 
aH,F,G) hy gf. 

^(^?,F)|xxCj PlH 3^ m,G\x.ci 

Lemma 3.51 ^{H,F,G,gi,g2) is naturally isomorphic to ^{H,g\-F,g2-G). 
Proof We have the following commutative diagram: 

id 

^{H,g^-F)\xxci P*^^ ^(J^,52-G)|xxc* 

It gives the isomorphism desired. 
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3.6.5 The induced variation from an equivariant nilpotent tuple 

We put X = C" , Di = {zj = 0} and D = lj"=i ^i- We put X = C", and then we have the universal covering 
TT : X — > X — D, given by the correspondence Q i — > exp(\/— l^i). 

From (y, /), we obtain the P^-holomorphic vector bundle V and the variation By over x {X — D) (the 
subsubsection I3.5.3|) . 

Lemma 3.52 //(V, /) is equivariant, then the vector bundle V and the variation Dy are naturally equivariant. 

Proof Since —\/—lfi®t'^i^ is equivariant, the gluing (|45|l is equivariant. Thus we have the natural torus action 
on V. The following sections, appearing in H43|l and (|44|l . are invariant with respect to the torus action: 

Hence Dy is also equivariant. I 

We put H. V|{i}x(x-_D)- Then we obtain the two filtrations T and Q such that ^{H,J-,G) — V. We also 
have the flat connection Dq onH. 



On Pq := {1, . . . , 1) ^ X — D , the fiber V|pix{Po} is naturally identified with V, and 7i|(i,Pf,) — H. 

Let us consider 7r*7i. We have the flat connection 7r*Do and the isomorphism tt*H\o — H . They induce the 
isomorphism 7r*7i ~ P*H^ where p denotes the natural morphism C" — > {1} C P^. We have the two filtrations 
TT*T and p*F. We also have 'k*Q and p*G. 

We put Ni :— ~{fi ® 4^'')|a=i- Recall Lemma [3.361 and Remark 13.31 

Lemma 3.53 The following equalities of filtrations hold: 

n*T = exp(^C.A^.) ■ P* F, Tr*g = exp(^C»A^.) ■P*G. 
Proof We put as follows: 

go := exp(^ • N^), goo := exp(^ Q ■ Ni) . 

i i 

Let V be an element of -ff ~ ^|(o.a)- We put :— go ■ v. Then it is the flat section of t^*Vq^x^ such that 
vo\{o,\) = V- 

We put Woo := 5oo ■ v ■ Then it is the flat section of tt* Voo | A't ^ such that V2 \ {o,\) — 

The construction of the vector bundle V is given by the relation vq = Woo , due to Lemma 13.341 Hence the 
vector bundle V is given by the following gluing: 

^{P*H,P*F)^^^, ^ PIH C{p*H,p*G)^^^,. 

Here pi denote the canonical morphism of X x C*^ to a point. Then we obtain the following equality, due to 
Lemma 13.511 

^{n*n,7r*T,n*T)^^{p*H, go-p*F, g^ -p^c). 
Thus we are done. I 



3.6.6 Reword 

Let {H, F, G) be a bi-flltered vector space, and Ni : {H, F, G) — > (iJ, F,G) ® C {1,1) he a, morphism. We put 
V = ^{H, F, G), and then we have f^:V — >V® T(-l). 

We have the trivial local system p* H on C". Then we obtain the C°°-bundle TiS^^ with the natural flat 
connection ID^^^. We have the Z"-action on C" by C i — ^ C + ' 27r\/^. We hft it to the action on TY^^^ as 
follows: 

(Cf) ' — * (c + 27r-n, J|exp(27r-n, -iVi) • . 
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Here we regard Ni as the endomorphism of H by using the isomorphism of C(l, 1) ~ C(0, 0) given by t[ | ^^^-^ 
47a=1' have two fihrations on TY*^^': 



We obtain the C°°-bundle 7i with the flat connection on C and the filtrations and Q. They satisfy the 
Griffiths transversahty, and £,{Ti.,J-, G) — Pat{V, /). 

Let_{H,F,F) be a bi-filtered vector space defined over R. We put V := ^{H,F,F). Let A^, : {H,F,'F) — > 
(iJ, i^, F) (g) C(l, 1) be morphisms. The morphisms Ni induce the morphisms from V — > V ® T(— f ), which we 
also denote by A''^. We put fi := —Ni. Then we obtain the tuple of endomorphisms / — (fi). 

Corollary 3.9 We have the isomorphism £^{0,, T) ~ V(V,/). 

Proof This is a reformulation of Lemma [3. 531 I 
Proposition 3.2 The functor £ gives an equivalence of the following categories: 

• The equivariant twistor nilpotent orbit defined over R. 

• The nilpotent orbit in the category of Hodge theory in the sense of Schmid (Definition 1.14 in for 
example). 

Proof It follows from the various equivalences fCorollarv l3.7l and Corollary 13. 9|l . I 

3.7 Split polarized mixed twistor structure and the nilpotent orbit 

3.7.1 Definition 

Definition 3.14 Let {V,W,f,S) be a Pol-MTS of type {n,l). Assume that the grading V = is given, 

such that the following holds: 

• Vh is pure twistor of weight h. 

• fj preserves the grading. 

• The restriction of S to Vi <^ Vj is unless i + j = n. 

In that case, {V, W, /, S) is called a split Pol-MTS of type {n, I). 

If {V, W, /, S) is a -Pol-MTS of type (n, I), and if the grading satisfying the above conditions is given, then 
{V, W, /, S) is called a split ^-Pol-MTS of type (n, I) I 

3.7.2 Preliminary on the split Pol-MTS in one variable of rank 2 

We put := 0(1,0) 0(0,-1). We have the filtration given by W^i = 0(0,-1) C Wi ^ F^l. Then 
(y [2] ^ \Y) is a mixed twistor structure. 

Let : yl^l — > (g, T(-l) be the morphism given by i — > (g) ti~'^^ and i — > for 

a; = 0,1,00. We put N = F^^'^ ®t^^\ 

We put yj^l Vl^^ and := We have the frames (/^''"\ /^"^-')) and (/ii'°\ /L"^-^)) of fJ^' 

and respectively. We have the frame (Z}^'"'', Z}"'^^'') of Vjj'^'^. = c* ■ notation f^^'^^^ and 

fj°' when we consider them as the frame of V^'^\ ^ . 

We twist the gluing as follows: Let A be a point of C\. Let v be an element of V^'^ . It induces the element 

of 1" € y^^x ^ ^c»'| /j' "^here we put ^ — X^^ . The original gluing is given by u = f^. The twisted gluing 

is given by the following relation: 

exp(-\/— ly • N^v 
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Note that y ■ N gives the following correspondence: 
Thus the gluing is given by the following: 

Then we obtain the following relation: 

CfCi.o) .(o,-i)\ / \ _ / .(i,o) f{o-i)\ 

" [21 

Let Vy denote the resulted vector bundle. 

~ [2] 

Lemma 3.54 Assume that y > 0. The vector bundle Vy is a pure twistor of weight of rank 2. The tuple of 
global sections (si,S2), which are given as follows, is a base of the space of the global sections: 

h :=V^lX.fr^ + V^ly.fi''-'^=fg''\ 

(50) 

h := fr^ = -^/=TM • - V^y ■ f^'-'^ 



Proof It can be checked by direct calculations. I 

The pairing rji : 0(1, 0) ® (7(0(0, -1)) — > T(0) is given as the composite of the following naturally defined 
morphisms: 

0{1, 0) a{O{0, -1)) 0{1, 0) (g) 0{-l, 0) T(0). 

The pairing 772 : 0(0,-1)® (7(0(1,0)) — >T{0) is given similarly. 

Let us consider the pairing S'Pl : yl^I (g) yPl — > T(0) given as follows: The restriction of S"!^! to 0(1,0) (g) 
cr(O(l,0)) ® 0(0, -1)0(7(0(0,-1)) is defined to be trivial The restriction of ^Pl to 0(1, 0) ® a(O(0, -1)) is 
defined to be -rji. The restriction of 5^1 to 0(0, -1) a{0{l, 0)) is defined to be r?2- 

Lemma 3.55 We have S^^^{f^''°^ ^ a{f^'-'^)) = -x/^Tt^ and ^Pl (/f "^^ c7(/ii'°))) = -V^t^°\ 
Proof It can be checked by a direct calculation. I 
Lemma 3.56 

• The pairing S*!^' is symmetric. 

• We have the relation S'l^l (id (g)a{Fi^^)) + S'Pl (f PI ® id) . 

• The induced pairing — S'f^i(id(g)c7(F[^l)) on 0(1,0) gives a polarization of weight 1. 

Proof By a direct calculation, we have 6'Pl(/o(^'°^(8)c7(/<S'"^^)) =-(^/=T.4°^) and ^I^l (/i^'"^^ (g)(7(/^^'°^)) = 

V^t^^\ Thus we obtain (7(5P1 (/^''"^ (7(/<^'"'^))) = S^^^{f^'-^^ <7(/o''°^))- Hence the pairing ^Pl is 
symmetric. 

Let us show the second claim. The morphism 5^' (id 0(7(^^1)) gives the composite of the following corre- 
spondence: 

#°^0c7(/ii ")) ^/r)0(7(/(,o.-i)0e)) (_4-i)) =^.4-1). 

On the other hand, 5*^1 (F^l id) gives the composite of the following correspondence: 
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Thus we obtain the second claim. 

Let us show the third claim. A base of the space H'^(^0{1, 0) (g) ©(—I, 0)) is given by s = /o^'°'' <8) /q = 
(Xi /i<r^'°''. We have the following: 

Thus we are done. I 
Lemma 3.57 The tuple (V^'^\ W, F^'^\ S't^l) is a split polarized mixed twistor structure of weight 0. 
Proof It immediately follows from Lemma 13.561 I 
On the other hand, the pairing S'^^' induces the pairing S"!^! on V^'^' , for we have the relation: 

^[^l (id ® tl^))) + ^[2] (^[2] ^ ^(1) ^ id) ^ 0. 

Lemma 3.58 The pairing is a polarization of V"J^' of weight 0. 

Proof We have only to show the positivity S^^\si,Si) > for the sections Si (i = 1,2) given in H5Q(I . As for 
si, we have the following: 

As for S2, we have the following: 

= -V-ly ■ ^[^l(/io"'-^-(/,i''°^)) - • = y. (51) 

Hence we have 5^^' (si, Si) > for i = 1, 2. Thus we are done. I 

3.7.3 Preliminary on the split Pol-MTS of rank h 

Let /i > 1 be an integer. We put V^^'^ := Y['2](Sh-i^ -y^g have the naturally defined pairing 
cr(\/(i)) — » T(0), given as follows: 

ga(/i'^''^-'))) = n5[^l(/i''-'«-),a(/i^-^~-))). 

i— 1 2—1 i— 1 

Here {pi,qi) and {pi,qi) denote (1,0) or (0,-1). We also have the morphism F^' : — > T(— 1), 
which is induced from F^'^^ by the Leibniz rule. 

We have the natural 6h_i-action on V''^\ It preserves S'(i) and Fd). Then we obtain the invariant part 
= Sym''- 1(1/(0)) and the induced pairing S'l'^l and the induced morphism F^'^^ . We also have the induced 
filtration W of V^'^^. The following lemma is clear. 

Lemma 3.59 We have the natural grading: 



^ 0(1,0)®^ 0(0,-1)® «. (52) 



p+q=h—l. 

p,q>o 



The filtration of the left hand side in 152|l is isomorphic to the following filtration of the right hand side: 

Wa= ^ 0(1,0)®P®0(0,-1)®«. 

p— q<a 

In particular, the vector bundle V^'^^ with the filtration W is a mixed twistor structure. 
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Lemma 3.60 The tuple {V^'^^W, F^''\ S^''^) is a split polarized mixed twistor structure of weight 0. 

Proof The condition 5'(i) (id®cr(F(i))) + 5(1) id) = can be checked easily. Then S'l'^l (id (8)ct(F[''1)) + 
SW id) = immediately follows. 

It is easy to see that there exists a positive number B such that the following holds: 

A base of the space of the global sections of Gr^^^ i^O{—h + 1, 0) is given by the following: 

We have the following: 

5W(^W'-i(,)^^(,)) ^5.5['»](/(o,-i)«/.-i^;(^-/>.+i,o)^ ^^^(i,o)«ft-i^^(-/.+i,o)^j 

Thus (Fl'^l (E) id) is a polarization on Gr^-i ^PGtZ^^. I 

On the other hand, we have the induced pairing 

Lemma 3.61 ^[''1 is a polarization of V^'l In particular, {vV'\W, F^'^l S^^"^) is a polarized twistor structure 
of weight 0. 

Proof It is easy to see that S^^^^ is a polarization of V^^\ Then the lemma immediately follows. I 
3.7.4 Classification of split Pol-MTS in one variable 

Let us consider the vector bundle V = 0p_|_g^^ o<p q<h ^(P' o'^*^^ The filtration W is given as follows: 

Wa := 0{p,-q). 

p—q'^a 

Then (V, W) is a mixed twistor structure. 

Lemma 3.62 Let {V,W) he as above. Let F : V — > V ® T(— 1) be a morphism of mixed twistor structure 

preserving the grading. Let S : V ® (y{V) > T(0) be a morphism of mixed twistor structures. Assume that 

(y, W, F, S) be a .split polarized mixed twistor structure of weight 0. Then (V, W, F, S) are determined uniquely 
up to isomorphisms. 

Proof Up to isomorphisms, we may assume that F : 0{p,~q) — > 0{p — 1,—q — 1) (Xi T(— 1) is given by 
f^P^-i) I — , ^ ^(-^) foj. a; 0, 1,00. Since we have the relation S{\d®(j{F)) + S{F ® id) = 0, we 

obtain the following: 

Hence 5* is determined by the number C = ^(/iS' ® ct(/q'''''-')) . 
We have the following: 

s[F^{ft'^®f(-^^'^), a(/r)®/(-''^°))) =C. 

Hence we obtain C > 0. We may assume that C = 1 up to isomorphisms again. Thus we are done. I 

Corollary 3.10 Let V , W , F and S as above. If {V, W, F, S) is a split polarized mixed twistor structure, then 
it is isomorphic to a polarized mixed twistor structure of the form {V^^\ W, F^^\ S^^^), given in the subsubsection 
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Proof It immediately follows from Lemma [3.611 and Lemma [3.621 I 

Corollary 3.11 Let (V, W, F, S) be a split polarized mixed twistor structure of weight n. Then it is isomorphic 
to a split Pol-MTS of weight n of the following form: 

i 

Proof We have only to consider the case n = 0. By taking the primitive decomposition, we can reduce the 
problem to the case V = 0p_|_g^/, o<p q<h ^{Pj ^q)- Then the lemma immediately follows from Corollary 13. 101 

I 

Lemma 3.63 Let (V, W, F, S) be a split polarized mixed twistor structure of weight n. Then the twisted vector 
bundle V is a pure twistor of weight n. 

Proof It immediately follows from CoroUarv 13 . 1 II and Lemma [3.61l I 
3.7.5 Pol-MTS and nilpotent orbit in one variable 

Lemma 3.64 Let (V, W, /, S) be a Pol-MTS of type (n, 1). Then it is a nilpotent orbit of type {n, 1). 
Proof We put := Gr^(V"). Then we have the induced tuple {V^°\W^°\ f^°\ S^°^). We put as follows: 

^o:=%., V^:=V,a^, K,'"'-^^' - ^S' 

Let us take frames u'^^ — {u'^^) and = {u'"^^) of V^'"^ and respectively, which are compatible with the 
natural grading. We take frames Uq = (uq ») and Mqo — (uooj) of Vq and Vao respectively, such that they induce 
itg°^ and respectively. We put as follows: 

K{t) := deg'^K.) = deg'^(4°^), L{{) := deg^(^Xoo.) = deg'^{u^^\). 



We have the relations: 

,(0) _ r(0) ,/0) - \^ R . 



Lemma 3.65 

• We have B^^^ — unless L{i) — K{j). 

• We have Bji = unless L{i) > K(j). 

• We have Bj i = Bj^^ in the case L{i) = K{j). 
Proof It immediately follows from our choice of the frames. 

We have the following relations: 



Lemma 3.66 

• We have Af^ = unless K{j) = K{i) - 2. 

• We have Aij — unless K{j) < K(i) ~ 2. 

• In the case K{j) — K(i) — 2, we have A^fj = Aij. 
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Proof It immediately follows from our choice of the frames. I 

Let us pick a point P e A*, and wc put y := — log|z(P)p > 0. The restrictions of Pat(P^*^°\ /("^) and 
Pat(y, /) to X {P} are given by the following gluings: 

= • • exp(V^2/ • u^=Uo-B- exp(^/^y • A). 

Let us consider the frames ttoo(y), mo(j/)j u^oo (y) and Uf^\y) given as follows: 

Then it is easy to see that we have the following relation: 

n^°Hy) = <"\y) ■ • exp(x/^A(«)). (53) 

Since Pat{V^^\ f^^^) is a variation of pure twistor structures, the vector bundle whose gluing is given by H53|) is 
pure twistor of weight 0. 

On the other hand, we have the following relation: 

Moo(y) = uo{y) ■ B{y) ■ exp(\/^yl(y)) . 

Here B{y)ij and A{y)ij are given as follows: 

Biy),, := . 5,^, A{y),, := yi^U)+^-m)/2 . 

Lemma 3.67 We have the following: 

lim B{y) ■ exp(\/^A(y)) = b'^^ • exp(%/^A(°)) . 

Proof It immediately follows from Lemma [3.651 and Lemma [3.661 I 

In particular, there exists a positive constant e such that the restriction of Pat(V, /) to A*(e) is a variation 
of pure twistor structures. 

Let us consider the pairing S on Pat(y,/). Note that it gives the non-degenerate hermitian pairing of 
i/°(Pat(T/,/)|pix{P}) for any point P e A*(e). 
We have the following: 

5^.(2/), ^(^^oo,,(2/))) = • 5(^.0., ^(«oo,,))- 

Hence the limit of S is same as 5^°^ when we take the limit y 00. Hence we obtain the positive definiteness 
of S. Thus the proof of 13. 641 is accomplished. I 

Lemma 3.68 Let {V, W, /, S) be a split nilpotent orbit of weight n. Then {V, W, /, S) is a split Pol-MTS of 
type {n, 1). 

Proof By taking the primitive decomposition, we may assume V = 0p+g^„ o<p g ^(P' ^'^^ ^1 = 
®p-q<a^(Py taking an appropriate isomorphisms, we may assume that / is naturally defined mor- 

phism. Recall that S is determined up to constant multiplication. (See the proof of Lemma [3.621 ) Then we 
may derive that {V,W, f, S) is isomorphic to a mixed twistor of the form {V^'^\W^'^\ f^'^\ S^'^^, given in the 
subsubsection lTOl Thus {V, W, /, S) is a Pol-MTS. I 

Lemma 3.69 Let (V, W, /, S) be a nilpotent orbit of type {n, 1). Then (V, W, /, S) is a Pol-MTS of type (n, 1). 
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Proof We put V^"^ := Gt^{V), and then we have the induced tuple {V^°\W^^\ f^°\ S^°^). We use the 
notation in the proof of Lemma [3. 641 We may assume that the restriction of Pat(V, /) to A*(C) is a variation 
of pure twistor for some < C < 1. Let pick a point P S A*(C). Let us consider the frames Uooin), Uo{n), 
(n) and u'i^\n) given as foUows: 

By an argument similar to the proof of Lemma 13.641 the limit vector bundle is naturally isomorphic to 
Pat(F(°),/(o)), when we take the limit n oo. Note that Pat(y(o),/(o)) on A* is always a variation of 
pure twistors. 

The pairings S{n) and S^°^ induce the perfect hermitian product of iJ"(Pat(F, /)|p) and i?°(Pat(F(''\ /(°))|p). 
bmce the limit of ^(n) is S'-°\ and since S{n) is a positive definite, we obtain the positive definiteness of 5*^°^ It 
means that {V^°\W^°\ f^°\ S^°'>) is a nilpotent orbit. Due to LemmaESHI iV^°\W^°\ f^°\ S^°'>) is a Pol-MTS. 
It implies that {V, W, f, S) is a Pol-MTS. I 

In all, we obtain the following: 

Proposition 3.3 Let (V, W, /, S) be a '^-Pol-MTS of type {n, 1). It is a nilpotent orbit of type {n, 1) if and 
only if it is a Pol-MTS of type {n, 1). I 

3.7.6 The twistor nilpotent orbit of split type 

Proposition 3.4 Let {V,W, f , S) be a split "i! -Pol-MTS of type {n,l). In this case, the induced variation of 
¥^ -holomorphic bundles (V,]D)y) a variation of pure twistors of weight over A*'. 

Moreover, let S be a pairing ofV above such that (V, S, ^ aj/i) is a split Pol-MTS. Then the induced pairing 
Sv ofV gives a polarization of (V,Dy). 

Proof We have only to show the following: 

• Let P be a point of A*'. Then V|{p}xpi is isomorphic to a trivial bundle. 

• Let S be as above. Then S\i \ {p}xpi gives a polarization of the pure twistor V|{p}xpi- 

Recall that V|{p}xpi is obtained as the twisting of the gluing of V by exp|^\/— 1 Y^i=i ~ log • fi ® 4^^) • 

Note that we have — log > 0. Then the proposition immediately follows from Lemma [3. 631 I 

Corollary 3.12 Let {V,W, f , S) be a split Pol-MTS of type {n,l). Then it is a twistor nilpotent orbit. I 

3.7.7 A split Pol-MTS and a nilpotent orbit in Hodge theory 

Let (V, W, f, S) be a split Pol-MTS of type (n, I). Then we can pick a Gm-action on (V, /, S). For example, it is 
given as follows: For an integer h, the integers p{h) and q{h) are defined as follows: If we have h = 2m for some 
integer to, then we put p{h) — q{h) :— m. If we have h ~ 2m + 1 for some integer to, then we put p{h) := to -I- 1 
and q{h) := to. Then the Gm-action on V can be given by the isomorphism V ~ Vh ^ 0[p{h), q{h)^. We 
denote the action by pi. 

Lemma 3.70 / and S are equivariant with respect to pi. If we have a real structure l of V preserving the 
grading, then it is also equivariant. 

Proof The equivariance of / and l is clear. To see that S is equivariant, we have only to check the equivariance 
of the following morphism: 

0{p{h,),q{h,)) (g> 0{p{h2),q{h2)) n-n) 
Here we put 2n = hi + /i2- But it is clear, for we have p{hi) + q{h2) = p{h2) + q{hi) = n. I 
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Corollary 3.13 Let {V, f, S) be a split Pol-MTS. Let l be a real structure of (F, /, S). It gives a nilpotent orbit 
in the Hodge theory, when we take an appropriate Gm-action of{V,f,S). I 

Corollary 3.14 Let {V,f,S) be a split Pol-MTS. Then the tuple {V, f , S) ® a{V, f , S) gives a nilpotent orbit 
in the Hodge theory, when we take an appropriate Gm-action. 

Proof Since we have the canonical real structure on (V, /, S)®a{V, f, S), it immediately follows from Corollary 



3.8 The induced tuple on the divisor 
3.8.1 The nilpotent orbit on the divisors 

Let {V,W,f,S) be a nilpotent orbit of type {n,l). We put V^'^^ ~ PGrY^'^'\v). Then we have the induced 

filtration W'^^\ the induced morphisms /f ^ : V,^' — > V,^^ ® T(-f) {i ^ 2,...,l). The pairing 5'(/{' O id) 

induces the pairing sl^\ Thus we obtain the induced tuple {vli^\w'^^\ f^'^\ Sj^^) , which is a ^--Pol-MTS of 
type {n-\-h,l — 1). 

Lemma 3.71 The tuple {V^^\w^^\ f'^'^\ S^^^^) is a nilpotent orbit of type {n + h,l-l). 

Proof We may assume that n = 0. We have only to show that Y'a,i{vl^\w^^\ f^^\ s\^^) is a variation of 
polarized pure twistor of weight h, on A*"~^. We identify A*"^^ and D\, naturally. 

Let us take a point P € D°. Let P denote the point of & such that {P} = Qj^'^l) n 7:^^{P). We put 
V{P) := Pat(y, /)|p. We have the induced filtration W{P), the induced morphism /i, and the induced pairing 
S on V{P). Due to LemmaEHOl the tuple {V{P), W, fi,S) is a nilpotent orbit. In particular, {V{P),W, fi,S) 
is a polarized MTS. It implies that Pat(V^^^\ is pure twistor of weight h, and S^p is a polarization of 
Pat(V^^^\ /(^))|P. Thus we are done. I 



3.8.2 The Pol-MTS on the divisor 

Let {V, W, TV, S) be a Pol-MTS of type (n, /). We put V,^^^^ FGr)f '^'^(F), and we obtain the mixed twistor 
structure VF'-^-' on V''^\ and the tuple of induced nilpotent morphisms N2'^\ . . . , N^'^K We also obtain the 
pairing S^p : F,^' ® <^{Vh^^) — ' ^(-n - h), by putting S^^'^ := 5(iVf ® id). Then we obtain the tuple 

(y«,w^w,ArW,5W). 

Lemma 3.72 If the tuple {V, W, N, S) is a split Pol-MTS of type {n, I), the induced tuple {vll^\w^^\ N^^\ S'^'^^) 
above is a split Pol-MTS of type (n -\- h,l — 1). 

Proof It is easy to check that {vl;^\w'^^\ N^^\ S'^'^'') is a split ^--Pol-MTS of type [n + h,l - 1). Since 

[V, W, N, S) is a nilpotent orbit, the tuple is {vl^^\w^'^\ N^^\ S^'^^) is also nilpotent orbit, due to Lemma IXTTI 
In particular, it is a Pol-MTS of type {n + h,l ~ 1). Thus we are done. I 

Let {V,W,N,S) be a ^--Pol-MTS of type {n,l). Let {vI;^\w^^\N''^\ S^^^) be the induced *-Pol-MTS of 
type {n + b,l — 1). Then we obtain the following induced ^f-Pol-MTS of type {n + b,l — 1): 

(M/(i))(o), (Ar«)(o), 

On the other hand, we have the induced *-Pol-MTS {V^°\W(^\N^°\S'^°^) of type {n,l) obtained from 
(y, W, N, S). Then we obtain the following induced ^f-Pol-MTS of type {n -\- b,l — 1) as is given above: 
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Lemma 3.73 We have the natural isomorphism: 

(w-W)W, (Ar(i))(o), ^ (Ar(o))(i), 

Proof We have the two ffltrations on Grf , i.e., W{n[°^) and WiNi^^l We use the following lemma. 
Lemma 3.74 We have W{n[°'^) = W{Ni)'^°K 

Proof We have only to check that the filtration W{Ni)^^'' satisfies the axioms of weight filtrations for n['^\ It 

is easy to see Ni°'>W{m)^°^ c W{Ni)^°l^ T(-l). We have Grf (Gif) ~ Grf (Gr^^ . Since Ni is 
a morphism of mixed twistor structures, the following morphism is isomorphic: 

TVf : Grr(Grr(^^)) Grr_2.(GrT^ > T(-6). 
Hence the following morphism is isomorphic: 

h h 

Thus we obtain Lemma 13.741 I 

Thus we have the canonical isomorphism Gr^'-^^'' (Gr^) ~ Gr^ Gr^*-^^-*. We have the following commu- 
tative diagramm: 

G,m^-){G,w~. Gr^Gr'^^^^) 



TV? ' " 



Gr^/<'^ Gr'^^Tl-Zi) Gr>^ Gr^/^^^^' ®T(-&). 

The kernel of the left vertical arrow is the primitive part PGr^'"^^'' Gr'^ by definition. On the other hand, it 
is easy to see that the kernel of the right vertical arrow is naturally isomorphic to Gr'^ PGr^''^^'', by using the 

primitive decomposition of Gr^*-^^'' . Thus we obtain the canonical isomorphism iV^^^^''^^ ~ (^t,^^'') ^'^^ • Once we 
obtain the isomorphism of vector bundles, then it is easy to see the coincidence of the filtration, the nilpotent 
maps and the pairings. Thus we obtain Lemma l3.73l I 

Proposition 3.5 Let {V,W,N,S) be a Pol-MTS of type (nj). Then {vl^^\w^^\ N'-^^ S^^^) is a Pol-MTS of 
type {n + h,l — 1). 

Proof We have only to show that the tuple ((V^'^^)(o), (H/(i))(o), (iV(^))(o), is a Pol-MTS of type 

{n + h,l- 1). Since the tuple {V(°\w(°\ N^°'> , S^"'') is a split Pol-MTS of type the induced tuple 

{W^°'>)^^\ (7V(°^)(i), (S'(o))(i)) is a Pol-MTS of type {n + h,l-l) due to Corollary LemmaEZS Then 
we obtain the result from Lemma l5.73l I 

3.8.3 Strongly sequentially compatibility 

Lemma 3.75 Let {V,W,N,S) be a Pol-MTS of type {n,l). Then N is strongly sequentially compatible. 

Proof We use an induction on I. Due to the hypothesis of the induction and Proposition 13.51 the tuple 
AT^i) = {N^^\ 7V/^)) on = Vl^^^ is sequentially compatible. 

Since {V^'^\ W^'^\ TV^"-*, S^'^'') is a nilpotent orbit, AT^"-' is strongly sequentially compatible, which was shown 
in our previous paper ^Sj- Hence the conjugacy classes of N^°'^{a) (a e -R>o) are constant if we fix a subset 
I C I. Since the conjugacy classes of N{a) and A^'^°^(a) are same, we obtain the constantness of the conjugacy 
classes of N{a) for a e -R>q. 

Lemma 3.76 We have Wi,+b{N{i)Y^^ n GrJ^^^''^ = Wb{N{i)<-^^) n Grf ^"^^^ 
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Proof Let W^^'' denote the induced mixed twistor structure on Gr, ^ ^' . Since gives the mixed twistor 

structure, we have the foUowing: 



(54) 



Gr'^'^' (T4^.+,(iV(z)(i)) n Grf (^^)) ^ W,+,{N{i.Y') (")) n Gr^'^' Grf 
Gr^'^' {W,{N{i_Y')) n Grf (^^)) = M^fc(iVa)(i))^"^ n Gr^'^' Grf ^^^^ . 

Since Af'"' is strongly sequentiaUy compatible, we have the following: 

WH+biNii)(°^f^ n Grf Gr^ = W,{N{£)(°^ (D) n Grf f^^)"" Gr'^ . (55) 

Lemma 3.77 Under the isomorphism Gr^ Gr^'^^'' ~ GrJ^'-^^'' Gr'^, we have the isomorphisms 

W^,+,(iV(*)(°))(i) WH+t,{N{{)'p(°\ M/,(7V(z)(°)(i)) ^ W,{N{{)^^^f\ (56) 

Proof Since the filtration W gives mixed twistor structure, we have Wh+b{N{i)'-^^y'^^ = M^/i+f,(A^(i))^"^ 
due to Lemma rd.791 Then the first isomorphism is equivalent to the isomorphism Gr^ Gr^'"^^'' (Wh+biN{i))^ ~ 
Qj.w{N,) Gr^(iy^+fc(iV(i))), which always holds. 

Since the filtration W^^'^ gives mixed twistor structure, we have VFf,(iV(i)(i))^°^ = Wfc(iV(i)(i) due to 
Lemma f3. 791 Thus the second isomorphism is equivalent to T44(A^(?)(*'^ '^^^) ~ M^b(Af(i)(^^ '^''^). ft follows from 

the equality iV(i)(°) = N{i)^^'>^°'> under the isomorphism Gr^*" Grf ^^'^ ~ Grf Gr'*'. Thus we obtain 

Lemma 13.771 I 

From and we obtain the following: 

Gr'^'^' {W^+b{Ni£)^'^) n Grf (^^)) = Gr'^'^' {W,{Nir)^'^) n Grf (^^)) (57) 
Then Lemma [3.761 follows from H57I) and Lemma [3.801 below. I 



Lemma 3.78 We have Wh+b{N {i))^^'> n vl;^^ = WbiN{i)^^'>) n ^/^^ 



Proof Since N{i)''^^ is compatible with the primitive decomposition of Gr^ , the filtration WiN{i)^^^) is 
compatible with the primitive decomposition of Gr^^^^''. Then Lemma l3 . 781 follows from Lemma 13.761 I 

We would like to show the surjectivity of the morphism 

f]W,,{£)^f]W^^\£)nGrZ^''^K (58) 

i=l i=2 

The morphism (|58|l induces the morphism on the associated graded vector bundles for W — W{r), and the 
induced morphism is surjective. Thus the morphism H58|l itself is surjective. Similarly, we can show the 
surjectivity of the following morphism: 

i=l 1=2 

Thus we obtain the strongly sequential compatibility, i.e., the proof of Lemma 15. 751 is accomplished. I 
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3.8.4 Lemmas for mixed twistor structure 



Lemma 3.79 Let (V,W) be a mixed twistor structure. Let f : V — > V iS) T{—1) be a nilpotent morphism of 
mixed twistor structure. Let W{f) he the weight filtration of f . We have the induced mixed twistor structure 
F'^"^ :— Gy^ {V) and the induced morphism f'''^^ : F'^'^^ — > F'^'^^ (g)T(— 1). We also have the induced filtration 
Then we have W{f^"'>) = W{f)^°l 

Proof In the case /''^^ — 0, we have W-h{f) = Im(/'') and Wh{f) = Kcr(/''). Since / is strict with respect to 
the mtration W, we obtain W-hif)° = W-h{f^°^) and WhifY"'' = Whif^°^). Due to the recursive construction 
of the weight ffltration (see [SI), we obtain VFfe = W^fe(/(°)) for any k. I 

Lemma 3.80 Let iV,W) be a MTS. Let Vi C V {i ^ 1,2) be sub MTS. Assume that Gr'^(V^i) = Gr^ {V2) in 
Gr^'iV). Then we have Vi = ^2- 

Proof We have only to show HVi — Wh n V2 for any h. 

1. We put /lo := min{/i| dimM^^nFi 7^ 0}. TheriWho^Vi ~ Gr]^^{Vi) C Gy^^{V). We put U := Gr^^{Vi) ^ 
GrJ^jV2). Then Wh,, D V, give the isomorphism (|)^ : U ^ Wh,, D V, C V. Then (0i - <j>2){U) C Wh„^i{V). 
Since U is pure twistor of weight Hq, we obtain — (j)2 — 0, i.e., Whg n Vi = Who ^ ^2- 

2. We assume that the claim holds for h—1, and then we will show the claim for h. We put K W/i-iH Vi — 
Wh-i n V2. It is sub MTS of V. Thus V/K is also a MTS, and V^/K C V/K {i = 1, 2) satisfies the condition. 
Thus the problem is reduced to the previous case. I 



3.9 Translation of some results due to Kashiwara, Kawai and Saito 
3.9.1 Vanishing cycle theorem due to Kashiwara-Kawai 

Let {V,W,N,S) be a Pol-MTS of type {n,l). We put V^^^ := Im(Ari). Since Ni : V — > V (E) T(-l) is a 
morphism of mixed twistors, y'^' is a sub mixed twistor of F ® T(— 1). The filtrations W^^'' and the tuple of 
the nilpotent maps TV'-^-' on V^^^ are naturally induced. Since yd) is a subbundle of F ® T(— 1), we have the 
naturally induced pairing S' : V®a{V^^^) — > T(— n— 1). It is easy to see that S' vanishes on Ker(7Vi)(g)(T(yd)), 
Hence we obtain the induced pairing S'd) : ® a{V'^^^) — > T(— n — 1). 

Lemma 3.81 Let {V, W, AT, S) be a split Pol-MTS of type (n, 0- Then the induced tuple {V^^\W^^\ N'-^\ S^^'>) 
is a split Pol-MTS of type (n + 1,1). 

Proof Recall that we can pick a torus action on (V, W, N, S), and then it is regarded as a nilpotent orbit in 
the Hodge theory (See Corollarv l3.14|l . Thus the lemma is a consequence of the vanishing cycle theorem due to 
Kashiwara-Kawai (Theorem 2.15 in 30 ). I 

For a polarized mixed twistor structure (V, IV, AT, 5), we put V'^^^ :— Gr^iV). Then we have the in- 
duced split Pol-MTS {V^°\W^°\N^°\S^°^) of type {n,l). By applying the construction above, we obtain 
(1/(0) (1), 14^(0) (1)^ iv(o) (1)^ s-W (1)). 

On the other hand, we obtain the tuple (F^^), VF^) ^ jv^^\ 5^)). It is easy to check that the tuple is a *-Pol 
MTS of type (n, I). Hence we obtain the induced tuple (F^^^ (0), iy(i) AT^^) ^°\s'^^'> 

Lemma 3.82 The tuples {V<^o) {i) ^y^,(o) {i) ^ ^{0) (1) ^ gio) (i)^ (o)^ 14.(1) (o)^ _;y(i) (0)^ ^(1) (0)) ^g^^. 

rally isomorphic. 

Proof It is clear from our constructions. I 



Proposition 3.6 Let {V,W,N,S) he a Pol-MTS of type {n,l). We put V"d) Im(7Vi). Then the naturally 
induced tuple (F^)^ ^^(1)^ AT^^^, fi-d)) is a Pol-MTS of type {n,l). 

Proof It follows from Lemma [3.811 and Lemma [3.821 I 
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3.9.2 Kashiwara's Lemma 

Let V he a vector bundle over and TV be a tuple of nilpotent maps TVj : V — > V (S) Tr(— 1) {i = 1, . . . ,1). Let 
A'^ be a variable, and we put as follows: 

oo 

V[N] := y T(i) • TV'. 

i=0 

We have the natural mixed twistor structure W on the infinite dimensional vector bundle 1^[-/V]. We have the 
natural morphism of mixed twistor structures: 

N:V[N] — >V[N](^T{-1), u-N'i — ^u-N'+^. 

For a subset / C Z, we have the morphism: 

Y[{N - Ni) : V[N] O T(n) V[N]. 

Then we put as follows: 

|7|-1 

Vi{V, N) := V[N] j [](iV - iVi) ~ y ■ N\ (59) 

iel i=0 

In the case I = h, we use the notation Vi^ {V, N) instead of Vi^ {V. N). We often omit to denote N. 

Let (y, W) be a mixed twistor structure and N be a tuple of niorphisms A^^ : V > V T(— 1) of mixed 

twistors. We have the induced filtration W and the induced morphisms N, Ni on (V/, W). The following lemma 
is clear from the construction. 

Lemma 3.83 The morphisms N and are morphisms of mixed twistor structures. I 

Corollary 3.15 The conjugacy classes of aN + '^biNi are independent of \£¥^. I 

We put N := (A'^, Ni, . . . , Ni). Thus we obtain the mixed twistor structure (V/, W) and the tuple of nilpotent 
maps N. 

Let {V, W, N, S) be a Pol-MTS(n, /). We have the induced object (V/, W, TV). We have the induced pairing 
V{i)(^a(y{j)) — > T{—n + i+j), which we also denote by S. We have the induced morphism S' : V[TV, TV~-^] (g) 
a{V[N,N-^]) — > T(-n)[TV,TV-i], defined as follows: 

S{u ■ N\ cr{v ■ N^)) := {-ly ■ S{u, a{v)) ■ N'+K 

Since iVj are nilpotent, we have the morphism: 

[](TV - Ni)-^ : V[N] V[N] T(|7|). 

iei 

Then we have the following element of T(— n + |/| — A;)[iV, N~^] for any fi £ V (Si T{i) and gj £ V (S T(j), and 
for any k G Z: 

S'(n(iV-TV,)-Vi®A^'+', cT{gj-Nj)) = ^ (-l)^".TV-l^l+^+^"+'=-l"l5(niV:Vi,a(5,)) G T(-n+|/|-fc)[A^]. 
iei nez' iei 

By taking the residue, i.e., the TV^^ • T(— n + \I\ — k — l)-component, we obtain the morphism: Vi{S) : 
V[N, AT-i] O a{V[N, N''^]) — > T(-n + |/| - fc - 1): 

Vi{S){f{N),a{g{N))) = Res^^o S' (^N^' ' fiN),a{giN))). (60) 
Here we put Nj := Uieii^ ' ^i)- 
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Lemma 3.84 We have the following formula for f = ^ fi ■ and ^ gj ■ and for any k G Z; 

Vi{S){f{N)-N\ a{g{N)))=Y, ^ {-ly ■ S (J[K- ■ f„ a{gj)) E T{-n + \I\ - I - k). 

ij -\I\-\n\+i+j+k=-l ael 

Proof It can be checked by a direct calculation. I 

Then we obtain V/(S') : Vi{V)®(7{Vi(y)) — > T{-n+\I\-l). Thus we obtain the tuple (V/(y), W, AT, V/(F)) . 

The signature of the construction in |4(ij looks slightly different from that in the above construction at a 
sight. Let us see that they are same, in fact. Recall the construction in 46 . To distinguish, we use the variable 
s. We also denote the given nilpotent maps of V by Si. Note the relation s,; ~ —Ni. (See Remark 18.31 for 
example.) 

We obtain the vector bundle Vi{V)^^'> := V[s]/lli^j{s - st). The extended pairing S^'^'> : V[s,s^'^] (g) 
(t(F)[s, s^-'-] — > T{—n)[s, s~^] given in is as follows: 

S'-^\u ■ s\v ■ s') = i-iy ■ Siu,v) ■ s'+'. 

Then we obtain the pairing S'^^y given as follows: 

Here s/ denote nie/('' ~ 

Since we have the relation Si = —Ni, the correspondence N i — > — s induces the isomorphism V[N] ~ V[s], 
and ViiV) ~ Vi{Vy^\ 

Lemma 3.85 Under the isomorphism, we have S{N^u,N^v) = S^^\s^u, s^ v) . 

Proof We put 5 := {Z G | — |/| — \l\ + i + j = ^l}- By a direct calculation, we have the following: 

S{N'u,N^v) ^^{-ly ■ s(j[Nl''u,vy (61) 
les 

We also have the following: 

5(i)(sV, s^v) = ^(-1)^ • S(u, n s[-v) . (62) 
les 

Let us substitute s ~ —N and Si = —Ni in 162|l . then we obtain the following: 

^^(_l)«.5(y^]^(_VV,0'H;) =^(-l)'.5(n^^",^ 
les leS 

Since it is same as H61|l . Lemma fri. 851 is shown. I 

Lemma 3.86 Let (V, W, N, S) be a split Pol-MTS of type {n, In). Then the induced tuple {Vi{V),W, N, Vi{V)) 
is a split Pol-MTS of type {n - \I\ + 1,1 + 1). 

Proof Clearly we have a sphtting. We put {V , W, TV', S') = {V, W, N, S) © a{V, W, TV, S), which gives an 
i2-nilpotent orbit. Then (Vjj (1^'), W, TV, V;^ (F' )) is an ii-nilpotent orbit. Since we have the following: 

(V,, {V'),W, TV, V,, {S)) = {Vi, {V),W, TV, V;, {S)) ® a{Vi, {V),W, TV, V;, (5)) . 

Thus it follows from the original Kashiwara's lemma (Proposition 3.19 "^B" and Appendix H^). Or, it is not 
difficult to apply Kashiwara's argument in Appendix in 146J to the nilpotent twistor orbits. I 

Corollary 3.16 Let {V,W,N,S) he a Pol-MTS of type {n,l). Then (V/(F), W, TV, V/(S')) is a Pol-MTS of 
type {n - |/| + 1,^ + 1). 

Proof It is easy to check that the tuple (V/(F), W, TV, Vi{S)) satisfies the first three conditions. Then the tuple 
(V/ {V)^^ ,W^°\ TV(°) ,Vi{S) ) is naturally isomorphic to the tuple obtained from ( V/ (F^''^ ) , W, TV'"^ V/ (5^°) )) . 
Thus we are done. I 
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3.9.3 Preliminary lemma 

In the subsubsections 1X^3113.9.51 we recall the argument given by Saito in the page 302 in See also the 
original argument. 

Let {V,W,N,S) be an equivariant i?-nilpotent orbit of of {n,l). Let {V,W,N,S) be an equivariant R- 
nilpotent orbit of type {n — 1,^). Let / : V — > V (g) T(— 1) and g : V — > V be morphisms of MTS, such 
that 

• gof = N2:V — >V® T(-l). 

• fog^N2:V — >V®T{-1). 

• S'(/(»id) = S'(id05). 

Then we have the induced morphisms 

/(I) : Grf ^ GrY^^'\v) ® T(-l), 

Lemma 3.87 In the case 1 = 2, we have the following decomposition: 

P,,Gr^(^i)(f) ^Ker^^i^e (lm(/(i))®T(l)) 

Proof It is easy to see that /^^^^ and g^^^ are morphisms of mixed twistor structures, and that we have 
/(I) o £,(1) = ivf ^ and o fW = We also have S'-^H f^^') (g> 1) = 5(1 (g) g^^)). 

We have the induced morphisms 

: GrYPHGr™{V) —> Gr^^^ (P. Gr^*^^ (^)) ® T(-l), 

: Gr^ P,GrY^^^\v) Grf Grf^^^^C^). 
In all, we have the following: 

: Gr^P„Gr;f(^^)(V^) Gr'^(P;, Grf §5 T(-l), 

: Gr^P;, GrJ^^^'\v) Gr^ P, Gr^^'''\v). 

We have only to show Im(/(2)) (g, T(l) ® Ker^f^) = Qr^ Ph Grf '^'^ (T>). 
Note the following equalities: 

Grf P, Grr(^^)(F) = Gr^Jril'^ P. Grff^^^CT/), 

Gr-r P, Grr(*^)(F) = Gr^.^^/i, P, Grf^^^^CT/). 
Thus Z^^-' and i?'-^-' can be regarded as the morphisms: 

fi2) . G,w(N^'') QW(N,)^y^ _^ Gr^(f^)(P;, Grf (^^)(V^)) ® T(-l) 

gi2) . G.wiNi^') Grf (^^^(f ) GvZ^^^\p„ Grf V)). 
We put n + h + 1 = n' and as follows: 

H- := Grf P, Grf (^^^(T/) weight a + n' - 1 

Q^w(jv(i') G^Y^^'\V) ® T(-l) weight a + n' 
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Then we obtain the following morphisms: 

J(2) . jja ^ jja-l^ 



We also have the pairings: 



S'^^) : H"" ® aH-'' — > T(-n' + 1), 



S'^^) : iJ« ® fjH-'' — > T(-n'). 

We have S'(2)(/(2) ® id) = S'(2)(l 5(2)), and we have the polarizations 5(2)(Ar(2)Q ^ id) and 5(2)(iV(2)« id). 
Then the problem is reduced to Lemma 5.2.15 of I 

Proposition 3.7 We have the following decomposition for any I: 

Ph Gt^^^'\v) = Kcr.g(i) (lm(/(i)) (g, T(l)) 

Proof We put X = A', A = {z^ = 0} and D = ULi A- Let {E,dE,h,e) and {E,d^,h,e) be the harmonic 
bundles over X — D, corresponding to {V, W, TV, 5) and (V", W, N, S) respectively. Since we discuss in the 
category of mixed twistor structures, such decomposition holds at A = 1 if and only if such decomposition holds 
over P-"^. Let {£, D) and (£, D) be the associated deformed holomorphic bundles, and ^£ and ^£ be the canonical 
prolongment. 

The morphisms / and g induce the morphisms F : ^£ — > ^£ and G : ^£ — > *£, which are flat with respect 
to the A-connections D and D. 

Let us pick a point Q £ Di H D2 — Uj>2 i^t H -Di n D2) ■ By using the normalizing frame, we obtain the 
isomorphism: 

(^f|(i,o),Resi(D),Res2(D)) ~ (^f , (i,q), Resi(D), Res2(D)) 

We have a similar isomorphism for £. Hence we have only to show the following decomposition: 

Gr^Wr£|(i,Q)) = Im(F|(i,Q)) ® Ker(G|(i,Q)). (63) 

Let TT : X — > Di D D2 denote the projection onto the first two components. We obtain the surface 
-K~^[Q) ~ c X. The restrictions of {Ei,dEi,hi,9i) to n^^{Q) are nilpotcnt orbits fLemma I3.5UI for 
example). Thus we obtain the decomposition (|63|l from Lemma 13.871 Thus the proof of Proposition 13.71 is 
accomplished. I 

3.9.4 The preliminary decomposition 

Let us consider a pair I = (J, K) of subsets J and K of /, such that J D K = (d and J 7^ 0. For such pair, we 
put \I\ := |J| + \K\. For two pairs li = {Ji,Ki) {i = 1,2), we mean Ji C J2 and Ki C K2 by Ii C I2 In the 
case Ii C I2, we put Ji — I2 ■= {J2 — Ji) U {K2 — Ki). 

Let {V,W,N,S) be a Pol-MTS of type {n,l). We put Nk := YlkeK ^k- We have the naturally induced 
filtration W the tuple of the nilpotcnt maps N , and the pairing 5* on \ni{NK)- Due to Proposition l3.6l the tuple 
(Im(iVif ), VF, AT, S) is a Pol-MTS of type [n + \K\^ I). By the construction given in the subsubsection 153?^ we 
obtain the Pol-MTS V,j[Iitl(Nk)) of type [n + \K\ ~\J\ + l,l + 1) (See CoroUarv lTTHIl . 

Let us pick an element i of and we put K' := K — {i}. The inclusion Im(iVx) C lm{Nx') (8) T(— 1) 
is denoted by var^. The morphism Ni induces the morphism Im(7V^/) — > Im(iVx), which is denoted by 
can^. The morphism var^ and can^ induce the morphisms var^ : Vj(lm{NK)) — > Vj(l'ni{NK')) ® ir(— 1) and 
can, : Vj(Im(7VK')) Vj(Im(iVK)). 

Let us pick an element i £ J, and we put J' :— J ~ {i}. The identity of lm(NK)[N] induces the morphism 
vari : Vj(Im(iVK)) — > Vj' (Im(iVK)). The morphism {N - N,) : Im(iVA')[iV] — > lm{NK)[N] (g> T(-l) induces 
the morphism can, : Vj'{lm{NK)) «) T(l) — > Vj{Im{NK)). 

We introduce the following notation. For a pair / = {J,K) as above, we put Ui := Vj{lm{NK)) <E) T{\K\). 
Then we obtain the morphisms can^ : Uj' — > Uj and var^ : Uj — > Ui' for I' <Z I such that I I' = {i}. They 
induce the morphisms can, : Ph Gr^^'^^ Uj' — > Ph Gr!^*-^' lAj and var, : Ph Grjf^*-^'' lAj — > Ph GrY^^^ ^i' ■ 
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Proposition 3.8 Let I = (J, K) be a pair of subsets J and K ofl_ such that J O K = <l) and J 7^ 0. Let I' be a 
pair of subsets such that l' (Z I and I — I' = {i}. Then we have the following decomposition: 



Ph Grjf {Ui) = Ker(vari) ® Ini(can, ®T(1)) . 
Proof It follows from Proposition 13. 71 

3.9.5 The decomposition 

For pairs l' C /, we have the naturally defined morphisms can(J', /) : Ui' — > lAi and var(/', J) : Ui — s- Ui' : 

can(7',/) := can^, var(/',J):= JJ^ 



I 



var, 



iei-i' 



iei-i' 



Let li — {Ji,Ki) {i = 0, 1, 2, 3) be pairs of subsets of /. We assume Ii n I2 ■— {J\ n J2, J^i n K2) — Iq, and 
Ji U I2 ( Ji U J2,Ki U K2) = I3. 



Lemma 3.88 The following morphisms are commutative: 

var(/o 



can(7oJl) 



can(/o,/2) 



can(/i,/3) 



can{lQ,l2} 



var(/o,/i) 



can(/i,/3) 



var(/o,-'"2) 



var(/i,/3) 



can(/2,/3) 

"/2 ' "/3' 



var(/2j3) 
"/2 ^ "/3; 



var(/2j3) 

"/2 > "/3 



I 



Proof It can be directly checked from the definition. 

For I' C I, we obtain the morphisms can(J',J) : PhGT^^^\Uv) — > P,, Grf (Z^/) and var(J',/) : 
P.GrrW(Z^.)^P.GrrW(Z^r). 

Proposition 3.9 For I' C I , we have the following decomposition: 

PhGv^^''\Ui) =Ker(var(J',J)) ®Im(can(I',J)®T(|J| - |7'|)). (64) 

Proof We use an induction on \I\ — The case |J| — \l'\ = 1 is shown in Proposition We assume that 
the claim holds in the case |/| — |/'| < a, and we will prove that the claim also holds in the case |/| — |/'| = a. 
We take Ii {i = 0, 1, 2, 3) as in Lemma [3 .881 satisfving the following: 

Io = l', h^I, /oC7, CJ3, (i = l,2). 

Due to the hypothesis of the induction, we have the following decompositions: 

Ph Grf ^"^^ {Ui,) = Im(can(/2, J3))®Ker(var(/2, Is)), Ph Grf ^^^^ {Ui,) = Im(can(7o, Ji))®Ker(var(Jo, Ji)). 

(65) 

Here we have omitted to denote the Tate twist, for simplicity. 

Due to the commutativity in Lemma |3.88l the morphism can(Ji,/3) and var(Ji, J3) are compatible with 
the decompositions in (|65|l . Then it is easy to derive the decomposition H64(l for I = I3 and I' — Iq. I 



We put as follows: 



Ci := fl Ker(var(J', J)) C Grjf (W,) 



I'CI 



Ci,r can(J', J)(Cr) C Grjf (Cz) . 
Lemma 3.89 We have the following: 

Cj= fl Ker(var(J',/)) C PuGr^''''\Uj) . 

I'CI, 

\i\-\i'\=i 
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Proof It can be shown by an argument similar to the proof of Proposition 13. 91 I 
Lemma 3.90 Let us consider pairs li C I {i = 1,2). Assume Ii l2- Then we have var(/2, /)(C/i j) = 0. 
Proof It immediately follows from the commutativity fLemma l3.88|l as follows: 

va.r{l2,I){Ci,j) = var(/2,/)ocan(Ji,/)(C/J = can(Ji n /a, o var(/i n /a, /i) (C/ J =0. 

I 

Lemma 3.91 Let us consider sub-pairs Ii d I2 d I. Then the restriction of the morphism var(/2, -f)|C7 is 
injective. 

Proof It follows from C/jj C Im(can(J2, /)) and the decomposition in Proposition l3.9l I 

Lemma 3.92 The naturally defined morphism (f> : ©j/^/C/./' — > Ph GrJ^^^'z^/j is onto. 

Proof It follows from the surjectivity of ^ Im(can(/', J)) ® C/ — > Ph Gr^'^^ (Hi). I 
Proposition 3.10 We have the following decomposition: 

PhGrZ^''\Uj)^^Cjj,. 

I'd 

Proof We have only to show the injectivity of (p in Lemma|^221 Assume that ^ u/' = 0, where v'j are elements 
of Cij'. We put S = {I'\ vj, ^ 0}. Assume that 5 7^ 0, and we will derive a contradiction. Let /q be the 
minimal element. Then we obtain the following: 

= var(/;„ /)(^ vr) = var(7;„ ) 

It implies u/^ = due to Lemma [3.911 But it contradicts our choice of 7q. Thus we obtain Proposition lH.lOl I 

Lemma 3.93 For a pair I — {J, K), Cj is pure twistor of weight n~\J\ + l + h. The pairing of PhGv^'^'^^ iUi) 
induce the polarization on Cj. 

Proof Ci is a direct summand of Ph Gt^'^^^I^i)- On Cj, the nilpotent maps M (z € /) are 0, by definition 
of C/. Thus the weight filtration yV(/) induced by J^iei-^'i- '^^ trivial on Cj. Recall that the filtration is 
same as the induced mixed twistor structure of Ph Gr^'^^^ Uj, up to shift of the degree. Thus we obtain the 
first claim. The second claim can be shown similarly. I 

3.10 7^-triple and twistor structure 

3.10.1 Perfect strict 7?.-triple and vector bundle over 

Definition 3.15 T — {M' , M" ,C) be TZ-triple in 0-dimension (See It is called perfect and strict if the 

following holds: 

• The Oc^-m,odules M.' and M" are locally free. 



• The sesqui-linear pairing C : A4'{A) (g) A4"{A) — > 0{A) is perfect. I 

Let be a vector bundle over P^. We put Vb := ^^id Voc ■— V\c ■ We have the natural perfect pairing 
Cv ■■ V^{A) ® aV^{A) — > 0{A). We put Q{V) = {V^ ,a{V^),Cv), which is a strict perfect 7^-triple. 

On the other hand, if T = (A^',A^",C) is a strict perfect 7?.-triple, then C induces the isomorphism 
M\\ ~ (J~^{M")\A- Thus we obtain the vector bundle V(T). 

Let F(') {i = 1,2) be a locally free Opi-modules, and let / : V'-^'^ — > F^^) be a morphism of O-sheaves. 
Then we obtain the morphism {f^,cr{f^)) : (d{V^^^) — > QiV^"^^). 
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Lemma 3.94 By the correspondence above, we obtain the equivalence of the following categories: 

Q : {vector bundle overW^) > [strict perfect TZ-triple) 

I 

For perfect strict 7^-triples 7^ = {M[,M'-,C't) {i — 1,2), the tensor product Ti ® 7^ is given by {M[ (8) 
M'2,Mi ® M2, Ci (8) C2). The direct sum is also naturaUy defined. 

Let T = {M', M", C) be a perfect strict 7^-triple. The pairing C induces the perfect pairing C" : M'"^ {A) (g) 
7V/("^(A) — >0{A). Then we obtain the dual = C"). 

Lemma 3.95 Q preserves tensor products, duals and direct sums. 

We have Sabbah's hermitian adjoint T* = {M",M', C*) in the category of 7?.-triples (02). The hermitian 
adjoint in the category of vector bundles over is given by V* := ct(T^)^. 

3.10.2 Tate objects 

The 7?.-triple corresponding to Opi {p, q) is as follows: 

Q{Ori{p,q))^(Oc,-ft'''-'\ Oc.-^(/i?^'^), C). 
Here the pairing C is given as follows: 

C{ft'-'\a{ft'^))^{V^Xy^\ 

For simplicity, we denote it by (V— lA)^^"^. In particular, if we forget the torus action, Q(0{n)) is given as 
follows: 

e(Op.(n))=(Oc.-/r"\ Oc.-cT(/i:')), (^/^A)"). 

The 7^-triple e(cr(C'p(n))) is given by (Oc^-cr{f^^), Oc^-ff\ (-1)" ' (V^A)") . The latter is same as 
the hermitian adjoint 0(C'pi(— n)) in the category of 7?.-triples. Hence the isomorphism a*0{—n) — > 0{—n) 
(the subsubsection 153?^ induces the isomorphism 8(Opi(n)) — > 0(C'pi(— n)). 

Lemma 3.96 The induced isomorphism <d(^Opi{n)^ > 0(Opi (— n)) is given by the pair of the maps {(pi,(p2): 

Oc. ■ a{f^'^) ^ Oc. • ft\ Mft^) = 

Oc. ■ /^"^ Oc, ■ a(/io-"^), ^2(/r"^) = y^"a(/i-")). 

Proof The morphism ipi is the dual of the isomorphism t_„ : a{0{—n)oo) — > ©(^ n)o. The morphism ip2 is 
given by cr(t_„). Then the claim can be checked by a direct calculation. I 

For any half integers k e \l, we put T''(fe) := {Oc>^-e-Q^\ Oc^-e-S^\ (V^A)-^''), which is the Tate 
object in the category of 7?,-triples, namely, the Tate twist in the category of 7?.-triple is given by the tensor 
product with f^{k). Recall that the canonical isomorphism T^{k) — > T*(— fc)* is given by the pair of maps 
((-1)^'', 1) (see the section 1.6. a in (42,). 

We fix the complex number a such that — ^/—l. Then we take the isomorphism $" = (<i>^"'' , $2"'') ■ 
8(C'pi(n)) — > T'^{—n/2) given as follows: 

n '^1"' n (T) ('^(^"h — „n f(-") 

l^Ca • Jo < — '^c^-eo , l-Ueo ) - a • 

<-^Ca • O^l/oo j > UCa • Goo , "I'2(./oo j— a ■ eoo . 

In particular, the isomorphism 0(T(n)) — > T'^'(n) is given by the pair (<I>^ $2 ^"''): 
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Lemma 3.97 The following diagramm is commutative: 

e(Opi(n))* > e(C'pi(-n)) 



T''{-n/2)* 

Proof We have the foUowing diagramms: 



(66) 



^^^^ 



O-e. 



i-n) .(-!)" 



O-e, 



(n) 
' 



(-") 

-0 



(67) 



0-et\ 



Since we have i 



(V— 1)" = (~1)" and a • (V— 1)" = 1 due to our choice of a, we obtain the commutativity 



of the diagramms in H67|l and thus the commutativity of the diagramm (I66II . 



I 



Lemma 3.98 The functor Q essentially commutes with Tate twists of the both categories. The functor O 
preserves the compatibility of the Tate twist and the adjunction. 



Proof It follows from Lemma [3.971 

Recall that we have the canonical isomorphism 8(CT(y^)) ~ 9(F)* 



I 



Corollary 3.17 The pairing S :V ® o'*(V^) > Tr(— n) is a polarization of pure twistor structure of weight n 

if and only if the induced morphism S : Q{V) — > <d{V)* T^{~n) is a polarization of pure twistor TZ-triple of 
weight n in 0-dimension. 

Proof In the case n = 0, it is clear. Since Q is compatible with the Tate twist, we can reduce the problem to 
the case n = 0, as follows: 

S -.V (»a*{V) — > T(-n) is a polarization 

S{-n) : (V (K) Opi (-n)) (g) cr* » 0{-n)) — > T(0) is a polarization 
<=^ Q(V ^ Opi (— ?^)) — > Q(V (E) Opi (— ?^)) is a polarization. 
e{V) ® T(n/2) — > {e{V) ® T(n/2))* is a polarization. 
Q{V) — > Q{Vy (g) T'^i-n) is a polarization. 



Definition 3.16 Let T be a strict perfect TZ-triple in 0-dimension, W be a filtration of T , and N be a tuple of 
nilpotent morphisms Ni : T — > T (g T'^(— 1) {i — 1, . . . , Z). Let S be a hermitian duality of T of weight n. The 
tuple (T, W, N, S) is called a Pol-MTS of type {n, I) in the sense of Sabbah, if it is isomorphic to Q{V, W, N, S) 
for some Pol-MTS {V, W, N, S) of type {n, I) . I 

3.10.3 Tiie induced polarized pure twistor 

Let y be a pure twistor of weight n and S : V '^i^) — * '^(^"■) be a polarization, which induces the pairing 
<j{S) : a-{V) (g) V — > T(— n). Then we obtain the isomorphism ps : cr{V) — > V"^ T(— n), and we have the 
induced polarization {p'siP's) ■ '^{'^i^)) — * ® T^{—n). We can naturally regarded p'g and pg as 

morphisms Vq — > "'(Kio)- Let C" : Vo{A) (g) Vo{A) — > 0{A) be the sesqui-linear pairing given as follows: 
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Then we obtain the 7^-triple (Vb, Vn,C'), and recall that the morphism ((-!)", l) : {Vq, Vq, C) — > {Vq, Vq, C")® 
{—n) gives the polarization. 

Let us calculate the pairing C . First we consider the case V ~ 0{n). We denote the pairing of V by S. 
The pairing (t{S) gives the correspondence cr(/o"'') ® /i^^ ' — > (\/^) " ' ^co"'- Thus we have Ps(f(/o"')) = 
(\/^)-" • fk"^ ® Hence we have the following: 

^ (V^)" • . (x/^)" . e(^2") = (-1)" . • e^'-K (68) 

Then the pairing C" : C'(n)o(A) (g) 0(71)0(4) — > 0{A) is given as follows: 

C'ift^^l^) = C^io(n)Mfk-^) ■ (-1)",^) = (-1)" • (a(/4-")),a(/("^)) ^ (-1)" . 

= (-1)" • a*((y^A)-") = (V^A)". (69) 

On the other hand, we have the following: 

s{ilr\<flr'')) - 5(/r,a((^/^A)-"./i:0) = {V^\T-{-ir-{V^)--t'r^ = iV^\r-iV^)-4~''^. 

Hence we have the following formula: 



Lemma 3.99 Let (V, S) be a polarized pure twistor of weight n. Then the TZ-triple (Vq, Vq, C") is a pure twistor 
of weight n, where the sesqui-linear pairing C is given as follows: 

C'(w,w) -4""' = iV^y ■S{u(g,a*{v)). 

Proof Since any polarized pure twistor of weight n is isomorphic to a direct sum of {0{n), S), we can reduce 
the lemma to the case V = 0{n). It has been already shown above. I 



3.10.4 A lemma 

Let {V,W,N,S) be a Pol-MTS of type (0,/). Recall that we obtain the Pol-MTS (yi_(y),W, N ,ViiS)) of 
type (1-1,1 + 1), and we obtain the Pol-MTS {Pk Grf Vi_iV), W, N, Sk) of type (1 - ^ + A:, 0- We have the 

subbundle C Pk Gr^*-^-* ViiV), which is pure twistor of weight l — l + k. Moreover Sk induces the polarization 
of C^. (See the subsubsection 153?^ and the subsubsection . Hence we obtain the pure twistor 0{l — 1) 
and the polarization of weight k. 

We put {Ci_®0{l - l))g := {Ci_®0{l - l))|c^- Due to the result in the subsubsection 13.10.31 we obtain 
the pure twistor ((C| ® 0{l — l))o, (C| ® 0{l — l))o, C"). Let us calculate the sesqui-linear pairing C . The 

endomorphism Na G End(Vb, Vb) is determined by Na — Na- 4 
We have the following: 



i—0 a— 

For any Ui, vj g V{A) and for any fc e Z, we have the following: 



= S{u,,a{v,)) ■ iV^X)-'^ -t^'+'+'l (70) 



88 



Here we have used a{t\^^) = (t((\/^A)2J • 6^}) = {^J~^\)-'^^ ■ (-l)J • 4''^ Then we have the foUowmg 



(71) 



Hence we obtain the following: 

n 

H(5)(u.•4^'•iV^+^a(^;,•4^")•iV^■))= ^ {V^X)-^^ ■ s{J\n:- ■ u.,a{ 



neS{k) 



a=l 



-fc) 



Here we put S{k) := {n e Z', | -\n\-l + i + j + k= -l}. 
Lemma 3.100 When we twist by 0(l — 1), we have the following: 

TieS(fe) a=l 

Proof We have used the following correspondence for the canonical polarization of 0{n — 1): 

• (V^A)'-i • {^/^)-'■+^ = i^y-' ■ {V^Xy-\ (72) 



I 



Then we obtain the following formula: 
^_s[u, ■ 4^) . i-V^NT ■ N'^ ■ ft'\ a{v, ■ 4^) . {V^Ny ■ ff^)) 



= J2 {V^\y-'-'^-V^''-s{l[i^V^Na)-u.,aiv,))-tl,'''\ (73) 

neS(k) 



Hence we obtain the following. 

Lemma 3.101 We put Y :— Ci_® 0{l — 1). Then the TZ-triple (Yq, ^o, C) is pure twistor of weight k. Here C 
is given by the following: 



neSik) a=l 

Proof We have only to apply Lemma [3.991 

4 Preliminary for filtrations 

4.1 Filtrations and decompositions on a vector space 
4.1.1 Filtration 

Let k he a field. Let F be a finite dimensional vector space over k. 
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Definition 4.1 An increasing filtration F of V indexed by R is defined to be a family of subspaces {i^,, C 
y 1 77 e Rj satisfying the conditions F^i C F^y [rj < rj') and F^i = V for any sufficiently large 77. In this paper, 
we mainly use the increasing filtration. So 'filtration' will mean 'increasing filtration' if we do not mention. I 



When we consider a tuple of filtrations, we often use the notation F — (fF | i G /). We also use the notation 
Ir^ to denol 
Let F ( 
put as follows 



Gr^ to denote the associated graded vector space Gr ^ . 

Let ('F I i € /) be a tuple of filtrations indexed by R. For any subset J d I and for any t] e .R'^, we 



'Fr,^f]'F,^. 

Definition 4.2 F := {^F\ i £ be a tuple of filtrations indexed by R. It is called compatible, if we have a 
decomposition ofV — ©^g^i Urj satisfying the following: 

'Pp= Ur,. (74) 

If F is compatible, a decomposition of V satisfying 174|) is called a splitting of F. I 
Recall that F ~ (*F | i G /) is called sequentially compatible if the following is satisfied: 

• We have the induced filtrations ^F^^'^ (i — 2, ... ,1) on ^ Gv^ . Then are sequentially compatible. 

• The following map is surjective: 



Lemma 4.1 Compatibility and sequential compatibility are equivalent. 

Proof We saw that sequential compatibility implies compatibility in our previous paper PH|. It is easy to see 
that compatibility implies sequential compatibility. I 

Notation Let F = (*F | i G /) be a tuple of filtrations. For any subset J C I and rj G R'^ , we put as follows: 



Lemma 4.2 Let F — {^F | i G /) be a tuple of filtrations on V. Then we have the following inequality: 

^dim^Gr^ > dimK 
■n 

If the equality holds, then the filtrations ^F {i = 1, . . . ,1) are compatible. 

Proof We have the surjection tt^ : ^ Fr, — > ^ Gr^. We pick subspace C/,, C ^ Fr, such that the restriction of tTj, 
to Ur, gives the isomorphism of C/^ and ^ Gr^. Then we have the naturally defined surjection / : Urj — > V . 
It implies the inequality. If the equality holds, then / is isomorphic, and thus the decomposition V ~ Ur^ 
gives a splitting of the filtrations. I 

4.1.2 Decomposition 

Let fc be a field. Let y be a finite dimensional vector space over k. 

Definition 4.3 A decomposition EofV indexed by a set S is defined to be a family of subspaces C | a G 
S"} such that V = ©Qg^Ea- I 
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When we consider a tuple of decompositions, we often use the notation E = ('E \i G /) . For any subset 
J C I and for any a E C"^ , we put as follows: 

■^E„ := f|-'E„,. 

Definition 4.4 Let E = (*E | i G /) be a tuple of decompositions indexed by a set S . It is called compatible, if 
the following holds: 

F = ^E„. 

I 

4.1.3 Filtrations and decompositions 

Let y be a vector space over k. 

Definition 4.5 Let E = ('E | i e /) be a tuple of decompositions of V. Let F — (^F | j e j) be a tuple of 
filtrations of F . Then the tuple {E,F) is called compatible, if the following holds: 

• The tuple E of decompositions is compatible. 

• The tuple F of the filtrations is compatible, in the sense of Definition \A.'2[ 

• We have ^F = 0('Ffc n ^E„) . I 

Let Jl be a subset of J and r] be an element of R'^ . The filtrations *F (i ^ Ji) induce the filtration on 
■^Gr^. We denote the induced filtration by ^F^^. Similarly, we use the notation •^^^Ji g^j^^j ^E'^^. We use the 
notation F'^^ and E^^^ to denote the induced tuples (y> F''^ | j G J - Ji) and (^E-^i \ i £ l). 

4.2 Filtrations and decompositions on a vector bundle 
4.2.1 Filtrations on a vector bundle 

Let X be a complex manifold or scheme equipped with an action of a finite group G. Let 1^ be a G-equivariant 
vector bundle. 

Definition 4.6 

• A G-filtration F of V indexed by R in the category of G-equivariant vector bundles is defined to be a 
family of G-equivariant subbundles j^F"^ C | G ii} satisfying the conditions F,f C Fj^i {rj < if) and 
Fr-i — V for any sufficiently large rj. 

• A G- decomposition K of V indexed by C in the category of G-equivariant vector bundles is defined to be 
a family of G-equivariant subbundles {Eq, | a £ C} such that V — ^^gf^E^. I 

We often omit to denote "G-" , if there are any confusion. 

Let F = i^F I « G /) be a tuple of G-filtrations of V . Let P be a point of X. Then we obtain the tuple of 
filtrations ('-fipj i G /) of the vector space V\p. We denote the tuple by F\p. Similarly, we use the notation 
£^|P to denote the restriction of E to the fibers V\p. 

Definition 4.7 Let E — {*E | z G /} be a tuple of G-decompositions of V . Let F = {■'F | j G J} be a tuple of 
G-filtrations of V . The tuple [E, F) is called compatible, if the following holds: 

• For any point P G X, the tuple (E^p, F^p) is compatible in the sense of DeRnition \A.^ 
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• Let Jl and Ji be subsets of I and J respectively. Let a and r) be elements of R'^^ and C^^ . Then 
I I P n Eq, I p P G X I forms a vector bundle over X . I 

The second condition can be reworded as follows: 
Lemma 4.3 We put as follows: 

d{a,T],P) :=dim(^^ip^|pn^iE„|py 

Then ^'^^Fr]\P H ^^Eq;|P P G X^ forms a vector bundle over X, if and only if the numbers d{a.,ri,P) are 
independent of a choice of P E X . I 

Remark 4.1 We put as follows: 



d(a,T7,P) i^diml^-^Gr^ip 



nX|p 



Lf the tuple {E^p, F^p) is compatible, the family of the numbers {d{a.,ri, P)\aeC^,'ne R'} can be recon- 
structed from the family of the numbers {d{a,ri, P) | a G , f] G R"^}. Hence if {E,F) is compatible, we 



■' Gr^ n^E^ 

Such an argument will be used in many times without mention. I 



obtain the vector bundle Gr^ H E„ on X 



Let E = (*E I i G /) be a tuple of G-decompositions of V, and let F = F | j G J) be a tuple of G-filtrations 
of V. For any subset Ii C /, we denote the tuple ('E | i G /i) by qi^{E). We also use the notation qj^{F) for 
any subset Ji C J. 

Lemma 4.4 Let E, F be as above. Assume that {E,F) is compatible. Then (qi-^{E), qj-^{F)) is compatible for 
any subsets Ii C I and Ji (Z J. I 

Definition 4.8 Let E — (*E | i G /) be a tuple of G-decompositions of V, and let F — F | G J) be a tuple 
of G-filtrations of V . Assume that (E,F) is compatible. A decomposition V = ®(a a)eJt'xc^ f^(a,a) ^•s called 
a splitting of {E, F), if the following holds for any (a, a) G i?"' x : 

b<a 



4.2.2 Compatible tuple (£;, F, VT) 

Let F be a G-equivariant vector bundle over X. Let E = (*E | s G S*) be a compatible tuple of G-decompositions 
of V . Let F = (*F 1 1 G i) be a compatible tuple of G-filtrations of V . Let m be an integer such that 1 < m < L 
For any element (a, ry) G x we have the G- vector bundle — Gr^ R-^E^. 

Let li be an integer such that 1 < < Z. Let us consider a tuple W — {W{jri) | m G /i) such that each W{jri) 
is a G- filtration of — Gr^ indexed by Z which is compatible with the tuple {E—,F—). (See the subsubsection 
14.1.31 for E— and F—). In that case, the filtrations W{i) {i < m) induce the filtrations on — Gr^ for any 
ry G R"\ We denote the induced fihrations by W^{i). We denote the tuple {W^{i) | i < m) by W—. 

Definition 4.9 Let V, E, F, h and W be as above. The tuple {E, F, W) is called compatible if{E—, F—, W—) 
is compatible for any m < I, in the sense of Definition \4:. 7i I 

Let J be a subset of L Let to( J) denote the number determined by the conditions m{J) C J D h and 
m{J) + 1 ^ J n Zi. We put qj{W) := {W{i) \ i = 1, . . . , m[J)Y Then the following lemma is easy to see. 

Lemma 4.5 Let S' and J be subsets of S and L. Then we obtain the tuple {qs'{E),qj{F),qj{W)^. It is 
compatible. I 
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4.2.3 Splitting of {E, F, W) 

Let /' be any integer such that 1 < I' < I, and we put l[ := min{rJi}. We have the projection i?' — > B} , 
taking the first /'-components. Then we obtain the projection tti : x J?' x ll^ — > x B} . We also have 
the projection TTg : x x Z'l — > C'^ x . 

On the other hand, we have the projection ll^ — > Z'l, taking the first Z'j^-componcnts. Then we obtain the 
projection 7r2 : x R'' x l}^ — > x R' x Z'l . Note we have tti = tts o 772. 

Let us consider a G-equi variant decomposition of V: 

V= C/„. (75) 
For elements R^ and Ui S x i?' x Z'l , we put as follows: 



7ri(u)— u 7r2(it)— 1*1 



Then we have the following: 

•n'3("l)=i' 

Definition 4.10 Assume that {E, F, W) is compatible. The decomposition (|75|l is called a splitting of {E, F , W), 
if the following holds: 

1. The decomposition V — ©^gc-^xJt'' ^ C^, is a splitting of the tuple (E,qi'{F)) for any I', in the sense of 
Detinition W^ 

2. For any element v = {a, a) G x i?' , we obtain the following decomposition via the isomorphism 
- Gr^ rr^Eit ~ ' given by the previous condition: 

^'Gr^n^Ei^ (76) 

Then the decomposition (|76|) is a splitting of the tuple {F- , W- ) in the sense of DeRnition \4:.ii\ 
We also say that ([/„ lueC'^ X R^ X IIA is a splitting. I 

Let {E, F, W) be a compatible tuple, and let {Uu\u € x R'' x l}^) be a splitting of [E, F, W). Let S' 
and J be subsets of S and / respectively. We have the naturally defined projection: 

qs',j : X J?' X Z'l — > C^' X R' x Z™^'^^ 

Then we put as follows, for any element Ui e x R'' x Z'"^-'': 

■■= u^- 

The following lemma is easy to see. 

Lemma 4.6 The decomposition {U^^ \ Ui e C'^' x R^ x Z"^'^)) gives a splitting of the compatible tuple 
{qs{E),qj{F),qj{W)). ' I 
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4.3 Compatibility of the filtrations and nilpotent maps 
4.3.1 A lemma 

Let y be a vector space over k. 

Lemma 4.7 Let F be a filtration on V , and N be a nilpotent map on V preserving the filtration F. On the 
associated graded vector space Gt^{V), we have the induced filtration W^{N) and the induced nilpotent map 
N''. Assume W{N'') = W^{N). 

Then the induced filtration F^^^^ and the primitive decomposition of Gr'^'-^' are compatible. 

Proof Let us consider the induced isomorphism: 

It preserves the filtration F^-^^ . First of all, we would like to show that the morphism H77|l is strict with respect 
to the filtration F'^^\ 

Since the isomorphism H77|) preserves the filtration, the equality dimFi^-* n GrJ^^^-* = dimFi^-* n Gr^^*-^'' 
implies the strictness of (|77f) . So we have only to show the equality. For that purpose, we have only to show 
the following equality for any a and any h: 

dimGrf'^'(GrrW) =dimGrf<^'(Gr!;f )). (78) 
Note we have the following equalities for any a and h: 

dimGrf'^'(Grr(-)) .dimGrf'^^-'lGrf) .dimGrr^^^HGrf). (79) 
By definition of the weight filtrations, we have the following equality: 

dimGrr(^")(Grf ) ^ dim Gr^l^^'^ (Grf ) . (80) 

From (|79|l and H8U|) . we obtain the equality H78I) . Thus we obtain the strictness of the morphism of (|77|l . 
Recall that the primitive part is given as follows: 

P, Gr^^^^ = KerliV^+i : Gr^^^^ ^ Gr^^^), 
We put Ph Gr^^2a — ^"'Ph GrJ^'-^'' for any < a < 2h, and then we have the decomposition. 



^^h -Kj)P\h\+2aGrf^ 
.(1) „ r,^lV(Ar) 



Let X be an element of F^^ n Gr^ . We have the primitive decomposition x — ^Xa, where Xa G 

P\h\+2a GrJ^*-^'. We would hke to show each element Xa is contained in fI^'^\ 

Since the isomorphism (|77() is strict, we have only to consider the case ft, > 0. We assume that {a | ^ F^^^^, 

and we will derive the contradiction. We put oq '■— maxja | Xa may assume that x — X/a<ao 

Then we have the following: 



Due to the strictness of there exists the element y e Fj;^^ n Gr^^^J^ such that N^+'^°-°y = N''+'">Xa„. Due 
to the property of the primitive decomposition, we have the equality N'^°y = Xa„ G fI^^\ which contradicts 
Xa„ ^ fI^\ Thus we are done. I 



94 



4.3.2 Sequential compatibility 

Definition 4.11 Let V be a finite dimensional vector space. Let Afi, . . . ,Mm, be commuting tuple of nilpotent 
maps of V . Let ^F^ . . . be filtrations on V . {JVi, . . . ,Afm', ^F, ■ ■ ■ ^''P) is called sequentially compatible, if the 
following conditions hold: 

L J\fj preserves the filtration ^ F . 

2. We put We denote the weight filtration of by W{j). Then the filtrations 
{W{1), W{2), . . . , W{rn), ^F, . . . , 'F) are compatible, in the sense of Definition \4,.2\ 

3. On the associated graded vector spaces ^ Gr^ (a G R^), we have the induced filtrations ^W{i) and the 
induced nilpotent maps Then we have W^(W(j)) ^ ^W{j). 

4- On the associated graded vector spaces ^ Gr^ (a G R^), the tuple of nilpotent maps ^ Mi, . . . ,^ Mm afe 
sequentially compatible (see Definition 2.7 in |38| ). I 

Lemma 4.8 Assume a tuple S — {Mi, . . . ,Mm, ^F, ■ ■ ■ , ''F) is sequentially compatible. 

(A) The induced tuple S{I) := (^Mi, . . . , ^Mm, ^F {i G /'^)) on ^ Gr^ is sequentially compatible. 

(B) The induced tuple S^^^ := {M^^\ . . . ,MI,^\'F {i G /)) on Gr^'--* is sequentially compatible. Moreover, it 
is compatible with the primitive decomposition of Gr'^*---* . 

Proof First we see the claim (A). The conditions El and 01 in Definition 14. 1 II are clear. The condition [21 and 
13 for S implies the condition [3 for S{I). 

Let us show the claim (B). The condition ^ is clear. Note that we have W{M''^^ {j))h — M^'^-* (j)'i+a 
QpM'(i) condition 21 for S. Then the condition (21 for 5'^' follows from the same condition for S. We 

have the following on Grf "(i) ' Gr^ ~ ' Gr^'" Gr^(i): 

'wiii'l^wi'M^'Hi)),- 

Thus the conditions and 01 for 5'^' follows from the conditions and 01 for S. 

The compatibility with the primitive decomposition follows from Lemma 14.71 I 

Corollary 4.1 Assume that a tuple {Mi, . . . ,Mm, ^F, . . . , ''F) is sequentially compatible. Then the induced tuple 
{M2^\ ■ . . ,Mm \ ^F^^\ . . . , on the primitive part PGr^*---* is sequentially compatible. 

Proof It follows from the claim {B) in Lemma [4.81 I 

Definition 4.12 Let X be a complex manifold or scheme. Let V be a vector bundle over X. Let Mi, . . . ,Mm 
be nilpotent maps on V . Let ^F, . . . ,^F be filtrations of V in the category of vector bundles. 

A tuple {Ml, . ■ . ,Mm, ^F, . . . , 'P) is called sequentially compatible, if the following conditions hold: 

1. For any point P G X , the tuple {Mi \ p, . . ■ ,Mm \ p, |p, • ■ ■ , '^|p) *s sequentially compatible, in the sense 
of Definition \4:.lll 

2. The family Ipljli ^{j)hj \ P H 0^=1 Fa^ \ p -P G x| forms a vector bundle over X for each {h, a). I 

4.3.3 Compatibility of the nilpotent maps defined on the associated graded bundles 

Let F be a vector bundle over X. Let E = (^E | s G S") be a compatible tuple of the decompositions. Let 
F — I i G be a compatible tuple of the filtrations. Let us consider a tuple of nilpotent maps N — {Ni), 
where Ni are defined on ^Gi^{V). In that case, we have the induced nilpotent maps Nf-^ on — Gr^ for any 
« < m. We denote the tuple (iVf, . . . , N^) by N^. 
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Definition 4.13 The tuple {E,F,N) is called sequentially compatible, if the following holds: 

• Ni preserves the decomposition E-. 

• The tuple {N—,F—) on — Gr^ is sequentially compatible for any m <l, in the sense of Definition \A.\'A 
(See the suhsubsection \4:.\^ for F—.) I 

When we are given a compatible tuple {E, F, N), we obtain the weight filtration W{m) on — Gr^, and thus 
the tuple W = (W{m) | m g /). Hence we obtain the induced tuple {E, F, W) as in the subsubsection 

Lemma 4.9 If{E,F,N) is compatible in the sense of Definition then the induced tuple (E, F,W) is 

compatible in the sense of Definitions^ 

Proof It immediately follows from the definition. I 

Definition 4.14 A splitting of a sequentially compatible tuple {E,F,N) is defined to be a splitting of the 
induced tuple {E, F,W), in the sense of Definition \A.iUi I 

4.3.4 Strongly sequential compatibility of nilpotent maps 

Let F be a vector bundle on X. Let E = ("E | s e S*) be a compatible tuple of G-decompositions. Let 
TV — (iVi \ i ~ 1, . . . ,l) be a tuple of nilpotent maps of V. 

Definition 4.15 The tuple {E,N) is called strongly sequentially compatible, if the following holds: 

• Each nilpotent map Ni preserves the decompositions 

• The tuple of nilpotent maps N is strongly sequentially compatible (see Definition 2.9 in j38| ). I 

Definition 4.16 Let {E,N) be a strongly sequentially compatible tuple. A splitting of{E,N) is defined to be 
decompositions 

V= ^ Ua,h, Ua,h = ^ P\qi{h)\+2aUa,h- 

They are assumed to satisfy the following conditions: 

• AA(l)(P,,[/„,h) =PhUc.,h-2S- 

• A/'d)'' : PhUa,h > PhUa,h-2hS is isomorphic if qi{h) ^ h>0. 

Here we put S := {1,. . .,1) e Z"\ I 

For any subset S' C S, the tuple ("E | s G S") is denoted by qs' [E). For any integer m' such that 1 < m' < m, 
the tuple {Ni | i = 1, . . . , to') is denoted by ^^.'(TV). 
The following lemma is easy to see. 

Lemma 4.10 

• For any subset S' CZ S and for any integer m' such that 1 < m' < m, the induced tuple {qgi{E), q„ir{N)^ 
is compatible. 

• Assume {UoL.h,PhUa,h\oL € , h G Z™) is a splitting of {E,N). For any elements (3 S and 
k G Z™ , we put as follows: 

U'p.k---^ K,h, PhUp,k:^ PkU^,h. 

q^f (h)—k q^^i {h) — h 

Then {U'pk,PhU'p f,) is a splitting. I 

Remark 4.2 We can consider the strongly sequential compatibility of the tuple (^E, F, W) . However it is rather 
complicated, and it is useless for our purpose. So we do not omit it. I 
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4.4 Extension of splittings 

4.4.1 A lift of a splitting of a compatible filtrations 

We put X :— A", Di := {zi = 0} and D :— [J^^^ Di for some p < n. Let c be an element of Z™q, and p be a 
/Ltc-action on X. Let V he a, /ic-bundle, and let F := | i e /) be a compatible tuple of equivariant filtrations 
of 

Lemma 4.11 Assume that we have an equivariant splitting (U^ | r) G J2^) of F^d, i.e., we have a decomposition 
of ^\D follows: 

Then there exists an equivariant splitting {11^ | r] G i?^) of F on a neighbourhood of O such that U^^d = . 

Proof We have the equivariant surjection — > ^ Gr^ over X. On the divisor D, we have the subbundle 
C ^ I D is given. Then we may extend it to the subbimdle Urj C ^-Fi, on a neighbourhood of O, by using 
Lemma 12.71 I 

4.4.2 A lift of equivariant splitting 

We put X = A", Di :— {zi = 0} and D = [J^^i Di. We take a /ic-action on X. Let F be a /ic-equivariant 
bundle over X. Let F = {^F \ i & [) be a compatible tuple of equivariant filtrations of a vector bundle V. 

We have the vector bundle ' Gr^, and we have the tuple of the induced filtrations F^^-* :— (' Grf n'F'^^^ | i — 
1, . . . ,1 — l) on ' Grf for any a e R. 

We have the natural isomorphism i?' ~ R}^^ x R. We use the notation {rj, a) to denote an element of R\ 
where rj and a denote elements of and R respectively. 

Let I iv^o,) G -R') be a splitting of the restriction F^d. For any a e R, let {U^^\^ | G R^^^) be a 

splitting of the filtration F^^^ of ' Grf . 

We have the naturally defined surjection: 

We assume ^a|D(C/(^,,)) = C/f^J,)- 

Lemma 4.12 We have a splitting (U(ri.a) \ V G R''~^) of F satisfying the following: 

U(n.a) I D = C/(^,a), -^aiUi^ri.a)) = U^l,]a)- 

Such a splitting {U(r].a) \ V G R''^^) is called a lift of {u'^ ^-^ | (ry, a) G ii') extending {Uj^ ^■^\ri £ R^~^^ . 
Proof We have only to take an equivariant lift of u'"^^-^ extending Uj^ by applying Lemma [2. 71 I 

4.4.3 Extension of a splitting of compatible tuple {E, F, W) 

We put X = A", Di := {z; = 0} and D = [J^^i Di for some p < n. We take a /ic-action on X. Let V be an 
equivariant holomorphic bundle on X. Let {E, F, W) be a compatible tuple as in Definition 14.91 Assume that 
we are given a splitting (C/^ \ u e x R'- x l}^) of the restriction {E,F,W)\d (see Definition I4.10() . We 
would like to extend it to a splitting of F, on a neighbourhood of O. 

Let I' be integer such that 1 < < ^i. We have the projection i?' — > i?' , taking the first /'-components. 
Then we obtain the projections ttij- : x R^ x I}^ — > x R^ and vrs,;/ : C'^ x R^ x l)' — > x fi''. 
We have the projection l)^ — > l) , taking the first /'-components. Then we obtain the projection 1:2.1' ■ 
X R' X Z'l — > X J?' X Z''. 
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For any element u G C x R x Z'^, we put 7ri,;/(tt) = (a, a), and wc put as follows: 
For an element v G C x 71 x Z , we put as follows: 

Then we have the decomposition 

(i'Grfn^E„)|^= ^'Bf. (81) 
Then the decomposition H81|) gives a splitting of {F- , W- )\o, by definition. 

Lemma 4.13 Let I' be any integer such that < I' < h, and let u he any element of C'^ x Ri x IIk We can 
take subbundles - U!^ of - Gr^^ ^, ^^-^ satisfying the following: 

1. We have the following decomposition, for any element {a, a) G x i?' ; 

^E„i'Grf= i'c/;. 

2. For any element i?' X Z' , we put as follows: 

i-B'^:^ ^'[/;. (82) 

Due to the first condition, we have the decomposition "^Eq,- Gr^ = ^, (v)=(a a) ~ ^'v o.'^^D a G i?' . 
Then the decomposition gives a splitting of {F- ,W-). 

3. We have - Uu\d ~ - . In particular, we have - B^^d ~ - . 

Proof Wc can restrict our attention to each component '^Eq, {a G C^). Thus we may assume that \S\ — 1. 
In the following, we omit to denote '^Eq,. We use a descending induction on I' . 

1. First we construct such decomposition in the case I' = li. We have the following decomposition, for any 
a G -R'l; 

^Gr^i^^ ^-^US. (83) 

7ri,( J (u)=a 

Then it is a splitting of the compatible tuple {F—,W—)\i:i. By using Lemma [4.111 we can obtain a splitting 
I u G i?' X Z'l, 7ri^;j(M) = a) extending the splitting {^-HJ^ \ u e x l}^ tti^i^{u) = a). Thus the claim 
has been shown in the case I' — li. 

2. We assume that we have already obtained the vector subbundles !—^U^, and we will construct - JJ^- 

We have the projection Z' """^ — > l) by taking the first T-components. We denote the induced projection 
ii' X Z''+^ — > i?' X 1}' by 7r4 p. Similarly the projection Ft — > Ft +^ induces the morphism tts [i : R' x lI' — > 

We take (t; g fi' x Z''+1) as in (|82|l . Then we put as follows, for any element v € R} xl} : 
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Then we have the decomposition, for any (a, 6) e i? = R x R: 

T^5.l'M = i'>--b) 

Recall that | Tr2.i'+iiv) — (a, 6)) gives the splitting of the following tuple of the filtrations on-^-±iGr^ f^y. 

(Fl^, W^) = . . . , 'F'-^ ; W^^(l), . . . , W'-^jl' + D) . 

Hence the decomposition (i-tls^' 1 7r5,('+i(?;) = (a, 6)) gives the splitting of the following compatible tuple of 
the filtrations on L+1 Gr^^ f,) : 

^r+2_pr+i ^ ^ ipi:+i . vFi:±i (1), . . . , w'^il)) . 

We have the compatible tuple of filtrations {F- , W- ) on - Gr^. We have the isomorphism ' +^ Gr?,- Gr^ ~ 

Then we can take a lift i^-B'^ \ v e R^ x fi'i) of if^B'^ 1 1> e x fi'i) extending (^Sf | v e i?' x , 
by applying Lemma 14.121 

Then we have the naturally defined isomorphism —B'^ — > ll+lB'^ for any v e Fi} xll' . For any u ^ R} xl}^ 
such that 7r2.i'(M) = we can lift - U'^ of -^-tiC/^j extending - , by applying Lemma [2. 71 Thus the induction 
can proceed. I 

Corollary 4.2 Assume that we are given a splitting (U^ | u S x i?' x Z'^) o/ i/ie restriction (E, F, W)i£). 
Then we have a splitting {Uu |m e X X Z'l) of {E,F,W) defined around the origin O, such that 
Uu\D = U^ . 

Proof We have only to put Uu '■= -Uu- I 

4.4.4 Extension of splitting of sequentially compatible tuple {E, F, N) 

We put X = A", Di := {zi = 0} and D = Uf=i foi' some p < n. We take a /Xc-action on X. Let be an 
equivariant holomorphic bundle on X. Let {E, F, TV) be a sequentially compatible tuple as in Definition 14. 131 

Lemma 4.14 Assume that we are given a splitting {Uu \ u G x R^ x ll^) of the restriction {E, F, N)^]:). 
Then we have a splitting (Uu \ u G x i?' x Z'^) of (E, F, N), such that Uu\d — . 

Proof It immediately follows from Definition 14 . 1 41 and Gorollarv l4.2l I 

4.4.5 Extension of splitting of strongly sequentially compatible tuple {E, N) 

We put X — A", Di {zi = 0} and D = IJiLi Di for some p < n. We take a /ic-action on X. Let V be an 
equivariant holomorphic bundle on X . Let (E, N) be a strongly sequentially compatible tuple as in Definition 

Lemma 4.15 Assume that we are given a splitting {Uu , PhUu \ u G x Z'i,/i G Z>o) of the restriction 
(E,N)iD- Then we have a splitting {Uu, PhUu | u G C"^ x Z'l , /i G Z> q) of{E,N) such that Uu\d "^U^ and 

PhUu\D — PhUu ■ 

Proof We have only to consider each component '^Eq,. Thus we may assume jS*! = 1. In the following, we 
omit to denote a. 

We put F^i) := PhGr^^^^'\v). We have the surjection tth : Ker(TV^+^) — > P,, Gt^^^^'\v). The image of 
PhU^ via the restriction of the morphism 'Kh\D is denoted by PuU'fp . 

We obtain the induced sequentially compatible tuple TV*-^-* :— {N^\ . . . jiv/^^-*) on V^^\ and we obtain the 
splitting {PhU'f^^ I h G l}^,qi{h) = h) . We can extend it to a splitting {PhU'f^ \ h G l}^,qi{h) — h) by using 
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Lemma f4. Ill We can take an equi variant lift PiJJh of PhU'f^ extending PhU^ ■ We have only to put as follows, 
for any a E Z> o and for any h <E Z'^ : 



P\qi(h)\+2aUh - 



Uh+2as), iqi{h)>0), 
K+^'''^''^^{P,,(h)+2aUH+2as), {qiih)<0). 

Then {PhUh \ heZ>o, he Z'l) gives a desired decomposition. I 

4.5 Compatibility of the filtrations and nilpotent maps on the divisors 

4.5.1 Compatibility of filtrations and decompositions 

We put X = A" and D = Di. We take a /ic-action on X. Let V be an equivariant vector bundle over X. 
Let E — (*E, \ i ~ 1, . . . ,l) be a tuple of equivariant decompositions of V\Oi- Let F = {^F \ i = 1, . . . ,l) be 
a tuple of equivariant filtrations of V\d. . 

Let / be a subset of L Then we obtain the tuple ^ E := ('E | z e /) of the equivariant decompositions of V|d^ 
and the tuple ^F := {^F | i G /) of the equivariant filtrations of V^Dj . 

Definition 4.17 The tuple {E,F) is called compatible if {^E,^F) are compatible for any I C I, in the sense 
of Definition \A.'/l I 

Let E — (*E I j G ^) and F = (j'F \ i E [) be as above. Assume that {E, F) is compatible. Let us consider 
splittings = {^U-u. \ u e x R^) for any subset / C / of {'E, ^F), (Definition ETJ. 
For any subset / C /', let qi denote the projection x — > x R^ . 

Definition 4.18 A tuple of splittings {^U\l C /) is called a splitting of the tuple {^E,F), if ^Uu\Dj, = 

4.5.2 Compatibility of {E, F, W) 

We put X = A", A = {zr = 0} and D = ULi A for some I < n. Let £; = (*E | i e I) be a tuple of 
decompositions of V^d. (« G 1). Let = ('F | z G i) be a tuple of filtrations of V^d. [i G I). We assume that 
{E, F) is compatible. 

Let us consider a tuple W = {W{i) \ i G h), where W{i) are filtrations of the vector bundle - Gt^{V) on 
A. We have the induced filtrations W'^{i) of Gr^{V) on Dj for any subset J such that id J. 

For any subset J C we have the number m{J) determined by the condition m{J) C J and m{J) + 1 ^ J. 
We denote the tuple [W-^i) \ i G m{J)) by -^W. Then we obtain the tuple {-'E, ''F, -'W). 

Definition 4.19 The tuple {E,F,W) is called compatible, if the induced tuples E^'' F ,''W) on Dj are 
compatible for any subset J C I, in the sense of Definition \4:.9[ I 

Let us consider splittings -^U = {^U^ | it G C"^ x R' x Z™('^)) of the tuple {■^ E,-^ F,-^W) , in the sense 
of Definition 14.101 For any pair of subsets / C /' of I, let qj denote the projection x R^ x Z™*^^ ^ — > 
C' y. R' y. Z^^-f) . 

Definition 4.20 A tuple of splittings U = {''U\ J C l) is called a splitting of {E^F^W), if ^U^j^^jj^, = 
®qi(u')=u ^'Uu' hold for any subset I C I' and for any u e x R^ x Z™(-^). I 

Proposition 4.1 Let {E,F,W) be as above, and we assume that it is compatible. Then there exists a splitting 
of {E, F,W), in the sense of Definition \A.2[)\ 
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Proof On Dj^, we have only to take a splitting -U of the compatible tuple {-E,-F,-W). 

We construct the splittings descending inductively on |/|. We assume that we have the splittings ^ U 
for any /' D I. Then we will construct the splitting 'U. 

We put dDj := U/o/^^'- From the given splittings ^ U {!' ^ I), we obtain the splitting ^U^^' of the 
restriction E,^ F,^W)^qjjj. Then we can extend ^U^^' to ^U, due to Lemma 14.131 Thus the inductive 
construction can proceed, and hence we are done. I 

Corollary 4.3 Let {E,F) be a compatible tuple as in Definition \A.n[ Then we have a splitting of(E,F) in 
the sense of Definition 14.181 

Proof We have only to consider Proposition 14. II in the case where the filtrations W{rn) are trivial. I 
4.5.3 Sequential compatibility 

We put X ^ A'\ Di = {z, = 0} and D = ULi A for some I < n. Let £; = (*E | i G t) be a tuple of 
decompositions of V\Di (*£!)■ Let F = {^F\i G |) be a tuple of filtrations of V|£). (z G V). We assume that 
F) is compatible. 

Let us consider a tuple AT = [Ni \ i G ^i), where Ni are nilpotent maps of the vector bundle -Gr^(F) on 
Di. We have the induced filtrations N'l of Gr^(y) on Dj for any subset J such that i<Z J. 

For any subset J G I, we have the number m{J) determined by the condition m{J) C J and m{J) + 1 ^ J. 
We denote the tuple (Ni \ i G m( J)) by -^N. Then we obtain the tuple {■^E, -^F, -^N). 

Definition 4.21 The tuple {E,F,N) is called sequentially compatible, if the induced tuples (^'^ E,'^ F,'^ are 
sequentially compatible for any subset J CZ [, in the sense of Definition \4:.l^ I 

The nilpotent endomorphism N{i) induces the filtration W{i) of the vector bundle - Gr^ (V) over Di. Thus 
we obtain the tuple W — {W{i) | z G ^i). 

Lemma 4.16 The tuple (E, F,W) is compatible, in the sense of Definition \'i.l^ 

Proof It immediately follows from the definition of compatibility. I 

Let us consider splittings ''U = {-^11^ \ u e C'' x x Z™("')) of the tuple (■^E,-^F/N), in the sense 
of Definition 14.141 For any pair of subsets / C /' of I, let qi denote the projection x x Z'"^^') — > 
& xR^ X Z™^'^). 

Definition 4.22 A tuple of splittings U = (''t7 | J C f) is called a splitting of {E,F,N), if ^U^^d^, = 
®q,{u')=u ^'Uu' hold for any subset I C I' and for any u e C' x x Z™(-^\ I 

Proposition 4.2 Let (E,F,N) be sequentially compatible in the sense of Definition \4:/2Tl and we assume that 
it is compatible. Then there exists a splitting of{E,F,N), in the sense of Deflnition \A.'2^ 

Proof It immediately follows from Lemma imi and Proposition O I 

Corollary 4.4 Assume that {E, F, N) is sequentially compatible. Then there exists a frame v compatible with 
the decompositions *E, the filtrations 'F on Di, and the filtrations W{m) on Dm- 

Proof We have a splitting of {E, ^F,Afi), due to Proposition l4.2l Then we have only to take a frame compatible 
with splittings fLemma l2.9(l . I 

For any frame v compatible with (E, F, TV), we have the decomposition v = [J Va,a.h- 

deg^-^iv,) = (a, a), deg'^'^^^v,) = 



Let us consider the special case Ni =0 {i = 1, . . . , Z). Then we obtain the following corollary. 

Corollary 4.5 Let {E, F) be a compatible tuple, in the sense of Definition \A.\T\ Then there exists an equivariant 
frame v compatible with the decompositions *E and the filtrations ^F. I 
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4.5.4 Strongly sequential compatibility 

We put X = A", A = {z., = 0} and D = ULi A for some I < n. Let £; = (*E | i G I) be a tuple of 
decompositions of V|£). (i G /). Let AT = (^Ni \ i € l) be a tuple of nilpotent maps of V\]j^ (i & f)- 

Let / be a subset of /. Then we obtain the tuple ^ E oi the decompositions of V^d^ . We also obtain the tuple 
^ N := (A^j I I « G -f) of nilpotent maps of V^u^ . 

Definition 4.23 The tuple {E,N) is called strongly sequentially compatible if {^E,^N^ are strongly sequen- 
tially compatible for any subset I C [, in the sense of DeRnition \A.lb\ I 

Let E and TV be as above. We assume that they are strongly sequentially compatible. Let us consider 
splittings of E, ^ N), in the sense of Definition 14.161 For any subset / C /', let qi denote the projection 
C'' X Z^' — >C^ X Z^. 

Definition 4.24 A tuple of splittings (JU\l C t) 'is called a splitting of the tuple {E,N), if ^Uu\Dj, = 
f"'' anylCl'. I 

Proposition 4.3 Let (E, N) be as above, and we assume that it is compatible. Then there exists a splitting of 
{E,N). 

Proof It can be shown by an argument similar to the proof of Proposition l4.1l I 

Let (E, N) be strongly sequentially compatible tuple. From the nilpotent maps N{rn) — Y^^i -^i of ^_d„j 
we have the weight filtrations W{rn) of Vj^)^ . We denote the tuple by W. 

Corollary 4.6 We can take a frame v compatible with (E, W). 

Proof Similar to Corollary 14. 41 I 

We have the decomposition v = [J^^^ h)ec'xz' '^{a,h)- 
Corollary 4.7 We can take a compatible frame v satisfying the following: 

• We have the decomposition Vi^^j^-) = lJa>o -^''^(a.,'i.),'i(<i); where we put h{a) — \qi{h)\ + 2a. 

• PV(^cL.h}.h consists of sections V(^a,.h}.hi i = Ij • • • i d{a, h, /i)), and the following holds: 

V{a,h-2S)ji,i, {-h + 2 < qiih) < h), 



Such V is called strongly compatible with {E,N). 



(otherwise). 



5 Some lemmas for generically splitted case 

5.1 Filtrations 

5.1.1 One nilpotent map 

Let i? be a discrete valuation ring, K be the quotient field, and k be the residue field. Let F be a free i?-module 
of finite rank. Assume that we are given the following data, in this subsubsection. 

Condition 5.1 

1. Let {i — 1, . . . ,1) be compatible filtrations of V in the category of R-free modules. We denote the tuple 
of the filtrations {^F\i & I) by F. 
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2. We have the decomposition V\k — ®a ^o-' ^hich gives a splitting of F^j^. 

3. Let N he a nilpotent endomorphism ofV preserving F. 
4- The restriction preserves Ub for any b. 

5. The endomorphism N induces the nilpotent endomorphism -N^ of -Gt^{V). Then the conjugacy classes 
of-N^^^ {x = k,K) are same. I 

Lemma 5.1 Let m be an integer such that I < m < I. 

• The conjugacy classes of — on — Gr^ are constant, i.e., the conjugacy classes of — N^^ {x = k,K) 
are same. Here we put = I — m. 

• We put H^^aji ■■= Whi-N^) n — Fp,„(a) n -Gr^^^^y Here we put p,„(a) = (ai, . . . , a,„) and r]^{a) = 
(a,„+i, . . . , a/). Then Hm.a,h forms a vector subbundle of— Gr^^^^^y and the image of(j)m,a.h ■ Hm,a.h — > 
^^^^ Gr^^^_^(„) is same as Hm^i,a,h. 

Proof We have the sequence of degeneration => — => -N^^. Since the conjugacy classes of the 

first one and the last one are same, we obtain the first claim. In particular, Wi^" N^)r\^'' Grf gives a filtration 
of Grf in the category of the vector bundles. 

As a preparation of the proof of the second claim, we put as follows for x — k, K: 

Hma,h\x ■=Wh{— ^^(a))|xn— Fp^^(a)|a;n— Gr,^^(„)|^ 



Remark 5.1 The author apologizes that the notation is not so appropriate. I 

To see that Hm,a,h forms a vector subbundle, we have only to show the following equality: 

dimi/„j^„^,i|fc = dimi?„^„^;j|^. (84) 

Let us show the second claim in Lemma lS.ll bv an induction on (I, m). Let P{1, m) denote the second claim 
for {l,m). Note < m < L 

In the case {I, m) — (0, 0), the claim P(0, 0) is clear. In the case (^, m) — (l, 0), the claim P{1, 0) follows from 
the condition 13 in Condition 15. II Thus we have only to show that P(l, m — 1) + P{1 — 1, m — 1) implies P{1, m). 
See the following naturally defined morphism: 

On a generic point K, we have the splitting of the filtration F compatible with N . Hence we have ^T^{^Pm,a,h | k) = 
Hm-i,a.MK- In particular, we have Av[alm(tprn,aji\K) = dim Since Hm-i,a,h is a subbundle of 
i Gr^^_^(Q^-, due to the hypothesis P{l,m — 1) of the induction. We also obtain the following: 

Ini(v5„i_a,,i) C Hr,i-l,aM- (85) 

We have the morphisms (Pm.a.h\k ■ -f^m,a,/i|fe — * ^^^^—^ ^'^Ti„t{a) \ k- Due to (|85|l . we have the implication 
Iiii(ipjn,a,h\ k) C i?-m-i,a,/i | fc- Thus wc obtain the following inequality: 

dimlm((y5„,a^,i|fe) < dim H.,n_i^a.ji\ k- (86) 

Due to the hypothesis P{l,m — 1) of the induction, we have dimi?„j_]^ „ /j | = dim „ I j,. Hence we 

obtain the following: 

d\n\lT[\{ip^ a.,h\k) < dimlm(v3,„_„^;,|;f). (87) 
We have the following for some e > 0: 

Ker ^rti.a.h I X -^m,a,/i | x ^ ^<am \ x ^m.a — eSm \ x- 
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For any elements b E i?™ ^ and c G R— , we put as follows: 

Note that the tuple (N, ^F, . . . ,"'-^F,"'+^F, ..Jf) also satisfies ConditionO Due to the hypothesis P{1 
1, m — 1) of the induction, Ib,c,h is a vector subbundle, and we have the following: 

4.c,M. - — ^b|.n^^Grf|,nl^„r^iV^)|,, {x^k,K) dim(4,,,^|fc) -clim(V,MK)- 
We have the induced filtration ™i^(/b.c,/i | x) on Ib,c.h\xi a-nd we have the following: 

dimlmip„, a,h\x = dim Gr^ J(/p^_^(„)^,,^^(„)^,, I ^) . (89) 
Hence we have the following equality for x — k, K: 

^ dimlm(.^„i^a_,i|2,) = dim(4_c|a:)- (90) 

p,„_i(o)=b, 
r;„,(a)=c 

Thus we obtain the following equality, from l(57|) . and (PUJ: 

dimlm((y5„ah,|fc) = dimlm(^™a h, | ). (91) 

We have the following: 

dim H„,^a.,h\ X ^ X! dimlm(.^,„^b,/i|i:)- (92) 

qr,.(b)<qm{a.) 

Here 7r.m denote the projection i?' — > i?'^^, omitting the m-th component. 

Thus we obtain (|84ll from H91|l and (|92|l . Due to H91|l and dim^Jma/ii^ = dimif^.i „ /j | we obtain 
dim Im((p,„ I j.) = dimiJ,„_]^ „ /j | j,, which implies Im((^„i_a,,/i) — Hm~i.a.h- Thus the induction can proceed. I 

5.1.2 A tuple of nilpotent maps 

Let y be a free i?-module of finite rank. Assume that we are given the following data. 

Condition 5.2 1. Let ^F (i — I, . . . ,1) be compatible filtrations, and Nj {j ~ I, . . . , a) be a commuting tuple 
of nilpotent maps. We denote the tuple of filtrations by F , and we put N(i) = X]j<i ^j- 

2. We have the splitting V\k — ®Ua of F. 

3. Nj I X preserves Ua, and Nj preserves the filtration F . 

4- We have the induced morphisms -Nj' [j — 1,...,Q!) on -Gr^. Then {-Nf , . . . ,-N^) is sequentially 
compatible. I 

We put as follows: 

a 

Jh.a.™ := n W{j_)H,n^Fp^^^^ n '^' Gr,„(„) . 
Let us consider the following morphism: 

Lemma 5.2 Jh,a.m is a subbundle of—" Gr^^(„), and we have lu].{tph,a,m) — JhM,m~i- 
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Proof The argument is essentially same as the proof of the previous one. We put as follows: 

a 

JhM,m I s n I X n — -Fp„(a) I X n — Gr^^(„) I ^ . 

Then we have only to show the following equalities: 

(A) dim Jh.ajn I k = dim Jh,a,m \K- 

(B) dimlm?/'h,a,m|fe = dim J^^„_,„_i | fc. 

We denote the claims for (^,m) by P{l,in). We show P{l,m) by an induction. Note that < to < L The 
claim P(0, 0) is trivial, and the claim P{1, 0) follows from the condition^in Condition 15. 21 Thus we have only 
to show that P{1, to — 1) + P{1 — 1, to — 1) implies P{1, m). 

Let us consider the following morphisms: 

V'l : W{i)h, Gr^^(„) Ili^^ Gr^,„_i(a) • 
Lemma 5.3 We have the following: 

Im(i^i) = W{j_)h, Gr,^_,(a) • 
Proof It immediately follows from Lemma [5. II I 

Hence we obtain lm('0/i „ „j | ^) C Jh,a,m-i \ x- Since we are given the splitting of the filtrations F compatible 
with the nilpotent maps on the generic point K, we have the following: 

Im{ll)h,a,m\ k) — Jh,a,m-1\K- 

Due to the hypothesis P{1, m — 1) of the induction, we have the following equality: 

dim Jh.a,m-1 I k = dim Jh,a,rn-1 \K- (93) 

Hence we obtain the following inequality: 

dim lmiph,a.,7n\k < dim Imiph.a.mlK- (94) 

On the other hand, we have Ker(^fi „ „ 1 3.) = Jh.a-eSm,m\x for some small positive number e. 
For any elements b E i?™^^ and c G R— , we put as follows: 

a 

Due to the hypothesis P{1 — 1, to — 1) of the induction, I'h b c '^^ ^ vector subbundle. We also have the following 

a 

4ac|.:= n^WM-n— ^P^-i(-)l-n- Gr,„(a)|., dim(4_,_,|,) = dim(4_,_,|^). (95) 

We have the induced filtration b c\x)' '^'^ have the following equality: 

dimlm{i}h,a,m\x) = dimGr3(4,p,„_i(a),,,,„(a)|:E)- 



Thus we have the following: 



dimIm(V'h,a,m|x) = dim(/;^^^^l^). (96) 



Pm-i{a)=b, 
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Due to H93|) . H95|) and (|96|) . we obtain the equahty dimlm V'h.a.m | = dimlmi/;^ „ ,„ | , which impHes {B) in 
P(;,m). 

We have the following: 

dim J^^„_„, I J. = ^ dimIm(V'h,b,m|x)- 

7Tjn{b) — 7Tjn{a), 

q^{b)<q^(a) 

Here TTm denotes the projection i?' — > i?'^^, forgetting the m-th component. Then we obtain the claim (A) 
in P{1, m). I 

Corollary 5.1 The tuple of the filtrations {W{X), • ■ • , W{a), ^F, . . . , 'F) are compatible, in the sense of Defi- 
nition^^ 

Proof We have the following morphisms: 

The morphism iph.a is surjective due to Lemma |5. II and the morphism (j)h,a is surjective due to the condition 
Elin Condition [Q 

Let us pick subbundles Ch,a C fljLi W{j)hj<^-Fa such that the restriction of <j)h,a°'>Ph,a to Ch.a is isomorphic. 
Since the filtrations -W{1), . . .-W{a) are compatible, we obtain the following: 

h 

Since ^F {i = 1, . . . ,1) are compatible, we obtain the following: 

a h 

We have only to show the following: 

a 

(}W{i)n^n'-F^^ (97) 

j=l (k,b)<(h,a) 

Since we have the splitting on the generic point if, it is easy to see that the restriction of (|97|l holds over the 
generic point K . We have already known that the both sides of H97|l are subbundles of V (Lemma I5.1|l . Then 
we can conclude that H97|l holds on i?. I 

Corollary 5.2 The conjugacy classes of J\f{j) are constant over R, and fl^Li W{j)hj H-Fa are vector bundles 
for any a and any h. I 

Proposition 5.1 (A/i, . . . , A/'q, ^F, . . . , ^F) are sequentially compatible, in the sense of Definition XA. 12\ 

Proof We have only to show that (A/i | & , . . . , A/'q \k,'^P\kT ■ ■ i^F\k) are sequentially compatible in the sense of 
Definition EIH 

The conditionn]in Definition l4. 1 ll foUows from the condition|31in Condition l5.2l The condition|2in Definition 
14. Ill follows from Corollarv l5.ll The condition O follows Lemma FS. II 

Let us see the condition 0] We use an induction on a. In the case a = 1, there remain nothing to prove. 
We assume that the claim holds in the case a — 1, and we will prove the claim also holds in the case a. 

On the vector bundle Gr'^^^^\V), we have the induced filtrations . . Jf'-^'> and the nilpotent maps 

J\f^^\ . . . ,Afi^\ Due to the hypothesis of the induction, the tuple {Af2^\ . . . ,JVi^\'^F'-^\ 'F(i)) is sequen- 
tially compatible. 

We put Af^^^i) = J2j<i-^j^'' ^ which is same as the induced morphism by Af{i) on Gr^^^^^. Let W^^^^i) 
denote the induced filtration on Glr^(^i) by W{i). We have only to show the following: 

{£)h+a n Grff^^) ' Gr^ = W{Af^''> {£))h D Gr^^''^^ ' Gr^ . (98) 

Since we have the splitting on the generic point K, it is easy to see that (|98|l holds when it is restricted to the 
generic point K. We have already known that the both sides are vector subbundles of Gr^*-^^' ^ Gr^, we can 
conclude that H98() holds on R. I 
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5.2 Compatibility of morphisms and filtrations 
5.2.1 A compatible tuple of filtrations and a morphism 

Let i? be a discrete valuation ring, K be the quotient field, and k be the residue field. Let F^"^ be free i?-niodules 
(a = 1,2), and let F :— | i e /) be a compatible tuple of filtrations of T^'"-' in the category of free 

i?-modules. Let / : V'^^^ — > V^^'' be the morphism preserving the filtrations. We have the induced morphism 
^ Gr^(/) : ' Gr^(V(i)) — > ^ Gr^{V^^'>) for any element r] e . 

Let be a finite subset of . For simplicity, we use the following notation: 

'FsiV'^^^) ■.= J2'Fr,iV'^^^), 'Grf(T/("') := ^ Gr^(y(")). 

We have the naturally defined projection tts ■ ^ Fs(V''°''>) — > ^ Grf (t/^"^). 
Proposition 5.2 Assume the following: 

• We have a splitting Vj^' — ^^leR' ^'n^ tuple of filtrations F\k satisfying /^(C/t^"'') C u!i^\ 

• The image Im^ Gr^(/) is the vector subbundle of ^ Gr^(V"^^-'), for any r) £ R^ . 
Then the following claims hold. 

1. For any finite subset S C R^ , the image f Fs{V^^^)') is a vector subbundle ofV^'^\ 

2. We have the following: 

f{'Fs{V^'^))^lm{f)n'FsiV'^'^). 
Proof For any finite subset S of R^ , we put as follows: 

L{S) := max|y^gi(a) a e 

The following claim is denoted by P{r): 

P{r) The claim of Proposition 15.21 holds in the case L{S) < r. 
Lemma 5.4 

• The claim P{r) holds for any sufficiently negative r. 

• // the claim P{r) holds for some r Cz R, then there exists a positive number such that P{r') holds for any 
r' such that r < r' < r + e. 

Proof It follows from the finiteness of the set {b e R\ 3i, 3a, ' Grf (V^''^) 7^ 0, }. I 

Due to Lemma [5.41 we have only to show that P{r) holds under the assumption P{r') holds for any real 
numbers r' < r, which we will show in the following. 

Lemma 5.5 Let S be a finite subset of R^ . Let us consider the projection -Kg : ^Fg(y('')) — > Gr|'(y'^°^) . 
The kernel of tts is described as the form ^ Fs' (V^^"-*) for some finite subset S' C R^ such that L{S') < L(S). 

Proof We have the following: 

Ker7rs = ^^^F^(F('^))- 

a^S r]<a 

Then it is clear from the compatibility of the tuple F. I 
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Lemma 5.6 Let us consider the morphism Ti'g : f FsiV^^'^)) — > ^ Grg{V^'^'^), induced by the projection ns- 
Then we have the following: 

Im4 = Im^Grf(/)c^Grf(T/(2)). 
Proof We have the foUowing commutative diagramm: 

/Grf(T/(i)) IMi^ ^Grf(F(2)). 

Then Lemma 15.61 immediatelv follows. I 
We always have f{-Fs{V'-^^)) C Im(/) n ^ Fs{V^^^). Hence we always have the following: 



Lemma 5.7 In (|99|) . the equality holds. 

Proof Since we have the splitting on the generic point K, it is easy to see that the equality holds, when we 
restrict (|99ll to the generic point. Since the left hand side is a vector subbundle in ^ Grf (F*^^)) due to Lemma 
15.61 we obtain the equality on R. I 

Let us pick an appropriate finite subset S' C such that L{S') < L{S) and Kerns — ^ Fs' (V^*-"') (a = 1, 2). 
We have the following: 

Im(/)n^Fs(F(2))nKer7rs ^ lin{f) n ^ Fs' (V^^^) . (100) 
We have the following implication: 

/(^Fs.(y(i')) C/(^F5(y(i)))nKer7r5Clm(/)n^Fs(Wi))nKer^5. (101) 

Due to the assumption P(r') (r' < r), we have f{'Fs'{v'^^^)) = Im(/) n ^ Fs' {V'^'^^) . Then we obtain the 
following equality from pOO|l and p01|) : 

f Fs {V^^^)) n Kei ns ^ f{'Fs'{V^^^)) =lia{f)n'Fs'{V^^^) ^lia{f)nKeTns. (102) 

Hence we obtain the equality f {' Fs{V^^'>)) = Im(/) n 'Fs{V^'^^). 

Due to the assumption P(r') (r' < r), /{^Fs^V^^'')) n Keins is a vector subbundle of y*^^^ It follows that 
f{^Fs{V'^^^)) is a vector subbundle of F^^'. Thus the proof of Proposition 15 . 21 is accomplished. I 

Corollary 5.3 Under the assumption of Proposition]^^ we have ^ Gr^(lm(/)) = Im^ Gr^(/), for any element 
5.2.2 Decomposition 

Let R, K, k, and F = {'F\ie l) he as in the subsubsection lsTTI Let / : F^^' — > F^^' and g : V'^^^ — > 
V^^"^ be morphisms preserving the filtrations. 

Lemma 5.8 Assume the following: 

• We have splittings Vj^'* = ® C/'^"^ of the filtrations F(V^'^'^^^j^ on the generic point K 

• We have f\K{u''^\K) ^ u!^\k' "'^'^ 9\k{u''^\k) ^ u''^\k generic point K. 
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• We have ^Gr^(F(2)) = Im(^Gr^(/)) Ker(^ Gr^Cg)) . In particular, Im(^Gr^(/)), Kcr('^ Gr^(g)) and 
Im(^ Grr,((7)) are the vector subbundles. 

Then we have the decomposition V'^'^'^ = Ini(/) ® KeT{g). 

Proof Ini(/) and Ker(g) are vector subbundles of V^^^' , due to Proposition l5.2l The tuple of filtrations 
induce the tuple of filtrations F(lm(/)) and F(KeT{g)) on 7? The decomposition (t/^*^^ | rj g R^) of induces 
the decomposition of Im(/) and Kev{g) on the generic point. Let us consider the naturally defined morphism 
$ : Im(/) Ker((7) — > V'^^^ . Then it is easy to see that the assumption of Proposition IS . 21 is satisfied. Thus the 
image Im$ is a vector subbundle of V^'^\ Since Im(<i>|j^) and Vi^-* are same, we obtain Im($) = V'^'^^ on R. I 

6 Model bundle 

6.1 Basic example I 
6.1.1 Preliminary 

We put X := A and D = {O}. We put E :— O -e. We consider the hermitian metric h given by h{e, e) — \z\~'^°'. 
We consider the Higgs field 9 given by 6{e) — e ■ a ■ dz/z. Then we have the following: 



Oeg = 0, dse = e ■ (—a ■ — ) , ^^(e) = e ■ a ■ —. 

\ z J z 

We put V = exp(— a • A • log • e. Then we obtain the following: 

— d7 
{Oe + X9^)v = 0, Bv ^ {X ■ Oe + 0) ■ V ^ {-a ■ - a ■ X + a)v —. 

Then v gives a holomorphic frame of £ over X ~ V. We put as follows: 

s :— exp((s ■ X + a — a ■ A^^) • logz) • v = exp(— a • A^^ logz + a ■ logz — a • A • logz) • e. 

Then s is a frame of the holomorphic bundle Ti-iE) over C*. 

We put eJ := • e. Then we have Oeb^ = 0. Namely gives the frame of {E,dE)- We also have 
h{e'^ ,e^) = and cJ^e''' = e'^ ■ a ■ dz/z. 

We put :— exp(— a • /i • log • e^. Then we obtain the following: 

— dz 
{dE + ^i ■ e) ■ = 0, D^w^ = {n ■ dE + e^) ■ = {-a ■ + a ■ ^l + a) ■ ■ —. 

Namely is a frame of £^ over 

A't - Pt. We put as follows: 

= exp((^ ■ a — a — a ■ M^^) log^) ' 

Then is a frame of [E] . 
Lemma 6.1 We have s — . 

Proof It can be shown by a direct calculation, as follows: 

~ exp(— a • /i^^ • logz — a ■ logz — a ■ jj, ■ logz) • — exp(— a • fi^^ ■ logz + a ■ logz — a ■ jj, ■ logz)e = s. 
Thus we are done. I 

IC^xfO}- 



We put w := f|CAx{o} ^^^d w^' := u?^ x{o}- "^^^ induced objects Qu and fj^^ are generated by w and 



respectively. 



109 



6.1.2 The gluings of S'S^"(£;) and Su{E,P) 

By definition, we have ^'^'^{s) — w^ci and $^^'^^(5^) — wj^, . We also have s — s^. Then the gluing of S'^^'^{E) 
is given by the relation wic* = wt^, . In particular, S?f^'^{E) is isomorphic to Opi. 

Let us see the gluing of S{E,P). We denote W|c'x{p} by W|p for simplicity of notation. We will also use 
the similar convention. We have the following: 

v\p = exp(-a • A • log|z(P)p) • e\p. 

Then we have the following: 

vjp = exp(-a • fi ■ log|z(F)p) • e|p = exp(-Q; • ^ • log|z(P)p + a ■ log|z(P)p) • e|p 

= exp((-a • ^ + a + a • A) • log|z(P)p) • U|p. (103) 

We put as follows: 

w := exp(a • A • log • w, := exp(a • fi ■ log • 

Then Qu and are generated by w and respectively, and the gluing of Su{E,P) is given by the relation 
= u ■ |z(P)p'^. In particular, Su{E,P) is isomorphic to Opi. 

Corollary 6.1 

• The vector bundles S^^'^^E) and S{E, P) are pure twistors of weight 0. 

• A frame of H'^(F^, S'^'^'^{E)^ is given by w ^ . 

• A frame of H°{¥\Su(E,P)) ts given by u ^ \z{P)\~'^'' ■ . I 

6.1.3 Pairing 

The pairing S : £ ^ a*£ — > Ox-v is given as follows: 

S{v,a*{v^)) ^ h{v{X,x),v^-X,x)) = exp(-a • A • log • exp(-a • (-A) -loglzP) = 1. 

Thus the induced pairing S : Q u ® ^ is given by S (jv., cr^ w^^ — 1. 

For the global section vi = w = of S"^™(i?), we have S{vi,cr*vi) = S{w,cr*w^) = 1 > 0. In particular, 
the pahing S : S'='"^{E) (g) (t*S'='"^{E) — > T(0) induces the polarization of S"^'*"(£;). 

For the global section V2 = u = |z(P)|^^'' ■ u\ we have the following: 

S{v2,a*V2) ^ S{u,a*\z\-^''u^) 

= \z\~'^'' ■ exp(a • A • log • exp(-a • A • log |z(P)|2) • S{w, a*w^) = \z{P)\-'^'' > 0. (104) 

In particular, the pairing S : Su{E, P) (g) a*Su{E, P) — > T(0) is the polarization. 

6.1.4 The canonical frame 

Let Ao be an element of Cx. Let u = (a, a) be an element of i? x C 
The case a 7^ 

Let 5 be a real number such that b ^ p(Ao, u) + Z. In the case we have the integer v determined by the condition 
6—1 < 1/ + p{Xo,u) < b. Let v be as in the subsubsection IfTLlI Then the section z^^v is a frame of bC{u), 
which we call the canonical frame at Ao. 

The case a = 0. In the case, we recall p(A, u) = a for any A, and we have v = e. Let 6 be any real number. We 
have the integer 1/ determined by the condition b— 1 < + a < b. Then the frame z^"^ ■ v is called the canonical 
frame of C{u) at Aq. 
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6.1.5 The higher dimensional case 

Let u = (ui, . . . , Un) be an element of {R x C)", where Ui — (a^, a;). We put X = A" and D — [J^^l Di, where 
Di = {zi = 0}. Then we put L{u) = Ox-d ■ e. We have the Higgs field 9 and the metric h determined as 
follows: 

ti 

Let qi denote the projection of X onto the i-th component. Then we have the isomorphism L(u) ~ li^i'^i) 
compatible with the metric and the Higgs field. Hence {L(u), 6, h) is a harmonic bundle. We have the holomor- 
phic frame of the deformed holoniorphic bundle C{u) over X ^ T): 

V = exp(^-^ai • logjzip^ • e. 

Let Aq be an element of C \. We have the canonical frame fi of C{ui) around Aq. Then the section 0"=! 
gives the canonical frame of b£(it) around Aq. 



6.2 Basic example II 
6.2.1 Preliminary 

We put X := A and D := {O}. We put y := -log|zp. We put E := Ox-D-ei ® Ox-D-e-i. The metric h is 
given as follows: 

' y 



H{h,e) 

The Higgs field 9 is given as follows: 



e = e 



y- 



\ dz 

1 



Then Mod{2) = {E, dE,9,h) is a harmonic bundle. (See our previous paper "^S,, for example). We take a frame 
V = of the deformed holomorphic bundle £ given as follows: 

v = e-fl ). (105) 



Then v gives a normalizing frame of i.e., it satisfies the following condition: 

Bv = v- 

We also put as follows: 



\ dz 

1 



y r " ^ [ -fi-y-' 1 



1 \ 

j T 



Then gives a normalizing frame of 



6.2.2 The induced objects 

It is easy to see that ICMS{£°) — {{n,0) \ n G C R x C . We have the natural isomorphisms 'S'^™o)(-^) — 
•^(^0 o)(^) ^^'^ 'S'(n,o)(^i -P) — 'S'(o,o)(^j -P)- Hence we only consider the case u = (0, 0). In the following, we omit 
to denote the subscript u. We also omit to denote 'V. 

We put u^'" := W|o°xCa = '^'foxC;,- We have ^ = Oc^ 'M^'" © C'c^ by definition. We also have 

G{£) = £\xi- Thus we have the following: 

g{£)\P = £\p = Oc,-v}p° ® Oc,-i)^^ = Oc,-ei , p ® Oc. -e^i , p. 
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Here we use the notation "|P" instead of "|{P} x C^". In the following in this subsubsection, we use this 
abbreviation of the notation for simplicity. 

We have the following equality on the plane {P} x Cx- 

On the conjugate side, we have the following: 
We also have the following: 
Then we have the following: 

6.2.3 The gluing of S{P) and the nilpotent maps 

Then we have the following: 

^i^^o) (eip) = « • ( J ' ■ ) , <i>;p,o) Kp) - ■ ( ^ . y(P)-i ? ) ■ (107) 

From (|l()7(l and the first equation in the vector bundle S{E, P) is obtained by the following gluing: 



u 1 W y^p^ w 1 -y{p)-^ y^p^ 

fi-y{P)-' 1 r I y(P)-i r I 1 J [ ^^ 



The nilpotent map Af is given as follows: 

TVjp^ : I — > u°-^ «) ^0, w"'^ I — > 0, on the plane Cx, 
Af^^: — >0, u^"'!. — >-M^i^°®too, on the plane C^. 

Hence the vector bundle GrJ*' is given by the gluing ~ /i • m^"'^. The vector bundle Gr^i is given by 
= —A • u^^''^. Therefore Gr^ is a pure twistor of weig ht a, and {S{E,P),W'^) is a mixed twistor. 

6.2.4 The pairing 

The induced pairing S : GtY ®a* Gr^i — > T(0) is given as follows: 

yi'O ® o* (ut 1^0) ^-^ 1, ® a* 1. 

Remark 6.1 Note that we have the following equality on C\: 



= /X • (-(~A)) • ® = ® (108) 

T/iws the pairing S is well defined, of course. I 
We have induced the pairing S{M^ (g) id) : Grf ^ ®a* GtY'' — > T(-l). 
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Lemma 6.2 It gives a polarization. 

Proof Let us consider the induced pairing Gr];^^ (g)C>(-l) O a* (Gr];^^ (g)e'(-l)) — > T(0). A base s of the one 
dimensional vector space H°{¥\GrY 0O(-1)) is given by the following: 

, = _^.^i,o^;(-i)=^to,i^_^(-i)_ 

Via the pairing S[J\f^ id), we have the composite of the following correspondences: 

^ -x/^ -Z^^^^cT* (109) 

Thus we are done. I 

In all, we obtain the following. 

Corollary 6.2 The tuple {S{E, P), W,M^,S) is a polarized mixed twistor structure. I 

6.2.5 The case 5"=^"(i;) 

Next we consider the vector bimdlc S''^^{E). Let tt : H — > A* be the universal covering given by C 1 — > 
exp(V— IC) = -2- Pick a point P such that n{P) = P. We put as follows: 



s = v-exp(^-X 1 • (log2;-log^(P)) ^ ^ 0^)' 



Then s is a frame of the space of multi- valued flat sections, such that s{P) = v{P). 
We put as follows: 



=v^ ■ exp 



(-M-^-(log.--log.-(P))(2 J)). 



Then be a frame of the space of multi- valued sections such that s^P) = v^{P). Then we have the following 
relation: 

To sec the morphism we develop s as a polynomial of log 0, and we take the degree 0-part. Therefore 

the morphism Ti. — > S\ci is given as follows: 

s^„.exp(A-Mog^(P)( 5 U )). 

Similarly, we obtain the morphism H — > Ojfj* ■ 

I — ^ u'f • exp(^/i-^ log^(P) ^ Q Q 
Then the gluing of S'^'^'^{E) is given as follows: 

„ = .t.exp(;.-.l„g.-(P)(J ;))^(» -*)^exp(-A-.l„g,(P)(j 2)) 

= .wp(.-.i„.„Pr(° J)).(» -).„..(; --»)-(;; -).«.(» - 



(110) 



Thus 5'=*°(E) is naturally isomorphic to Grf^ ® Gv^^ 



The filtration T^^"^ gives the mixed twistor structure, and the pairing S gives the polarization, which has 
been already shown. In all, we obtain the following. 

Lemma 6.3 The tuples (5'^'^", W,7V^, 5) are polarized mixed twistor structures. I 
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6.2.6 The rank I case 

By taking the {I — l)-th symmetric product of the harmonic bundle Mod{2) given in the subsubsection I^^TTl 
we obtain the harmonic bundle Mod{l), whose rank is I. Let A4od{l) denote the deformed holomorphic bundle 
of Aforf(/). 

The frame w of A4od{l) is called canonical, if the A-connection form with respect to w is of the form A-dz/z 
for some constant nilpotent matrix A. The frame v of A4od{2) given in H105() induces a canonical frame of 
Mod{l). 

The following lemma is clear. 

Lemma 6.4 Let V be a vector space over C , and let N be a nilpotent map of V . We have a harmonic bundle 
of the form Mod{li) such that the residue is isomorphic to (V,N). Such a harmonic bundle is denoted by 
E(V,N), although it is not uniquely determined. I 

6.2.7 General model bundles 

In general, the harmonic bundle of the following form is called a model bundle: 



Let Ao be a point of Ca- We have canonical frames of £{ui) and Mod{li) around Aq. The tensor products 
of them induce the frame of ^ A4od{li) (E) C{ui). The induced frame is called a canonical frame. 

Part II 

Prolongation of deformed holomorphic bundles 

7 Harmonic bundles on A* 

7.1 Simpson's Main estimate 
7.1.1 Statement 

Let i? > be a positive number. We put X = A(i?), and D = {O}. Let {E,dE,d:h) be a tame harmonic 
bundle defined over a neighbourhood of X — D in C* . We denote 9 — fo ■ dz/z. Assume that we have the 
decomposition E ~ ®a£So satisfying the following conditions: 

Condition 7.1 

1. The endomorphism /o preserves the decomposition, that is, fo = foa for /oa G End{Ea). 

2. There exists Cq > and sq > 0, such that \b — a\ < Cq ■ Izj'" for any eigenvalue b of faa{z)- 

3. We put ^ := J2aeSp(£") rank(i?a) • |ap. Then we have £, ^ 0. I 
We take a total order <i of Sq := 5p(£"). Then we obtain the filtration F defined as follows: 



Let E'^ denote the orthogonal complement of F^a{E) in Fa{E). We have dim(i?a) = dim(i?^), but Ea ^ E'^ in 
general. We put as follows: 



^Mod{k)(g> L{ui). 



FaE := Eb. 



End(£;,), p' := a . id^, e 



End(K). 



(Ill) 



as So 
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Note we have \p'\\^ = ^. 

The following proposition is our main purpose in the subsection l7.ll It will be proved in the subsubsections 
ITT^HTT^ 

Proposition 7.1 

(I) Let Ri be a positive number such that Ri < R. There exists Ci > satisfying the following inequality on 

A*(i?i); 

l/o-p'|/.<Ci.(-logM)"' (112) 

(II) There exist positive constants C2 > 0, 62 > and R2 > 0, satisfying the following inequality on A*{R2): 

\p~p\<C2-\z\'^ (113) 

Here Ci, C2, £2, R2 depends only on the constants R, Co, eo, Ri, So, rank(£^) and the set {ranki^a | a £ So} ■ 

For simplicity, we introduce the following terminology which is used only in this subsection. 

Definition 7.1 A constant is called good, if it depends only on the constants R, Co, eoi ^i; "5*01 rank(i?) and 
the set {ranki^Q | a G 5o}. I 

Remark 7.1 Provosition VJ .1\ was proved by Simpson (Theorem 1 in |5()j L In fact, we closely follow his argu- 
ment. However we would like to care the dependence of constants, to use the proposition in higher dimensional 
case. It is the reason why we give some detail. I 

7.1.2 Preliminary 

We put f := fo ■ z^^ . Recall we have the following fundamental inequality due to Simpson. 
Lemma 7.1 (Simpson, the page 729 in [50 ) The following inequality holds: 

[/'/III 



Alog|/|^< 



I 



Due to the condition in Condition 17.11 we have the endomorphisms foa\Q G End{Ea\Q). We have the 
E-decomposition oi Ea\Q: 

Ea\Q= IE(/oa|Q,a)- 

aeSpifoa I q) 

We have the natural bijection Sp{fo\Q) — {(a, a) | a € ^o, a € Sp{foa\Q)'\ ■ We pick a total order <2 on 
Sp{fo a I q) on each a. Then we obtain the total order <3 on Sp{fo \q), which is given by the lexicographic order 
of <i and <2. 

We obtain the filtration F^^^ on E\q defined as follows: 

4'1)(^Iq)= E(/oHQ./3)- 

(6,/3)<3(a,a) 

Let H(^a,a) denote the orthogonal complement of f'"^'^^ in F(^a\)- have the following: 

aeSpifoa I q) 

We put as follows: 

PQ-= o:-idH^^^^y 

{a.a)eSp{fo I q) 
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Lemma 7.2 There exists a good constant C and eo satisfying the following: 

\PQ-p\Q\^<c-\zm'-- 

Proof It follows from the condition |2] in Condition 17. II I 
Corollary 7.1 There exists a good constant A2 satisfying the following: 

\~pq\1 < M- 

Proof It immediately follows from Lemma r7.2l I 
We decompose as f\Q :— pg ■ z{Q)^^ + gq. Then we have the following equality: 

\f\Q\l = \PQ\l-\4Q)\-' + \9Q\l 



Lemma 7.3 There exists a good constant Ai satisfying the following: 

i[/iQ, /|yL>^i-i5Qr (114) 

Proof It can be shown by an elementary linear algebraic argument. I 
7.1.3 Step 1 of the proof of (I) 

Lemma 7.4 There exist good constants A3 and A4 satisfying the following: 
For any point Q G A*{R), one of the following holds: 

• \fmi<A3-\z{Q)r- 

. Alog|/|2(Q)<-A4-|/|^,(Q). 

Proof Assume that |/|g|^ > 2 ■ A2 ■ \z{Q)\-'^. Then we obtain IggH > • \f\Q\l. Hence we obtain the 
following: 

i^lOg|/Uj(g) < -—2 < -—2 < — - • |/|q|,,. 

\j\Q\h \J\Q\h 4 

Thus we may take A3 = 2A2 and A^^ A^^A\. I 
Let 77 and B be positive numbers. We put as follows: 

B 

"'"^^ - (|z|-r;)2.(|z|-i?)2- 

It is a C°°-function on the region {z 1 77 < |z| < i?}. Note that to,, b is cx) on the boundary {z | |z| = ry}u{z | |z| = 
R). 

Lemma 7.5 Let us take a positive number B satisfying the following inequalities: 

S>!£L, B>A,-R\ 

In particular, B is a good constant. Then we obtain the following inequalities: 

A log TO,,, B > -^4 • TO,,_B, TO,,_B > A3 ■ |zp^. 
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Proof We have the following formula: 



-2r? ^ -2R _ -2 ( {\z\ - i?)' _ , {\z\ - v) 
{\z\~^Y \z\-{\z\~rY " 

From 1] < \z\ < i?, we have the following inequalities: 



Alogm,^B = —— -2 + 2 = ■ ^ + uT— • ^) • "^n^B- (115) 



^<1, {\z\~Rf<R', M_^<\,\^^<R_ 



Thus we have the following inequality: 

V 2 



(^\,\^Rf + M_!lL.R<2R\ (116) 



2 



From (|115|l and (|116|l . we obtain the following inequality on the region {z 1 77 < \z\ < i?}: 

Alogm,,,s > ■ ■ mj^,B- 

For any B > and for any > 0, we obtain the first inequality on the region {77 < \z\ < R}. 
We also have the following inequalities: 

B As-R^ A3 A3 

"""'^ - {\z\-r,r.{\z\^R)2 ^ i\z\-^)2.{\z\-R)2 ^ (|z|-,y)2 ^ 

Hence we obtain the second inequality. I 

We put ^1 := {z e A*(i?) | |/(z)|2 > m^,s(z)}. 

Lemma 7.6 The set Si is empty. In other words, we have the inequality \f{z)\f^ < m,j^B{z) for any point 
z e A*(i?) such that \z\ > rj. 

Proof Assume that Si is not empty, and we will derive a contradiction. On the region 5*1, we have the 
inequality |/|^ > m^^B > A3 ■ \z\~'^. Hence we have A log |/|^ < —A4 ■ |/|^ due to Lemma 17^ Then we obtain 
the following inequality on Si: 

A\og{\ f\l/m,,B) < -A, ■ {\f\l - m,,B) < 0. 

It implies that the function log(|/|^/m^.B) cannot take the maximal in the region Si. 

Let 5*1 denote the closure of 5*1 in C. Since we have = 00 on the boundary {|z| = r/} U {|z| = R}, the 
intersection of the sets Si and {z | \z\ = 77} U {|z| = i?} is empty. Hence we have |/|^ = m^^B on the boundary 
of ^1. Hence we obtain \f\f^ < rriri^B on Si, but it contradicts the definition of Si. Hence we obtain Si =%. I 

When we take a limit 77 —s- 0, we obtain the inequality on A*(i?): 

\ml< .. .... 



Hence, we have arrived at the following: 



Lemma 7.7 For any R3 such that Ri < R3 < R, there exists a good constant A^ .such that the following 
inequality holds on A*(i?3).' 

I ff M2 / ^5 



z\ 

I 
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7.1.4 Step 2 for the proof of (I) 

We put as follows: k :— log |/|^ — log(^ • l^l"^)- Then we have the following: 

HQ) = log(M|l^ . l/i^p) ^ log(M|l^ . . |,(Q)|-2 ^ |^^|2)y 

We put bg := \pq\^~^. 

Lemma 7.8 We have a good constant Aq such that |6q| < Aq ■ \z(Q)\'^°. 

Proof This is a reformulation of Lemma [7.21 I 
Lemma 7.9 There exists a good constant A7 satisfying the following for any point Q € A*(i?3); 

Ar ■ (r^ • 6q + • \9q\1) < HQ) < ■ bQ + . Ig^ll (117) 

Proof We have the following description: 

HQ)^log[l + r'-bQ+^-^-\gQ\l 

Then the right inequality is obvious. We have only to obtain the left inequality. 
Recall we have obtained the following estimate on A*(i?3) in Step 1: 

\gQ{f,<\f\Q\l<A,-\ziQ)\-^ 

Hence we have the following inequality: 

< — — igqlh < 

Then we obtain the left inequality for some good constant, for example, by using the convexity of the logarithmic 
function. I 

We will show Lemma IV. 1 01 later . 

Lemma 7.10 There exists a good constant As satisfying the following: 

Lemma 7.11 Lemma \7 .W\ imvlies the claim (I) of Proposition^^ 

Proof Assume that we have shown Lemma [7. 101 then we obtain the following inequality on A*(i?i): 
1/0 - P'\l = bQ + |z(Q)P • \gQ\l < e • • A: < e • • As • (-log. 



R. 



It implies the desired inequality (|112|) in (I). Thus we have reduced the proof of the claim (I) to Lemma [7.101 I 
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7.1.5 Proof of Lemma rrrUI 

Let us prove Lemma lY.lUI There exists a good constant Aiq satisfying the foUowing inequahty on A*(i?3): 

-2 

i?3 



r'-Ae-\z\'"<lA,o(~\og- 



Here Aq appeared in Lemma [ 

Take a good constant An satisfying the following: 

The first condition will be used in Lemma 17.121 and the second condition will be used to obtain the inequality 
limTl . 

Lemma 7.12 One of the following holds: 

U(Q)h-2 



HQ) < Aw ■ (log- 



R. 



3 



(Afc)(g)<-^n-fc(Q)'-k(Q)r' 



Proof Assume k{Q) > • ( - log 1^^) ^ Then we obtain the following: 

hiQ) > ■ Ae ■ \zr > ■ Ibgl 

Namely we obtain the following: 

By using the right inequality in H117|l . we obtain the following inequality: 

KQ)\' I ,2^ HQ) 

WQlh > 

Thus we obtain the following 

4-k(Q)| 



\9Q\t < , |il|4 fc(Qf- (119) 



Note the following: 

Afc = Alog|/|^< 

\j\h 

Then we obtain the following inequality by using Lemma [7. 71 the inequality (|114|l . the left inequality in H118|l . 
and the inequality H119() : 



e ,,^.2 \m? ^ ^Ai-e-HQ)^ ^ , ho? 

|z(Q)|4.4' ^"^^ ■ A, 4.A5-|z(Q)|2 \z{Q)\- 



Thus we are done. 

For any positive numbers e and B, we put as follows: 
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Lemma 7.13 We put B = 6 ■ A^^ . We have the following inequalities: 



ApB,, >-An-^, PS,. > ^10- ("log j^) (120) 



Proof We have the following formula, where we use the real coordinate z — r ■ e'^ 



-le. 



A „ /^^ I 2i3 \ -6B ^ -6p|^, 

\dr rJ\{-\ogr/R3)3-rJ {-logr/Rs)^ ■ ' B ■ r'^ ' 

Here we have used the inequality: 



(— logr/_R3)2 • 



Since we put B = 6 ■ A-^^, we obtain the first inequahty in H120() . 

Note that we have the following, due to the second inequality in (|118|l : 

B = 6-A^^^> Aio. (121) 

Thus we obtain the second equality in (|120|l . I 

We put ^2 := {Q\HQ)> PeiQ)}- 
Lemma 7.14 The set S2 is empty. In other words, we have k{Q) < pdQ) for any point Q G A*. 

Proof We assume that S2 is not empty, and we will derive a contradiction. Let Q be a point of S2, and then 
we have the ii 
Lemma 02 



we have the inequality k{Q) > p^{Q) > Aiq ■ ( — log ^^^^J^ ) ^ ■ Then we obtain the following inequality due to 



Hence we have the following inequality: 



A(.-P.)(Q)<-^. /-'Qf-J,f'% 0. 

\z{QW 

It means that the function k — p^^ does not have any maximal point in the region 5*2. Since we have Pe = 00 on 
the boundary {|z| = 0}U{|z| = i?3}, the intersection of the sets 5*2 and {\z\ = 0} U {\z\ = R3} is empty. Hence 
we have k{Q) — PeiQ) on the boundary of 5*2. Thus we obtain the inequality fc < on the region S2, which 
contradicts the definition of S'2. I 

Let us return to the proof of Lemma lT.lUI We obtain k(Q) < ps.e for any positive number e due to Lemma 
17.141 Thus we obtain the following inequality for a good constant: 

Therefore the proof of Lemma lY . 1 01 and the proof of the claim (I) are accomplished. I 
7.1.6 The proof of (II) 

For any element / G ®a<ib Hom{E[^, E'^), the adjoint a.d{l) induces the endomorphism of Qci<ib Hom{E[^, E'^), 
which we denote by F/. Recall that we put fo = f ■ z. 

Lemma 7.15 There exist good constants and An such that Fj^ is invertible on A*(f?4), and the norms of 
Ffg and FJ^ are dominated by A14. 
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Proof We put g := fo — p' , which is a section of ®(j<^b Hom{E'^^, E'^). Then we have the foUowing inequahty 
on A*(i?i) due to the claim (I): 

l5U<C^i- (-log^) . (122) 

Hence the norm of the endomorphism Fg is dominated by Ai^ ■ (— log(|z| • R^^)) ^ for a good constant A13. 
On the other hand, the endomorphism Fpt is invertiblc and the norms of Fpi and are dominated by a good 
constant Ai2. Thus we obtain Lemma IV.ISI I 

We put q p ~ p\ which is an element of ©^^^^ Hom{El, E'^). 

Lemma 7.16 There exists a good constant Ai^ such that \q\h < ^15 • (— log(|2| -i?^^)) ^ on the region A*(i?4). 

Proof We have the following equality by using [p' , p'] — 0: 

- [/o, p] = [/o, p' + q]= Ff, (q) + [p' + g, p'] = Fj, [q) + [5, p'] . 

Then we obtain Lemma l7. 161 bv using Lemma rrra and ((1^ . I 

Lemma 7.17 There exist good constants R5 and Aiq such that the following inequality holds on the region 
A*(i?5).- 

\[p,P]\l>A,,-\q\l-\z\-^. 

Proof We have the following equality by a direct calculation: 

[p,P]^[p',P] + [q,z-'-p'] + [q,z-'-~g^ 
Here we put p' = ^g^f^g^ a ■ ids'^, and we have used the relation p'^ ~ p' . Note the following: 

[P'J^] e Hom{EiE',), [q, z~'-p'] e Hom{ElE',). 

a>ib a<ib 

There exists good constants C > and C > satisfying the following: 

\[q,z-'-g^]\, < C ■ • |ad(g)U • \qW < C • (-|z| log M)-^ . I^],, 

|[g,^-V]|,>c.|z|-i|gU. 

In all, we obtain Lemma l7.17l I 

Recall the following inequality due to Simpson (in the page 731 of ISOj): 

AlogH^<il^. (123) 

\P\h 

Lemma 7.18 There exist good constants Rq and An such that the following inequality holds on A*(i?6).' 

/\\0g\p\l<-An-\q\l-\z\-\ 
Proof It follows from ifT^ and Lemma ITTtI I 
Since we have \pW — £, + \<l\'h, we obtain the following inequality on A*{Rq): 

/\\og{l + C'-\q\l)<-An-\q\l-\z\-\ (124) 
Lemma 7.19 There exists a good constant Aig such that the following holds: 

Ai8 • r ' • kl^. < log(l + ■ \q\l) < ■ \q\l (125) 
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Proof The right in the inequality H125|) is clear. Since we have \q\h < A15 ■ {-\og{\z\ ■ R-^)) on A* (Rq) due 
to Lemma 17.161 we have the following: 

kl^^^<^^•A?,.(-logM)-^ (126) 

In particular, we have a good constant C > such that < \q\j^ ■ < C on A*{Rq). Thus there exists a good 
constant for the left inequality in (|125|l . I 

Weput/c:=log(l + |z|2.e-i-|q|^). 
Lemma 7.20 There exists a good constant Aig such that the following holds: 

Ak<-Aig-k-\z\-'^. (127) 
Proof It follows from 1124|l and the left inequality in l|125() . I 
Lemma 7.21 We have the following inequality on A* (Re): 

k < \z\' ■ ■ \q\l < ^15 • C ■ (- log(k| • R-')r'- 
Proof It immediately follows from the right inequality in H125() and H126|) . I 
Corollary 7.2 There exists a good constant A20 such that k < ^20- I 
For positive numbers B, e and u, we put as follows: 

PB,e,u :=i3-(|zr + e-(-logM)). 

It is easy to check ApB,e,u — ■ l^l""^ • B. 
Lemma 7.22 

• Take u > satisfying u'^ < Aig. Then we have the following inequality: 

ApB,e,u > -Ai9 • |z|-2 . |z|" . B > -Ai9 • \z\-^ ■ pB,e,u- (128) 

• Fix u > 0. Take B > as B ■ i?g > A2q. Then we obtain the following: 



PB.e.uiRe) = B • + e • ( - log > A20 > k{Re). (129) 

I 



Let us fix good constants u and B as in 

Lemma 02 We use the notation p^ instead of pB,ii,u- Then we 
obtain the following inequality from H127|) and l|128() : 

A(fc-p,)<-^.(fc-p,). (130) 

We put 53 := {Q e A*{Ro) \ k{Q) - p, > O}. 

Lemma 7.23 The set S3 is empty. In other words, we have k(Q) < Pe{Q) for any point Q G A*. 

Proof Assume that ^3 is not empty, and we will derive a contradiction. The function k — p^ has no maximal 
point in the region Sz due to the inequality (|130|l . Since we have Pe{Re) > k{RQ) due to the inequahty H129|) . 
and since we have Pe(0) = 00 by definition, the intersection of the sets S3 and {\z\ = 0} U {\z\ = Rq} is empty. 
Hence we have k = p^ on the boundary of the closure S3. Hence we obtain k < Pe on S3, which is a contradiction. 
Hence the set S3 is empty. I 

When we take limit e ^ 0, we obtain the inequality k < B -r" on A*{Rq). Then there exists a good constant 
A21 such that the following inequality holds on A*{Rq): 

kk<A2i-izr- 

Thus the proof of the claim (II) is accomplished. I 
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7.1.7 Some consequences and the asymptotic orthogonality 

Corollary 7.3 For any Ri < R, there exists a good constant C such that the following holds on A*(i?i); 

l/o-pk<C.(-logM)"\ 

Proof It follows from the estimate oi q = p — p' and (1) m Proposition l7.ll I 

We have the decomposition /o = J2a>ib fo,a,b, where /o,a,f, G Hom{E'^,E'^). 
Corollary 7.4 There exist good constants C > and e > such that the following holds: 

• l/oahl/i < C ■ \z\'^ in the case a^h. 

• l/o aa - a • irffij/i < C • log— j . 

Proof The second inequality immediately follows from (I) in Proposition 17.11 Due to the commutativity 
[/o, p] = 0, we have [/o, p'\ + [/o, (?] = 0. We have the following: 

[/o,p']= 5](fe-a)-/oai,. 

a>\h 

On the other hand, we have the estimate 

|[/o,g]L<C-|/o|/.-|gk<C"|zr^ 

Hence we obtain the estimates for /oah- I 

We have the decomposition fl = J2a,b flab^ where fl^^^ e Hom{E'^,El). 
Corollary 7.5 There exists good constants C and e such that the following holds: 

• l/dahlh < C ■ |z|' in the case a ^ b. 

• \flaa~-a■^dE'^H<C■{~\0g\z\)-\ 

Proof It immediately follows from Corollarv l7.4l I 

We put p := ®Qg5|. a ■ idsa- We also put p' :— Q^^^g a • ids' ■ Note that p' is adjoint of p', and that 
P-P' &®a<,bHofniElE'^). ° 

Lemma 7.24 There exists good constants C , R' and e' such that the following holds on A*(i?'); 

\p-p'\^<C' ■\zY'. 

Proof The argument is similar to the proof of Corollarv l7.4l We have the following formula: 

= [p, p] [p, p'] + [p, g] = [p - p', p'] + [p, q]- 

There exist good positive constants i?", C", C" and e" satisfying the following inequalities on A*{R"): 

\[p,q]l < C" ■ \zf, \[p-p\p']l > C" • |p-p'|,. 
Thus we are done. I 
Corollary 7.6 There exist good positive constants C and R' such that the following holds on A*(R'): 

\f'o-pi<c-\zr-{~iog\^'" 
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Proof We have /q — p = (/q — p') + {p' ~ p) = (/o ^ p'^) + {p' ~ p)- Then we obtain the result from (I) in 
Proposition 17. II and Lemma [7. 241 I 

In general, let us consider an element g E End{Ea)- Then we have the decomposition: 

.9 X! Sab, gab e Hom{E'^,E'^). 

a> 1 b 

Lemma 7.25 We have the estimate \gab\h < C ■ l^l*^ ■ \g\h for a ^ b. 

Proof We have — [g,p] — [g,p'] + [g,q]- We have an estimate |[g,<7]|^ < C ■ \g\h ■ \z\'^ on A*{R') for some 
good positive constants C , e' and R' . On the other hand, we have 

[g,p'] = ^{b- a) ■ ga.b- 

a>ib 

Thus we are done. I 

For the endomorphism g above, we also obtain the adjoint g^ £ End{E), and we have the decomposition: 

5^=E(3^)-&' {g%beHomiE',,E',) 

a<ib 



Lemma 7.26 We have \{g^)ab\h < C ■ \z\^ ■ \g\h ij a^h. 

Proof It immediately follows from Lemma r7.25l I 

We have the following asymptotic orthogonality. 

Proposition 7.2 There exist good constants C3 > 0, £3 > and Riq > 0. Let ai and 02 be elements of Sq 
such that fli 7^ 02. Then Ea-^ and Ea^ are \z\'^^ -asymptotically orthogonal. More precisely, let Vi be -sections 
of Ei. Then it holds \{vi,V2)h\ < C3 ■ • \vi\h ■ \v2\h on A*(i?io). 

Proof Let u be a C°°-section of Ea- We have the following decomposition: 

b< 1 a 

We have the equalities p{v) = a ■ v — X)6<a a ■ Vb- On the other hand, we have the following equalities: 

p{v) = p'{v) + q{v) = ^b-Vb + q{v). 

fe<ia 

Hence we obtain the following: 

E (a - 6) • = q{v). 

b<ia 

Therefore there exists a good constant ^422 such that the following holds for any v. 

\vb\h < A22 ■ ■ \v\h. 

Let be a C°°-section of Ea and w be a C°°-section of Ec such that c < a. Then we have the following: 
\iv,w)h\ = I E {vb,w)h = 1^(1^6, < E \vb\h ■ \w\h < A22 ■ l^r • E 

b<ia ^^ic b^ic b<ic 

Hence there exists a good constant A23 > such that the fohowing holds: 

\{v,w)h\<A23-\zr-\v\-\w\. 
Thus we are done. I 
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7.2 The KMS-structure of tame harmonic bundles on a punctured disc 
7.2.1 Prolongment oi 

We put X ~ /S. and D = {O}- Let {E, Oe, 0, h) be a tame harmonic bundle over X — D. We have the deformed 
holomorphic bundle over — with the metric h. Let us recall the result on the prolongment of 

S^. (See the section 10 of PUI and the section 3 of [Sn|. See also the subsubsection 4.3.1-4.3.3 in 1,38).) 

1. For any real number b E R, the Oj^-module is locally free. 

2. For any real numbers a < b, we have the canonical inclusion — * of Ox-modules. Then we obtain 
the parabolic filtration of bS^\o- Namely we put Fa{b£^) '■= Im(af '*'|o — * b£^\o)- Then we have the 
following inclusions for any 6—1 < a < b: 

= Ft,-i{b£^) C FaibS^) C FbibS^) = b£^\o- 

3. We put as follows: 

Fa{b£^) 



F<aib£^) 



Ifa< b < a+1, we have the canonical isomor phism Grf {a£^) — > Grf {b£^). Hence we omit to denote b 
in this case. 

On the contrary, if6<aor5>a + l, then we have Grf (f,£'^) = by definition. 

4. Let V = (vi) he a holomorphic frame of b£^ over X compatible with parabolic filtration on D. We put 
bi := deg^{vi). We put v'^ := |z|^* • Vi, and then we obtain the C°°-frame v' := (uQ of £'^ over A"^ — V'^. 
Then v' is adapted up to log order 



5. 3^ is logarithmic in the following sense: if / is a holomorphic section of b£^, then H^f is a holomorphic 

K 



section of b+i£^ ® 51"^'° = b£^ ^ ri^'°(logO). In particular, we obtain the residue Res(D^) e End(b£-^|o), 



which preserves the parabolic filtration F. 

K 

= ^^b£\o,a) 



We have the E-decomposition of b£^\o for Res(I])) 



bC 

aec 

Lemma 7.27 The decomposition E and the parabolic filtration F is compatible. 

Proof Since Fa{b£^) is stable under the action of Res(D'''), we have only to apply Lemma [2.41 I 

For any u — (a, a) € R x C and for any b such that a < b < a + I, we put as follows: 

Gr:^^i£') ■.= E{Gr^ib£'),a) = Gr^ E(,fV'«)- 

It is independent of a choice of b. 

For any u £ R x C, we have the induced morphism Grf '^(Res(D'^)) on Gr^'^{£^). The nilpotent part is 
denoted by Af^- Then we obtain the weight filtration W oi Mu- 

7.2.2 KMS-spectrum 

Definition 7.2 For a harmonic bundle {E,dE,S,h), the set JCAiS{£^) is defined as follows. ■ 

JCMS{£^) ■.= {u£RxC\ dim Grf ^ O}. 

It is called the KMS-spectrum set of £ at (A, O). For any u G K.MS{£^), the number m(A, u) is defined as 
follows: 

m{\,u) :=dimGrf''^(f^). 

It is called the multiplicity of the KMS-spectrum u. I 
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The natural morphisms ]CJ^S{£^) — > R and K.M.S{£^) — > C are denoted by tt^ and tt'. We put 
Var{£^) := Im(7rP) and Sp{£^) := Ivcl{ti'). 

Proposition 7.3 We have the isomorphism Gr^'*'(£^) ~ Gr^^^-j^ .^■^(£'^). 

Proof Let v — (vi) be a holomorphic frame of a£^ compatible with E and F. We put bi := deg^(i;i). We put 
Vi := ■ Vi and v := {vi). 



Lemma 7.28 v gives a holomorphic frame of a+i£^ ■ 

Proof We put v[ :— Vi ■ \z\^'-~^, and v = {vi). Then it is C°°-frame of £^ over — V^, and it is adapted 
up to log order. Then v gives a frame of a£^ compatible with the parabolic filtration due to Lemma f2. 41 and 
Lemma 12.51 I 

Let us return to the proof of Proposition 17.31 Let A be the A-connection form of D'*' with respect to the 
frame v, i.e. ID)^t> = v ■ A holds. Then we have the following: 



Dv = B(z"i -v) ^v - (^A- A— ^ 



We obtain the isomorphism a£^\o — ^ a+i£^\o defined by the correspondence Vi{0) i — > ^^(O). Then it induces 
the isomorphism: 

Gr^^-(£^)^Gr^;-,_,^(£^). 
Thus we are done. I 
Corollary 7.7 We have the equality m(A,w) — m(A,w+ (1,— A)). I 

We have the free Z-action on ICAiS{£^): 

Z X ICMS{£^) — > ICMS{£^), {n,u)< — >u + n- (1, -A). 
It preserves the multiplicities. 



Definition 7.3 We put 1CMS{£^) := 1CMS{£^)/'L. Note that the multiplicity of any element u G 1CMS{£^ 
is naturally defined, due to Corollarv U. 71 

Definition 7.4 We put as follows: 

JCMS{b£^) := {u e JCMS{£^) | 6 - 1< 7rP(u) < 6} = {u e il x C | Gr^ {b£^) ^ O}. 



We have the natural morphism tt : lCMS{b£^) — > K.M.S{£^). The following lemma is clear. 

Lemma 7.29 The morphism tt is bijective. I 

The restriction of tt^ to ICMS{b£^) gives the morphisms ICMS{b£'^) — > R- The image tt^ (^ICMS{b£^)) is 
denoted by Var{b£^)- The following lemma is clear. 

Lemma 7.30 We have Var{b£^) ^ {a e R \ Grf {b£^) ^ 0} . I 

The restriction of the morphism tt' to ICA4S{b£^) gives the morphism tt^ : JCA4S{b£^) — > C. The image 
t:'^ [lCAiS{b£^)) is denoted by Sp{b£^). The following lemma is clear. 

Lemma 7.31 We have Sp{b£^) ^ {a e C \E{b£^lO,a) ^ O} . I 
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7.2.3 The functor iality of the KMS structure for pull back 

Let c be a positive integer, and tpc ■ ^ — * X be the morphism given by z i — > z'^. 

Let / be a holomorphic section of over X. We put — — ord(/). Assume — 1 < 6 < 0, i.e., /|o 7^ in 

^ \o- 

We have the holomorphic section V-'tT^C/) of V'tT^l^^) ^'^^r — V^. Then we have ord('0(7^(/)) — ~c ■ b. 
We put as follows: 

/:=^-M).^-i(j). 

Then we have the following: 

- ord(/) = -i^{c ■ h) - ord(iA-i(/)) = -iy(c • &) + c • 6 = k(c • 6). 

Hence / is a section of f^(^cb)'4'c'^ ■ I'^ particular, it gives a section of ^ijj'^^E'^. 

Let be the holomorphic frame of '^E^ compatible with F. We put hi :— deg^ {vi). We put v[ := • Vi 
and v' := (w^). Recall that v' is a C°°-frame of over X^ — T>^, which is adapted up to log order. For each Vi, 
take the holomorphic section Vi of ''^'c^^^ above. Then we obtain the tuple of sections v = [vi) of ^ip~^£^. 

Lemma 7.32 v is a holomorphic frame of ^tpc^^'^ ■ 

Proof We put as follows: 

■.^\z\<^'")v, = a{z)-^j-\v.y. 

Here we have |Ci(z)| — 1. We obtain the tuple of the C°°-sections v' — of ip~^£^. It is a C°°-frame of 
ip~^£'^ over — T>^, and it is adapted up to log order. Hence we have only to apply Lemma IT^ I 

Corollary 7.8 We have the surjective morphism ip* : ICAiS{^£^) — > ICA4S{^tp^^£'^) given as follows: 
We have isomorphisms: 

tl:*{u)—u' K{ch)—a 

The isomorphism are given by v and v. 

Proof We have only to note that v is compatible with E and F. The compatibility of v and F follows from 
the fact that v is adapted up to log order fLemma l2.5(l . 

Let A be the A-connection form of D with respect to the frame v, namely we have Di> = v ■ A. Then we 
obtain ]I])^v — v ■ A, where A = tp'^^A + B ■ dz/ z, and B denotes the diagonal matrix such that Bj j — v{c ■ bj). 
Thus we obtain the compatibility of v and the decomposition E. I 

Corollary 7.9 The following holds: 

rar{^p-\£)) = [j {c-a + l). 

I 

7.2.4 The action 

Assume that c is a positive integer which is sufficiently large with respect to 'Par{^£^). (See Definition 12.1(1 . 
We have the action of fic on X, given by uj*z — oj ■ z. It can be naturally lifted to the action on ifj^^E^ . Since 
Vi are invariant under the action of /ic, we have the following: 

We have the weight decomposition: 

h 

Here oj* = u)^ on Uh ioT: —c + 1 < h < 0. The following lemma is clear. 



127 



Lemma 7.33 Uh = (vi | v{c ■ 6,;) = ft,). I 

We put {/i I - c + 1 < /i < 0, 7^ O}. Then we have S = {v{c ■b)\b e 7'ar(*£^)}. Since c is 

sufficiently large with respect to Var{^£'^), any element b £ Var{^£^) is uniquely determined by the number 
v{c ■ b) £ S. Thus we have the map (p : S — > 'Par{'^ip~^£'^) given by the following correspondence: 

v{c ■ b) I — > k{c ■ b). 

Let us consider the filtration F' given as follows: 

Fi:= U,. 

hes, 

V{h)<b 

Lemma 7.34 We have Fl{''^-^£^) = Fbi'^^-^S^). 
Proof It follows from the following equalities: 

i^^rCf ^) - {v. I «(c • h) < &) - FXi^c^S^). 

Thus we are done. I 

Corollary 7.10 The decomposition ^i/j^^E^^q — @j^Uh gives a splitting of the parabolic filtration in the fol- 
lowing sense: 



hes 

ip{h}<b 

In particular, Uh is naturally isomorphic to GrbC^ip^^E^^Q) {^{h) — b). I 
7.2.5 Descent of the frame 

On the other hand, we can descend the equivariant frame. Let / be a holomorphic section of such that 

U!*{f) = uj'^ ■ f for some integer h such that —c<h<0. We put /i := z~'^ ■ /, and then we have w*(/i) = /i- 
Hence /i induces the holomorphic section / of £^ over X — D. We have the following: 

- ord(/) = -c-i • ord(/i) = • {h - ord(/)) < 0. 

Hence / gives a holomorphic section of 

Let V — (vi) be a holomorphic frame of ^il;~^£^ satisfying the following: 

• It is equivariant in the sense uj*Vi = oj^' ■ Vi for — c < hi < 0. 

• It is compatible with the parabolic filtration F. 
We put bi :~ deg''^(tii), and then we have — 1 < 6i < 0. 

Lemma 7.35 We have -1 < c^^ • {h + bi) < 0. 

Proof Since we have — c + 1 < /i < and — 1 < 6i < 0, we obtain — c < h + bi < 0. I 

Let us take the section Vi of for each Vi as above. Then we obtain the tuple of sections v — {vi). 
Lemma 7.36 v is a holomorphic frame of^E^, compatible with the parabolic filtration. 
Proof We put bi := c^^ ■ (bi + h — c). We put as follows: 

v'i := \z\''' - Vi, V = (vi). 

Then it can be checked that v is adapted up to log order. Thus we have only to apply Lemma l2.4l and Lemma 
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7.2.6 Functoriality for tensor product 

Let (E(°),aB(a), 6'("\ (a = 1, 2) be tame harmonic bundles over X — D. We obtain the prolonged deformed 
holomorphic bundles ^. Let v'^°'^ be holomorphic frames of ^f^") ^ compatible with the parabolic filtration 
F. We put 6|"'' := dcg^(w|"^), and v\°'^' := \z\''' ' vl"'\ The tuple of sections v^")' = (t'-"'*') gives a C°°-frame of 
£^ (") over X — D, which is adapted up to log order. 

Then we obtain the C°°-frame v(^) ' ® v^'^'> ' of f ^ ig) f ^, given as follows: 

® = ® )' I 1 < i < rank^(i), 1 < j < rank^(2)^_ 

It is adapted up to log order. Hence we put Wij := z~'^^'^'^'> ■ vf''' ® vf'\ where e{i,j) are given as follows: 



1 <-l) 

(otherwise, i.e., - 1< hf^ + bf^ < 0). 



Then we obtain the tuple of holomorphic sections w = (wij | 1 < « < rankE'^^^ 1 < i < rankiJ*^^^), and it 
gives the holomorphic frame of *(f(^'*^ ® f*'^)'^), compatible with the filtration. 

Corollary 7.11 We have the surjective morphismip : /C7W5(*£(i)^)x/C7W5(^£'(2) A) — , )CMS {S^^^ ^ ® S^'^^ ^)) . 
For elements Ui = {bi,Pi) for i = 1,2, the element V'(wi,W2) is given as follows: 

^{UUU2) = (k(6i+62), /3i+/32-K&1+62)-A). 

We have the equality of the multiplicities: 

m(A, u)= ^ m(A, ui) • m(A, U2) 



Corollary 7.12 We have the isomorphisms: 

Grf(o(f«^®£:(2)^)):.. Gr£ (^f « ^) ® Gr£(Of ^). 

K(6i + 62)=fe 

G^F,E(.^^(i)A^^(2)A^^^ Gr^f(-fW^)®Gr^f(Of(2)A)_ 

l/'(«l,«2)=M 



Corollary 7.13 We have the isomorphism: 

Grf (oSym'^ f ^) :^ (g) Sym"' (Gr^ ^f^) . 

(b,m)eS(b,h) i 

Here we put as follows: 

S{b, h) := |(b, m) | ^ rUi = h, '^(^^ rmbij = &| 

In all, we have an isomorphism Gr^(^Sym' f ~ Sym (Gr^ 
We also have an isomorphism: 



ib,m)eS(b,h) i 

We have Gr^(*A' - /\' {Gi^ "S^)- 
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7.2.7 Functoriality for dual 

Let V = (vi) be a holomorphic frame of compatible with F. We put bi := deg^(ui) :— • Vi, and 
v' — {v'^. Then we obtain the dual frame d'^ of f over X — D. It is adapted up to log order. 

Let — (v^) be the dual frame of v over X — D. Then it gives a holomorphic frame of for some 

e > 0. 

Then we put Wi := z'^^^^ ■ and w = (wi), where e{i) is given as follows: 

- \ ib, = 0). 
Then to is a holomorphic frame of compatible with F. 

Corollary 7.14 We have the bijection ^ : ICMS{^£^) — > ICMS{^£^^). For any u — (6, /?), tp{u) is given by 
{K{-b),-l3-u{-f3)). We also have the isomorphism Grf ~ Gr^('^)(^£^^). I 

7.3 Basic comparison due to Simpson 
7.3.1 The statement 

We put X ^ A and D — {O}. Let {E, ds, h) be a tame harmonic bundle over X — D. As is already seen, we 
obtain the vector space Vu := Gv^'^{''E\o) and iV„. We have the model bundle E{V,N) as in Lemma 16.41 

{Eo,dEo,ho,Bo)= E{Vu,N^)®L{u). 

ueK.MS(^E) 

We can pick an isomorphism $ : '^Eq — > '^E satisfying the following: 

• $ preserves the parabolic filtrations. 

• The induced morphism Gr^(<i>) e H om{Gr^ Eq) , Grf (^i?)) is compatible with the morphisms Grf'(Res(0o)) 
and Grf (Res(0)). 

Proposition 7.4 (Simpson) $ and are bounded. 

Proof See the subsubsection 4.3.3 in the previous paper for example. I 

Since we have £^ — E and £^ = _Eo as C°°-bundles, we obtain the C°°-isomorphism $ : £q — > on 
— . Let us take holomorphic frames and v of ^£^, which are compatible with generalized 

eigen decompositions E, parabolic filtrations F and the weight filtrations W. We put as follows: 

deg^(.,)=6„ deg^{v,)=(3„ ^^f^ = k„ 

A F, -s I, J E/ N ,3 deg^(woi) , 
deg (woj) = deg (woi) = Poi, = k^i. 



We also put as follows: 

v'^ := Vj ■ • (-log|z|)-''■^ v' = {v'j), 

Then we obtain the C°°-functions / and /' of X — D to M{r) defined as follows: 

The following lemma can be checked by a direct calculation. 
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Lemma 7.37 We have the equality I'j^^ = Ij^, ■ \z\'">'^'^^ ■ {-log\z\) | 

By the isomorphism $, we identify E and Eq. Let 9^ be the conjugate of with respect to h, and Oq be the 
conjugate of 6*0 with respect to ho. Recall the following lemma. 

Lemma 7.38 (Simpson, Lemma 7.3, Lemma 7.7 |5Up We have the following inequalities: 

0lW <C-\z\-\-\og\z\)-\ [ \0^ el\, ■ \z\ ■ (-log|z|) , ,J^f < oo. 



|zp.(-log|z|) 

Here C denotes some positive constant. I 

We also recall an outline of the proof of the following lemma. 
Proposition 7.5 (Simpson) 

1. I' and I' are hounded. 

2. We have the inequality < C ■ (— log |z|)~-'^ in the case {bj,l3j) ^ {boi,l3oi). 

3. We have the inequality \\I'ji\\w < oo in the case kj ^ koi. (See the page 764 of |5U| or the subsubsection 
4.3.4 o/EHl for the norm \\-\\w-) 

In the case A = 1, the proposition is given by Simpson (the section 7 in (50j). His argument clearly works in 
general case. Hence we only indicate an outline. See loc.cit. for more detail. 

7.3.2 Outline of the proof of Proposition 17751 

The claim n immediately follows from the boundedness of $ and and the adaptedness of v' and v'q. Note 
that 9$ — X ■ {oil — 0^). We can apply the argument of Simpson, and we obtain the claim |3| 

Let us see the outline of the proof of the claim|2 The holomorphic sections ip, tp^^^ of End{£^) ® f2^'° are 
given as follows: 

V'(«,):=«,-(/3,+A.6,)-y, ^W{v^):^v^.{-\.b^)'^. (131) 

For any holomorphic section / of such that \f\h < Ci • l^l"'' • (— log \ z\)^ ^ it is easy to see that there exists a 
positive constant C2 such that the following holds: 

|bV - V^(/) - < • Izl-^-^l- log |z|)'=-i. 

Lemma 7.39 (Lemma 7.2 of |5U|^ We have the following finiteness: 

\tlj - (1 + \X\^)0\l ■ (- log |z|)i-' • \dzdz\ < 00. 

Proof We have only to show the following claim: If |/| < C3 • \z\^'' ■ (— log |z|)''', then we have the finiteness: 

m - (1 + \M')0{f )\, ■ ■ ( - log Iziy-'-'" ■ \dzdz\ < 00. (132) 

We have only to show the inequality (|132|l in the case b — 0. Note the following inequality: 

\m - (1 + lAl') • 0if)\' < 2 • |D^(/) - (1 + lAp) • 0{f)\' + C ■ \z\-'{- log Izl)"^"-'^ 

= 2 . |Ap • 19^. (/)p + C ■ |z|-2 . (- log \z\f-'^ . (133) 
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We have the Weitzenbeck formula: 

A\fg = -\d,.f\' + (1 + \x\') ■ {\ef\l - \e^f\l). (134) 

Hence we obtain the foUowing, for some positive constant C: 

A{\f\l ■ i- log \z\y-^-"^) < -i (- log + c ■ \f\l ■ \z\-^ ■ {- log \z\)-'-'-''. (135) 

By using (|135|l and the equivalence of the norms |/| ~ (— log \z\)'', we obtain the following: 
A[{\f\l ■ (- log Izr^^ - C) • (- log \z\y-^) < ~l\d,.f\l ■ (- log 1^1)1— 2^ 
We put as follows: 

F:= (|/lL(-log|z|)-2'=-c).(-log|z|)i-. 

Then we obtain the following: 

lim 



|2|^0-log|z| 

Hence we obtain the inequality: 

J \de^f\l ■ (- log \z\)'-'-^'' ■ \dzdz\ < cx). (136) 

From and we obtain Lemma [73^ I 

Since Simpson's proof of Lemma 7.4 and Lemma 7.5 in '50' (for the case A = 1) can be also easily applied 
to the general case A ^ 1, we omit to give a proof of the following lemma. 

Lemma 7.40 (Lemma 7.4 and Lemma 7.5 in |50p We have the following inequalities: 

\{l + \Xne-i;W<\z\-\-\og\z\)-\ (137) 

\^-^oW<\z\-\-\og\z\)-\ (138) 

I 

Corollary 7.15 (Lemma 7.11 in jSHl) In the case Pj + X ■ bj ^ Poi + X ■ bi, we have the inequality \Ii j\ < 
(-log|z|)-i. 

Proof It is not difficult to derive the claim from (|138|l . See the proof of Lemma 7.11 of ISU]. I 

Note the relation d<P = X ■ {9l - 9^). Then we obtain the following: 

■ Izl"--^^ • (-log|^|)"V.+fc, <C-\z\-' ■ (-log|z|)-i. 
In the case 6o,i — bj ^ 0, we can pick the C°°-function h(dlij) on A* satisfying the following: 

• dh[dlij) = dlij. 

• \h{dhj)\ ■ \z\''°'^'''= ■ (-log|z|)-'=«-+''^:'- <C- (-log|z|)"\ 
Then we obtain the following: 

• h{dlij) — lij is holomorphic on X — D. 

• \h(dhj) - hj \ ■ \z\^"^-^^ ■ (-log|z|)-'=«'+'=^ bounded. 

Hence we obtain the following inequality in the case b^ i — bj ^ Z: 

\h{dh,) - h,\ ■ l^l"--^^- • (-log|z|)-^-+'=^- <C-{-\og\z\)-\ (139) 

Hence we have the inequality < C ■ (— log|z|)^^ in the case b^i ^ bj. Thus we obtain the claim |21 from 
Corollarv 17. 1 51 and (|139|l . and the outline of the proof of Proposition 17. 51 is finished. I 
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7.3.3 Some consequences 

Recall the bijection t{X) : C x R — > C x i? is defined in the subsubsection 

Corollary 7.16 Let u he an element of K.AiS{£^) . Then fi(A, u) g JCAiS{£^), and we have the equality: 

diuiGrf(GyY{£°)) = dimGrr(Grf(f„)(f ^)). 

In particular, we obtain the bijective morphism t(A) : JCM.S{£^) — > K.MS{£^) and the following equality: 

dim(G^'^(£")) - dim(Gr^(^^„)(£^)), m{Q,u) = m(A,e(A,u)). 

Proof The claims for the model bundles can be checked by direct calculations. Then the claims for general 
tame harmonic bundles follows from Proposition [^21 I 

Corollary 7.17 Let e be a holomorphic frame of^E compatible with E, F and W. Let v be a holomorphic 
frame of^£^ compatible with E, F and W . We put as follows: 

b{ej) := deg (cj), k{ej) := b{v,) := deg (w,), k{v,) := . 

We put as follows: 

e; := e, ■ |z|''(^^) • (- log jzr'^t^^), v', := v. ■ l^l^^"-) • (- log Izl)-'^^^-). 
The -function B : X — D — > M{r) is given as follows: 

Then we have the following: 

• B' and B' are bounded. 

• J < C - (-log|z|)-i m the case deg^''^(i;,) 7^ t(A, deg^''^(ej))- 

Proof For the case of model bundles, we pick eg, Bq, and t)g similarly, and then we obtain -Bp ji- ^^^^ 
case, we may assume the following, due to the construction of model bundles: 

[A): B',^^^ = if deg^'^(z;o,) ^ «(A, deg^'^(eo,)). 

From our construction of we may assume $(eo) — e. Then we obtain our claims due to the assumption [A) 
above and the claim [21 in Proposition |^| I 

7.4 Multi-valued flat sections 
7.4.1 Order of multi-valued flat sections 

Let us fix A S C* . We have the A-connection (f'^,©'*'). We have the associated flat connection Then we 

obtain the space of multi-valued flat sections, which we denote by H{£^). 

Lemma 7.41 For any s G H{£^) and positive number Cq, there exist positive constants Ci and b satisfying 
the following: 

\s\ < Ci ■ \z\-^ on {z I I argzl < Co}. 
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Proof It follows from tameness of our harmonic bundles. (See Remark in the page 732 of "31?, for example. 
Or it is not difficult to show directly.) I 

We have the universal covering map tt : H — > A*, given hy C, — x + y/—ly ' — > exp(\/~lC) — We may 
regard s G H{£^) as a flat section of tt*£^. Wc have the following equality: 



dh{s, s) 
dx 



= 2Re(^/i(Vg;"s,s)) =2Re(^/i((V 



)s, s) 



Here V**'" denote the unitary connection for {£^,h), and dx denote the vector field d/dx. The difference 
^^■f _ v^'" is given hy a-e + b-O"^ {a,b e C). We have the description 6 = 9^ ■ dC, and 6*^ ^ O'^UC,. Due to 
Simpson's main estimate (Proposition 17. II [I]), we have the boundedness \9'^\h < C and < C. Hence we 

obtain the following inequality for some positive constant C: 



dh{s, s) 



dx 



< 



2\a\-\e\ + 2\h\-\e^^\,^<C. 



(140) 



Lemma 7.42 For any positive number C'l, there exists a positive constants C2 such that the following holds: 
• For any Xi G R {i — 1,2) such that \xi\ < Ci, and for any y > I, the following inequality holds: 

<C2 



I 1 2 I 1 2 

log |s(a;i,y)|^ - log |s(x2,?/)|^ 



Proof It immediately follows from the inequality H14U|) . I 
Definition 7.5 Let s be an element of H{£^), b be any real number. Then ord(s) < b' means the following: 

• Pick any real number xi £ R. For any positive number e > 0, there exists a positive constant C such that 
\s{xi,y)\ <C-e^'+'yy. 

Note that such property does not depend on a choice of xi, due to Lemma Vl A2\ I 
Definition 7.6 We put as follows: 

Tb{H{£^)) {s e H{£^) \ - ord(s) < b). 
Thus we obtain the filtration T on H{£^). I 
Let be the monodromy on H{£^). 

Lemma 7.43 The filtration T is preserved by . In particular, T is compatible with the generalized eigen 
decomposition of . 



Proof It is clear from our definition of the filtration T. 



I 



7.4.2 Compatibility with the order for holomorphic sections 

Let us consider the E-decomposition of H{£^) with respect to the monodromy M^: 

H{£^)= ¥.{H{£^),Lo). 

Let denote the restriction of to '&[H{£^),uj) . 

Pick a real number b £ R. Then there exists the unique complex number a = a(b^ w) satisfying the following: 



• exp(— 27r'v/— 1 • a) 
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• b< Re{a) <b+l. 

Note that the number b — Re(a(6, w)) is independent of b. 

Let M^^" denote the unipotent part of AI^, and we put as follows: 

^ ^ n— 1 

Then we have the following: 

e^p(^-27rV^{a{b,uj) + N^)) ^AC. 
Let s be an element oi E,(^H{£^),uj) . We put as follows: 

F{s,b) :=exp(V^C- + •s = exp(logz- (a(6,c^)+iV^)) • s. 

Then F{s, b) induces the holomorphic section oi X — D. 

Lemma 7.44 Let s be an element of ¥^[H {£^) ^ uj) . We have the following equality: 

- ord(F(s, b)) = - ord(s) - Re(a(6, u)) . (141) 
Proof We take si, . . . , s; as Sh — {N^)^ ■ s. We have the following equality: 

/ 1 

+ (142) 

4 = 1 

Hence we obtain — ord(F(s, b)) < — ord(s) — Re{a{b, uj)). 

Let us consider the case that s £ and N^s G J^<bi ■ Then Si (« = 1, . . . , Z) above are contained in T^^^ , 
and thus we have — ord(F(s, b)) = — ord(s) — Re(a(6, w)). 

Assume s G Tbi- The number z(s) is determined for s by the following condition: 

Si{s) ^ ^<bn Si(s) + 1 e ^<bi- 

To show the equality H141() . we use an induction on i{s). If i{s) — 0, then we have already shown the claim. We 
assume that the claim holds for any s such that i{s) < iq, and we will show the claim for s such that i{s) = ig. 
Note that i{Ni^s) =^ io — 1, and we have the equahty — ord(F(A'^^s)) = — ord{N^s) — Re{a{b,LLj)) — 63 due to 
the hypothesis of the induction. Note the following equality: 

D^-f{F{s, b)) = aib, Lu) ■ F{s, b) ■ — + F{N^-s, 6) • — . 

z z 

Assume 62 — ord(i^(s, 6)) < — ord(s) — Re(a(6, w)) —: 63, and we will derive the contradiction. Note 
that D^'^i^(s,6) and q;(6,w) • F(s,6)^ are sections of b^+if ® Vl}^ . On the other hand, F{N^-s,b)^ is a 
section of hg+if ® such that it is not in Gr^_|_]^. Hence we have arrived at the contradiction. It implies 
— ord( J^(s, 6)) = — ord(s) — Re(a(5, lj)), and thus the induction on i[s) can proceed. Hence we are done. I 

7.4.3 The compatibility of the KMS-structures 

Let us pick real numbers c and a, and a complex number G C. Recall we have the following inequality, by 
definition: 

c — a — 1 < — Re(Q;(a — c, w)) < c — a. 
In the case — ord(s) < a, we obtain the following: 

— ord(i^(s, a — c)) — ~ ord(s) — Re(a(a — c, ui)) < a — Re(a(a — c, w)) < c. 
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Hence F{s, a — c) gives a section of c£'^- 

We put d{a,uj) := a ~ Re(^a{a,uj)) < 0. Then the morphism J^a^{H{£'^),u;) — > d(a.M>)£^ is given by the 
correspondence s i — > F[s,a), and we obtain the following induced morphism: 



Lemma 7.45 The morphism V'(a.w) injective. 

Proof It follows from Lemma [7.441 I 
We have the action of Gt^{N^) on Gr^ E(_ff cj) for each a. Then we obtain the following endomorphism: 

aia,u;) + Grf (7V^) e End(Grf E(iJ(£^), c.) 

On the other hand, the endomorphism Res(D'^'-^) on '^E^io induces the following endomorphism: 

Grr(a,.)(Res(©^'/)) e End(Gr^(,,^)(-f V))- 
Lemma 7.46 We have the following equality: 

na,u) o (a{a,u;) + Grf (7V^)) = Gr^(,_^)(Res(]D)^'0) ° <^(a.c.)- 
Proof We have the following morphism due to F{-, a): 

(.FaE(ff(£^),c.), a(a,c.) + Grf(iV^)) (r{X,dS^), B^^f) 

Here we put d := d(a, a;). 

We also have the following morphisms: 

r{X, d£^) FdCS^io) Gr^ CE^o)- 

These morphisms are equivariant with respect to the operators D^'-^ , Res(D'^'-^ ) and Gr J(Res(]D)'*'''^)) respectively. 
Thus we are done. I 

Corollary 7.18 We have the following implication in Gr^ (*£^|o).- 

Ini((^(a,„)) C E(GrJ(Res(D^^-'')), a(a,w)) = E(Gr^ (Res(I])-^)) , X-a{a,io)). 
Here we put d :~ d{a, uj) = a — Re(ck(a, lo)) < 0. 

Proof It immediately follows from Lemma 17.461 I 
For any ui = (a,uj) £ R x C* , we put as follows: 

t{ui) — [d{a,uj), X-a{a,uj)). 
Thus we obtain the map t : R x C* — >] — 1, 0] x C 
Lemma 7.47 t is bijective. 

Proof It can be checked by a direct calculation. I 
For any ui = (a,uj) £ R x C* , we put as follows: 

Grf;«(iJ(£^)) :=GrfE(i7(£:^),c.). 
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Then we obtain the injection: 

Then we obtain the following injection: 

Proposition 7.6 The morphism ^uieRxC 'fi^i isomorphic. Each ip^-^ is isomorphic. 
Proof We have already known that (p„-i are injective ('Lemnia l7.45f) . We have the following equalities: 
^dimGrf;'^iI(£^) =rankf^ = J2 dim Grf '^(^f ^). 

The claims follow from the equalities above. I 

We have the weight filtration W on Gr^'^ H{£'^) induced by the nilpotent map Gt^{N^), where we have 
u = (a, uj). 

Lemma 7.48 The morphism ipu preserves the weight fiUrations W. 

Proof It immediately follows from Lemma 17.461 I 

7.4.4 Norm estimate for the multi-valued flat sections 

Let s — (si) be a frame of H{£^) satisfying the following conditions: 
Condition 7.2 

1. It is compatible with E. We put deg'^(sj) = w^. 



2. It is compatible with T on E(iJ(£^), /or any uj. We put deg (si) — ai. 



3. From the conditions^ and^ above, we obtain the induced frame s^^^ on Gr'^'^ H(£'^). The fr"'<^f 



rame s'- ' is 



compatible with the weight filtration W . We put deg'^(Sj-"'^'') = fc^. 
If the conditions above are satisfied, we say that s is compatible with T , E and W. 
The matrix (fe^""*) is determined by the following condition: 



3 



Lemma 7.49 We have bji ~ in the following cases: 



— ojj and Oi < Oj . 



• {uji, ai) — (ujj, Oj) and ki — n < kj. 



Proof It is clear from our choice of s. 

We put Vi :— F{si,ai), and v = {vi). Then is a tuple oi^£^. We put ai = a{ai,uji). 

Lemma 7.50 The tuple of sections v is a frame of^£ which is compatible with E, F and W . 

Proof It immediately follows from Proposition 17. 61 and Lemma 17.461 
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Lemma 7.51 We have the following equality: 



(") ^cti-Qj 



UJi —UJj , 

ai'>aj 



Note that if oj-t = LOj and ai > aj, then ai — aj is a non-negative integer. 
Proof We have the foUowing equahties: 



Thus we are done. I 

Let C be any positive number. We put ai := ^(aijWi). On the region |z| |argz| < C}, we have the 
following equalities: 

oo 

= z-"' • exp(- logz • N^) ■ V, = z-"' V logz)" • (iV^)" • v,. (143) 

It can be described as Si = z~"* ^ /j • for some multi- valued holomorphic functions /,-. 
Lemma 7.52 Let C he a positive number. We have the following, on the region || argz| < C}." 

• /. - 1. 

• \fj\ ^ C ■ (— log |z|)*^''»~'^^'/^ for some positive constant C, in the case {ai^Ui) = {aj,ujj) and ki > kj . 



\fj\ l£ C ■ {— log |z|) for some positive constants C and M , in the case uji — ujj and Oi > aj. 



• Otherwise, fj vanishes identically. 
Proof It immediately follows from Lemma IV. 511 and (|143|l . I 

We put s[ := s, ■ jz]"' • {-\og\z\)-^^l^ , and s' (s^. 
Proposition 7.7 s' is adapted on the region |s | | argz| < C} for any positive constant C . 
Proof It is a direct corollary of Lemma r7.52l and the adaptedness of v' . I 

7.4.5 The decomposition and the filtration of the flat bundle £^ 

We have the generalized eigen decomposition over X — D for the monodromy M^: 

£^= E(£\c.). (144) 

LueSp{M>-) 

Corollary 7.19 The decomposition is quasi adapted (Definition \2.'2]) . 

Proof Let v be the frame of '^£^ obtained from s. Then v is compatible with the generalized eigen decompo- 
sition above, and v' is adapted. Thus the decomposition is quasi adapted. I 

Let c be any real number. Let s be a frame of H{£^), compatible with E, and W. We put := 
F{si,ai - c), and cV = (cVi). We put := a{ai - Ci,LUi). 

Lemma 7.53 The tuple of sections cV is a frame of c£ compatible with F , E and W . We have the following: 

dz 



{cv^)=(ca^-,v,+ E ^S'^^"'"^"^ --^j) -y- (145) 



UJ^ —UJj 

ai~>aj 
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Proof Since v is a frame of '^S^ compatible with the paraboUc filtration, it is easy to check cV is a frame of 
c£, compatible with the parabolic filtration. The equality 1145|) follows from the following: 

dz 

Ii^^f{cVi) = D^"^(z="' • exp(logz -N^y s,) = + A^^ J • • 



: (146) 



UJi —UJj 



The compatibility of with E and W follows from the formula p45|l . I 
Corollary 7.20 The decomposition (I144|l is prolonged to the following: 

In particular, c^{£^,uj) is locally free. 

Proof It is easy to check the claim by using the frame I 
We obtain two decomposition of c£^\o- 

cf^o - 01E(Rcs©\/3) - cm\^)io- 

Corollary 7.21 The following holds: 

eE(£\c^)|o= E(ResD\/?). 

Gxp ( - 27r \/^A - 1 • /3) =w 

Proof It immediately follows from the formula p45|) . I 

The filtration T on E(iJ(£^),cj) induces the filtration J^(E(£^,w)) on E(£^,w). 

Lemma 7.54 The filtration J- (E{£^ ,uj)) can he prolonged to the filtration cT{E,{£^ ^u))^ . We have the follow- 
ing equality: 

cJ^a(E(f = {cVi I Wi = w,ai < a). 

We also have c.Fa(f^) = ,.Fa(E(£\ w)) . 

Proof It is clear from our definition. I 

Then we obtain the two filtrations on c£^\o^ one is F{c£^\o) and the other is c-^(f^)|o- 
Lemma 7.55 We have the following relation: 

c^4E(f\c^))|p = Fd(„,^)(E(,£^|o,A-a(a-c,c^)))© V.{,£^\o,P)- 

exp(-27rv^A"^/3)=w, 
Re(A-i/3)<Rc(a(a-c,cj)) 

Proof It can be shown by using the frame cV- I 

The nilpotent morphism on E(i7(£'^), cj) induces the endomorphism on ¥,{£^,uj) over X — D. It is 
prolonged to the endomorphism of c^{£''^,uj) over X. It preserves the filtration J^(E(f^,t^)). Then we obtain 
the nilpotent morphism Gr^'*'(A^^) on Gr^''^(£^) over X. 

Lemma 7.56 The conjugacy class of Gr^''^(A^^)|p is independent o/ P G X. Hence we obtain the weight 
filtration W of Gr'^'^{£'^) in the category of the vector bundles. I 
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7.4.6 Functoriality for tensor products 

Let {Ei,dEi,hi,6i) {i — 1,2) be harmonic bundles over X — D. We denote the deformed holomorphic bundle 
by £^ {i = 1,2). Wc have the natural following isomorphism: 

H{£^ ® ~ H{£^) ® H{£^). 

Lemma 7.57 We have the natural isomorphisms: 

K{H{£^®£^),uj)^ ^H{£^),u^)®E{H{£^),U2). 

I 

We obtain the corresponding decomposition: 

E(£:^,w)= E{£^,u;i)(g)E{£^,uj2). (147) 

Lemma 7.58 

1. The decomposition (|147ll is quasi adapted (Definition \2.2]) . 

2. We have the following: 

TaV.{H{£i®£^),L0)= ^aMH{£l),L0l)®:Fa,E{H{£^),UJ2). 

Proof Let Si be a frame of H{£^ ) compatible with E, T and W . Then we obtain the adapted frame s[. By 
using s'l and Sj, we obtain the first claim. The second claim follows from the first claim. I 

We have the following product of the abelian group R x C* : For = (oi, a^), we put wi • U2 — (ai +0,2,0,1 x 

Ol2)- 

Corollary 7.22 We have the isomorphism: 

Gr^^^{Hi£'))^ Gr^f{Hi£^))^Gr:fiH{£,')). 

UI-U2—U 

I 

We have the natural isomorphisms: 

E{/\Hi£^),c.) ^ (g) ^''/\EiHi£^),u;'), (148) 

E(Sym"ff(£^),c^) ~ (g) Symf^^'^ E{H{£^),lu'), (149) 
fes{a,ui} uj'eSp(M^) 

S{a,u):=[f ■.Sp{M^)^Z>^\\{Lo'f^^^"^ =u:, ^/(^') = a}- (150) 

Corollary 7.23 

• The decompositions p48() . (I149|l and (I15()|l are quasi adapted. 

• The parabolic filtrations on the left hand sides of (|148|l . (j 149(1 and ((15()|l are isomorphic to the induced 
filtrations on the right hand side. 

• The weight filtrations are also isomorphic. I 
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7.4.7 Functoriality for dual 

We have the natural isomorphism: H{£'^ ^) ~ H{£^Y . 

Lemma 7.59 Under the isomorphism, J-aH[£^ ^) is same as the following: 

Proof Let s — (si) be a base of H{£^), compatible with E, W. Let — (s^) denote the dual base. 

We put deg'^(si) = a^. We put s- := Si ■ \z\°'% and s' := (s^). Then s' is adapted up to log order. We put 
s^' := ■ \z\~°'', and ' = {s^ '). Then ' is the dual base of s', and ' is adapted up to log order. Then 
the claim follows easily. I 

7.4.8 Functoriality for pull back 

Let ipc ■ X — > X given by z i — > z"^. We have the natural isomorphism: 

Let denote the monodromy of ip~^£^. We obtain the following isomorphism for any coi E Sp{M^^): 



E{Hii;~'£^),u;,) ^ E(i/(£: 



a;) 



Lemma 7.60 We have the following, for any element lui G Sp{Mi) 



Tc-a^H i^b-' £^), iui)) ^ .F,(E(//(£^),c^)). (151) 



U^—UJi 



The weight filtrations are compatible. 



Proof The compatibility for the weight filtration is clear. Let s be a frame of H{£^) compatible with E, T 
and W. We put Oi deg-^(si), and s[ :— Si ■ \z\°-'- . Then s' — [s[) is adapted up to log order. 

Let consider ^c^i-^'i) — i^c^i^i) ' l^^l^'^'. The frame ^p'^^{s') = {ipc^i^'i)) adapted up to log order. Then 
the equality IjlSlI) follows. I 

7.4.9 The correspondence of KMS-spectrum 

We put as follows: 

ICMSUS^) ■.= {ueRxC* dimGi^''^ H{£^) ^ o|. 
The number m-f{X,u) := dim Gr^'"^ is called the multiplicity. 

The maps pf {X) : R x C — > R, {X) : R x C — > C* a.nd : R x C — > R x C* are defined in the 
subsubsection 12.1.61 

On the other hand, we put as follows, for any real number c: 

IC{£,X,c) := {u e K.MS{£^) |c - 1 < p{X,u) < c}. (152) 

Then we have the isomorphism t(A) : JC{£, A,0) — > K,MS{^c£^\ Let us consider the case c = 0. 

Lemma 7.61 Let u he an element of IC{£, X,Q). We have the relation i{X,u) = l(t-^{X,u)^. 
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Proof From the formula |21 and the inequality —1 < p{X,u) < 0, we have the the following: 

ef (A, u) = exp(-27r%/^A-i • e(A, u), pf (A, u) < Re{X'^ ■ e(A, u)) < pf (A, u) + 1. 
Thus we obtain the following, by definition of a{b,uj): 

X-^ ■ c{X,u) ^ a{pf {\,u),c^ {X,u)). 

We also obtain the following: 

p(A, u) = pf{X, u) - Re(a(p/(A, u)), cf{X, u)) - d(p/(A, u), {X, u)) . 
It means i{X, u) = {{t^ (A, u)) . I 

Lemma 7.62 The image of JCAiS{£^) via the morphism t^(A) is ICA4S {£'^), and we have the equality: 
m^(A,«^(A,u)) = m(A,t(A,w)). 



Proof From Proposition 17.61 and Lemma 17.611 the image of IC{£,X,0) via the morphism 6-^ (A) is same as 

KM.s\E'^), and we have the equality of the multiplicity. Note that we have the equalities {X^u + (1,0)) — 
1^ (A, u) and m(A, t(A, u)) = m(A, t(A, it + (1, 0))) . Thus we are done. I 



Lemma 7.63 

1. We have the Tj-action on JCMS{£^). The map t^(A) induces the isomorphism ICA4S{£^) ~ KMS^ {8''^), 
which is also denoted by {X). 

2. Wehavem{0,u)^mf{X,t{X,u)). 

Proof It follows from CoroUarv 17.161 and Lemma r7.62l I 

Let s be a frame of H{£^), which is compatible with E and J-'. Then we have the numbers Oi :— deg^ (vi) 
and LOi := deg'^(ui). Let c be any real number. Then we have the elements Ui e ICA4S{£, X,c) such that 
t-^{X,Ui) — {ai,uji). We put Vi :— F{si,ai — c), and then we obtain the frame v — (vi) G {See the 
subsubsection I7.4.5() . 

Lemma 7.64 We have deg^'^{vi) — t{X,Ui). We also have the following: 

Bv = v- (C + N) ■—. 

z 

Here C denotes the diagonal matrix whose {i^i)- component is t{X,Ui), and N denotes the nilpotent matrix. 

Proof As in Lemma 17.611 we can show a{ai — c, uji) = A~^ • e(A, Ui) and — ord(wi) = p(A, Ui). Then the claims 
follow from the results in the subsubsection rrX51 I 

7.4.10 Genericity 

We have the induced morphisms p-''(A) : lCMS{£°) — > Var^ {£^) and e/(A) : K.MS{£°) — > Sp{M^). 

Definition 7.7 A is called generic with respect to {E,dE,0,h), if the map {X) : JCAiS{£'^) — > Sp{M''^) is 
bijective. I 

Remark 7.2 We can consider JCMS{''£°) instead ofKJAS{£°). I 

Lemma 7.65 Let S be the set of X (E C , which are generic with respect to {E, dE,0,h). Then the set C* — S 
is discrete in C* . In particular, it is countable. 
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Proof Let pick u — {a, a) and v = (&, f3) be elements of ICMS{£'^), such that (a, a) ^ {b, (3). Let consider the 
following condition for A: 

e-''(A, u) — e^(A, v). 

It is equivalent to the following: 

X-^ ■(a~f3)-{a~b)~X-{a-P)e Z. 
Let n be an integer. Let consider the following equation: 

A"i • (a -/3) - (a-6) - A • (a-/3) = n. (153) 
Let Xi{n) (j = 1, 2) be the solutions of the equation (|153|) . Then we have the following relation: 



|Ai(n).A2(n)| 



d- P 



= 1. (154) 



We also have the following: 
Then we obtain the following: 



Ai(n)+A2(n) = ^V^. (155) 
a — p 



lim n"^ • |Ai(n) + A2(n)| = la - /3| ^ 0. 

\n\ — >oo 



Hence the set of solutions of H154() is discrete in C*. Since ICMS^^E^) is finite, the claim follows. I 



Assume A is generic. Then for any uj S Sp{M^), there exists the unique element uo E K.AiS{£^) sat- 
isfying e^(A, uo) = Lo. Note that the parabolic structure of E(iJ(f '*'), lj) is trivial in the following sense: 
Grf E(i?(f ^),cj) 7^ if and only if & = p-''(A, uq). 

Lemma 7.66 Let Z be a countable subset of C\. Assume the following: 

For any X G C* — Z, we know the set Sp{M^) and the multiplicity of each element a G Sp{M'^). 
Then we know the set JCAiS{£^) and the multiplicities m(A, u) (A G C, u G K.AiS{£^)) . 

Proof It follows from Lemma 17.651 I 
7.4.11 Quasi canonical prolongment 

Let & be a real number. We have the quasi canonical prolongment QCb{£^) oi that is, a holomorphic vector 
bundle over X satisfying the following: 

• The restriction QCb{£^)\x-D is isomorphic to . 

• Let 5 be a holomorphic section of QCb{£^)- Then D^^-^ gives a holomorphic section of QCb{£^)®^x(}oE D) . 

• Let (3 be an eigenvalue of the residue Res(D'^'-^) on QCb{£^)D- Then the inequality b < Re(/3) < 6 + 1 
holds. 

Recall that QCb{£^) is uniquely determined as the subsheaf of £ , where j denotes the inclusion X — D — > X . 
We have the decomposition: 

QCb{£^) = @QCb{m^.^))- 

UJ 

We have the natural fihration given by the foUowing: 

QCb{Fam^,L0)). 
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Let s be a base of H{£^). We put Vi :— F{si, b) and v = (vi). Then v gives a holoniorphic frame of £^ over 
X — D. Let us consider the prolongment of E'^ by v. Then it satisfies the conditions above. Hence v gives the 
holomorphic frame of QCb{£^)- 

Assume that A is generic. Let us consider the following: 

gCo(£^):- QCo{E{£\zf{X,u))). 

ueK.MS{£0) 

Lemma 7.67 QC'o(E(£^, e-''(A,M))) = dE(£^, e/(A, u)) . Here we put d := pf{X,u) - Re{a{0,tf {X,u))) . 
Proof Let s be a non-zero element of E(i?(£^),e-''(A, It)). Then we have the following: 

- ord(i^(s, (A, u))) = - ord(s) - Re(a(0, (A, u))). 
Then the claim follows, from the uniqueness of the quasi canonical prolongment jl2|. I 
Lemma 7.68 We have the following relation: 

c£^= QCo(E(f\e/(A,zi))) -z^t"). 

ueKMS{£^) 

Here we put N{u) := i^c ^p'^(A, u) — Re(Q;(0, e^(A, u)))^ . (See the subsubsection \2.1~E\ for v^). 

Proof It follows from c — 1 < —N{u) + d < c. I 

Remark 7.3 The lemma says that quasi canonical prolongment is essentially same as the prolongment by an 
increasing order of the norms, in the case that A is generic. I 

Remark 7.4 For any point A € C* , not necessarily generic, the vector bundle c£^ *s obtained from QCq{£^) 
by a sequence of elementary transformations. I 

7.5 Family of multi-valued sections 

7.5.1 The structure of holomorphic bundle 

Let {E,dE,d,h) be a tame harmonic bundle over X — D, and £ be the deformed holomorphic bundle with 
A-connection D over X — V. Let us consider the family of the multi- valued sections {H{£^) | A e C^}. 

Let TT : H — > X — D is the universal covering, and let P be a point of H We have the holomorphic vector 
bundle tt^^£\cix{p} over C^. Since we can pick the isomorphism £\[\.p) — H{£^), we obtain the structure 
of holomorphic vector bundle on the family {H{£^) \ A € C*x\. The holomorphic vector bundle is denoted by 
Ti.{£) or simply by TL. Clearly the structure does not depend on choices of P and the isomorphism. 

7.5.2 The E^^o'-decomposition 

Pick Ao e C*x. We have the monodromy on H{£'^°). We put 5*0 :— Sp{M^°). Pick a positive number ei 
satisfying the following: 

ci < min I |a — &| | a ^ b £ So] . 
Pick sufficiently small eo > such that we have the following decomposition on A(Ao, eo): 

n\A(Xo,eo)= ^E^^"\n,Lo), E^^''\n,Lo) ■.^E,,{Hi£^),u). (156) 

See ((T^ for the notation E^^. The subset S{uj) C /C7V15(^f °) is given as follows: 

S{uj) -.^ zf{Xo)-\uj) = {uelCMS{£") zf{Xa,u)^ujY 
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We may assume that any point A € A*(Ao, eo) are generic, due to Lemma 17.651 Then we have the following 
decomposition on the punctured disc A*(Ao,eo): 

H|A-(Ao,eo)= H„|A :=E(iJ(£:^),e^(A,7/)). (157) 

Lemma 7.69 We have the following decomposition: 

IE(^"Hh,c.)|a.(Ao,.o) = 

Proof It immediately follows from the definition of E^^"'' in (|156|) and the decomposition (|157|l . I 

7.5.3 The filtration 

We remark the following. 

Lemma 7.70 The map p-'^(Ao) : S{uj) — > R is injective. 

Proof It follows from Lemma I^TI I 
On the vector bundle E(^"^(7Y,cj)|A*(Ao.eo)' have the filtration J^(^o) defined as follows: 

p^(Ao,«)<d 

Lemma 7.71 The above filtration o/7i^ I A*(Ao.eo) '^^'^ be prolonged to the filtration ofH^^ over A(Ao, to)- 

Proof Since J^^-^") is defined by using the generalized eigen-decomposition of holomorphic endomorphisms M^, 
the claim holds. I 

We denote the prolonged filtration also by !F''^°\ 
Proposition 7.8 We have the following equality: 

(.F^^°^E(^«)(^,^))|^ =.Fd(E(i/(£^«),cj)). (158) 

Proof We use the induction as is explained in the following. For any sufficiently small d, both of the sides in 
p58|l are 0. Hence the equality p58|) holds trivially. If the equality p58|) holds for d, then p58|) holds for d + rj 
for any sufficiently small r/ > 0. Hence we have only to show the following claim: 

(C): Assume that (I158II holds for any d < do. Then the equality (|158|l holds for dp- 

We assume that p-^(Ao,uo) = do for uq e S{uj). Note that the clement uq is uniquely determined due to 
Lemma 17.701 We put R :— rankJF^'^"''. We have the natural isomorphism: 

R R 

/\ni£)^n{/\£). (159) 

We do not distinguish them in the following argument. We put as follows: 



Ml = ^ m(u, 0) • u. 

We put di := p^(Ao, ui). 
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Lemma 7.72 Let a : S{lu) > Z>o be a map satisfying the following conditions: 

a{u) < m{u,0), a{u) = R. 

Then we have the following inequality: 

a{u)-pfiXQ,u)>di. (160) 

The equality in H16U|1 holds if and only if {a{u) \ u G S{uj)^ satisfies the following: 

r m{u,Q) (p/(Ao,u) <p^(Ao,uo)), 
a{u) = I 

{ (p/(Ao,M) >p/(Ao,uo)). 

Proof It immediately follows from our choice of di . I 

Lemma 7.73 We have the following equality: 

R R R 

J^d.n /\E{H{£^"),uj) = /\{j^dMH{£^°),u;)), J^<d, n /\E{H{£^'>),uj) = 0. (161) 

In particular, the rank of H /\"'^ E(iJ(£^°), is one. 

Proof We put R' := ra.nkK{H{£''^"),uj). Let s ~ (si, . . . , sw) be a frame oi K{H{£''^"),uj) which is compatible 
with T and E. We may assume that (si, . . . , s^) be a frame of JF(j„E(i/(£'^°), cj). For any subset / C {1, . . . , R'}, 
we put sj := Si. Due to the norm estimate for the multi- valued sections fProposition 17.7(1 . the tuple 
{s/ I |/| = i?} gives the frame of /\^E{H{£''^°),uj), which is also compatible with the filtration JF, and we have 
the inequality — ord(s/) = —J^iei'^^'^i^i)- Thus we obtain — ord(s/) > di, and the equality holds if and only 
if / is same as the set {1, . . . , i?} due to Lemma IV. 721 Then we obtain the equalities 1(161(1 . I 

We have the line subbundle C /\"' (^T^^^"^E'^^°^n{£),Lu)^ of /\^n{£). Let us pick a non-trivial section s 
of C such that s\Xo 0- 

Lemma 7.74 We have ~ OTd{s^Xf,) < di. 

Proof For any A G A(Ao, eo), the element s\x G H{£^) is an eigenvector of M^, and the eigenvalue is e'^(A, ui). 
We put as follows: 

V := exp^logz • e'^(A, u)^ • s. 

Then it gives a holomorphic section of £ defined over A(Ao, eo) x {X ~ D). 

We may assume that any A G A*(Ao,eo) is generic. Then we obtain the following equality for any point 
Ae A*(Ao,eo): 

-ord(u|{A}x(x-D)) =P(A,fii). 

We also note that \v\ is bounded over the compact set A(Ao,eo) x {|z| = 1/2}. Since {£^,h) is acceptable for 
any A (Theorem 1 in Isn*, or Corollarv l8.2l in this paper), there exists a positive constant M > satisfying the 
following, due to Corollarv l2.6l 

• For any e > 0, there exists Ce > such that the inequality \v\x\i^ < C'e • • ( — log l^^l)*^ holds for 

any A G A*(Ao,eo)- 

Then we obtain the inequality for A = Aq: 



l^^iAoL<c,.|zrp(^-"^).(-iog|z|)^ 
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Hence we obtain the inequality — ord(w|;jQ) < p(Ao,ui), and thus — ord(s|;jp) < p-^(Ao,ui) = di. I 
Let us return to the proof of Proposition l7.8l Due to Lenima [V.73l and l7.74l we obtain the following equality: 

It implies the equality H158|l for do. Thus the proof of Proposition 17. 81 is accomplished. I 
7.5.4 The filtration J^^^°'> and the decomposition E(^») on £ 

The filtrations and the decomposition for H on A(Ao, eo) induce those for £ on A(Ao; eo) x {X — D). We only 
summarize the result. 

We have the following decomposition of the family of the A-connections on A(Ao, eo) ^ ^ D): 

f = e(^'')(£:,w), E'^^"\£,uj) := E,,{£,oj). 

Moreover we have the following decomposition on A*(Ao, eo) x (X — D): 

IE(^°nf,a;)|A.(Ao,.o)- E(f,e/(A,u)). 

On the vector bundle E(^°)(£, cj), we have the filtration J^('^o) satisfying the following conditions: 

• On A*(Ao, eo) x {X — D), we have the following splitting: 

^f"'(lE^'"Hf,-))|A.(,„,,„),(;,_^)= E(£,e/(A,.)). 

p^(Ao,«)<d 

• On {Ao} X {X — D), we have the following: 
7.6 Asymptotic orthogonality 

7.6.1 Asymptotic orthogonaUty for E-decomposition of 

Let {E,dE,0,h) be a tame harmonic bundle over A*. Let ei be a sufficiently small number, and C be a 
sufficiently small number. Then we have the following decomposition over A*(C): 

^£°= E,,{^£\a). (162) 

ae5p(Rcs(0)) 

See (jl2ll for the notation E^j . 

Lemma 7.75 There exists a positive constant such that the decomposition is \z\'^^ -asymptotically orthogonal. 
Proof It is shown in Proposition [^| I 

7.6.2 An asymptotically orthogonal decomposition of £^ 

Let A S C*x be generic. Let v he e. normalizing frame of We have the decomposition: 

( "IE(f\e^(A,u))). (163) 

-l<b<0 u<£KMS{£") 
k(p(A,m))=6 
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We would like to show that the decomposition above is (— log |z|)~-^-asymptotically orthogonal. 

The flat connection V'^ is given by ID)^'^ — ■ where i/) — ip^^dz/z is defined as in the formula (|131|l . On 
the other hand, we have the unitary connection V'^ — Oe + + — A0. 

We put <i>'^ V'*' — V^. Then we have the following formula: 



$^ = (^Oe + +dE + A-^e* - A-V') - (dE + XO^ + Be - A^) = A^^ ((1 + [Ap) 



(164) 



Let ?7 be a positive number. Let Af^(V^) denote the monodromy of V'*' along the circle \z\ = tj. 
Lemma 7.76 There exists C > satisfying the following: 

{M{V^)u,M{V^)v)^ - iu,v)h\ < C - (~log|z|)-i • |u| • \v\. (165) 

Proof We use the real coordinate (x, y) (0 < x < 2tt, < y) given hy z = exp(V— la; — y). Let V denote the 
vector field given by d/dx. Let s be a flat section with respect to V'^ over \z\ = rj. It satisfies the following: 



— /i(s,s) = 2Re{h{VUs),s)) = -2Re{h{^l.{s), s)) . 



Hence we obtain the following: 



Re{h{<t>Us),s)) 



Due to the estimate (|137|l . we have < Cq ■ yo for some Cq > 0. Thus there exists a positive constant 

Ci > 0, which is independent of x and y, and satisfying the following: 



dx 



log|s(a;,y)|^ 



<Ci-y-\ 



Hence there exists C2 > satisfying the following for any < x < 2tt and for any y > 0: 

\s{x,y)\i^ < C2 ■ |s(0,?;)|^ 
On the other hand, we also have the following equality: 

d 



(166) 



dx 



Sl,S2)h = -(3'^Si, S2),i - {si,<^yS2)h- 



Then we obtain the following inequality from (|137|l . (|164|l and (|166|l : 



< C3 ■ y-^ ■ \si\h ■ \s2\h < C4 • y~^ ■ \si{0)\h ■ \s2{ 



The inequality (|165l) immediately follows. 

We have the E-decomposition of the flat bundles for the monodromy M'^: 

( m\^HKn))). 

-1<6<0 ueKMSi£°) 



(167) 



Lemma 7.77 The decomposition (|167|l is the generalized eigen decomposition with respect to the monodromy 
M^(V^). Namely we have the following equality: 

E(£^,e^(A,u)) =e(m^(V^), exp(27rV^&)y 

ueKMS(£°) 
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Proof Since the endomorphism t/jq is flat with respect to Bi^'^ , we have the following: 

M(V^) = M(ICl)-^'^) oexp(27rA"i\/^?/'o)- 
Hence the eigenvalue of M(V^) corresponding to Vi is as follows: 

exp(-27rV^A"^ • A) • exp(27r%/^(A"^ • + b,)) = ex.p{2^^^/^b,) . 
It implies the lemma. 

Lemma 7.78 There exists a positive number C > such that the following holds for any i: 

M^{W^)v, - exp(2TrV^b,)v, < C ■ \v^\ ■ (- log IzD^^. 

h 

Proof We have the following equality: 

M^(V^)ui - exp(27^y^6^) • v^ = exp(27rV^(6i + A"^ • ■ (^M{B^'^) ■ - exp(-27rV^A"^ • (3^) ■ 



exp(27r\/^6i) • ^ 



(168) 



Since we have \{N^,y^Vi\ < C ■ \vi \ ■ {— log \z\) ^, we obtain the result. I 
Lemma 7.79 There exists a positive number C satisfying the following: 

Let "fi {i = 1,2) be elements of Sp{Mri{^^)), and Ui be elements ofW,{Mri{^^),^i). If Ji 7^72, then 
the following holds: 

\iui,U2)h\ <C-{-\og\z\)-'-\ui\h-\u2\h. (169) 
Namely the generalized eigen- decomposition of the monodromy o/V^ is {— log \z\)~^- asymptotically orthogonal. 
Proof Due to Lemma lY. 761 we have the following inequality: 

(M(V^) • ui, Af (V^) • U2),^ - {ui,U2)h\ <C-i- log |z|)-i • • \u2\h. (170) 
On the other hand, we have the following inequality due to Lemma 17.781 

(M(V^)u, Af(V^)«)^-7i-72-(^i,«)h| = |((M(V^)-7i)ii, Af(V^)«)^ + (71 -u, {M{V^)~j2)v) 

<C'-{-\og\z\)-^-\u\-\v\. (171) 

Since we have = 1, the condition 71 ^ 72 implies 71 • 72 7^ 1. Hence we obtain the inequality H169|l from 
jnOJ and (Cnil- I 

7.6.3 Asymptotic orthogonality for the paraboUc filtration of £^ 
Lemma 7.80 We pick A G C*x satisfying the following: 

1. X is generic ( Definition VI .1]) . 

2. u^u' => p(A, u) ^ p(A, u'). 

Proof Note |A| is sufficiently small, we may always assume the second condition holds. I 

Let us pick A as in Lemma f7. 801 Let e be a frame of compatible with E, F and W . Let t; be a frame 
oi'^E^ compatible with E, F and W. We put b{ei) = deg^(ei) and b{vi) = deg^{vi). We put k{ei) — deg^(ej) 
and k{vi) — deg^(i;i). We put u{ei) = deg''^''^(ei) and u{vi) — deg"^''^(wi). 
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We put e[ := e, • \z\^^''^^ ■ (- log ^/ „^ . |^|b(i,,) . [-\og\z\)-^^'"-y^ . We have the bounded 

C°°-function B : X — D — > M{r) determined by the foUowing: 

3 

Recall that < C ■ (-log|z|)-i unless l{\u{e,)) = u{vj) fCorollarv [7T7|l . 

Lemma 7.81 There exists a positive constant C > satisfying the following condition: 

In the case u{ei) ^ u{sj), the inequality \{ei,ej)h\ < C • (— log • \ei\h ■ \ej\h holds for some 

positive constant C. 

Proof We have already obtained stronger estimate in the case deg'^(ej) deg'^(ej) fLemma l7.75|l . We have 
only to prove the following estimate, for some positive number Ci in the case b{ei) ^ b{ej): 

\{e[,e'^)h\<C,-{-\og\z\r\ 

We have the following formula: 

{e[,e'^)H^Y.^'k^-B'ir(^'kA)h- (172) 
We have the inequahty J • \B[j\ < C • (— log l^j)^^, unless the following condition holds: 

6(A, u{e,)) = uK), e(A, u{ej)) = u{vi). (173) 

Assume that h{ei) ^ b{ej) and the equahties p73|l hold. Then we have b{vk) 7^ b{vi) due to our choice of A. 
Thus we obtain the inequality {v'i.,v'i)ii < C ■ (— log|2;|)^^ for some positive constant C. Hence the right hand 
side in p72|) is dominated by (— log |2;|)~^. I 

Let us take a decomposition of the vector bundle Ee2(*£°, a): 

E,,C£°,a)^ (174) 

We assume that the decomposition gives a splitting of the parabolic filtration F, in the following sense: 

^'^r^°|o) = 00H,o|o. (175) 

a b<a 

For example, we can pick Va as the vector subbundle of Ee2(^£,Q;) generated by {e^ | u{ei) — (a, a)}. On the 
other hand, if we are given such decomposition, then we can pick the frame e compatible with E, F and W 
such that Va is generated by {ci | u{ei) = (a, a)}. 

Proposition 7.9 If the condition (|175|l is satisfied, then the decomposition (|174|l is {— \og\z\)~^ -asymptotically 
orthogonal. 

Proof It follows from Lemma IV. 811 I 
7.6.4 Asymptotic orthogonality for the weight filtration 

Let (£^0: dsa, 00, ho) be a model bundle for {E, ds, d, h). We use the notation in the subsection 17.31 Recall the 
finiteness due to Simpson fLemma l7.38|) : 



/|..-«.(-N.logW)^^l|^<oo, 



Hence, for any e > there exists a subset C X — D satisfying the following: 
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• The volume of {X — D) — with respect to the measure \dz ■ dz\ ■ \z\ ^(— log \z\) ^ is finite. 

• We have the estimate — ^JU • ("l-^l log|^|) < e on Z^. 
The endomorphisms and A are determined by the following: 

|^;|^(— log |2;|)^ log 1^1)^ 

Then is self dual with respect to ho, and A is self dual with respect to h. By a direct calculation, it can be 

checked that the eigenvalues of are integers. 

We have the decomposition Eq = 0j.£z satisfying the following: 

• Uk is eigen space of Aq corresponding to the integer k. 
The following lemma is clear. 

Lemma 7.82 

• There exists C4 > such that \6 — 6o\h • ("Nl log|2:|) < C4 • 

• There exists C5 > the inequality \Ao — A\h < C5 • ei holds on Z^^ n A*(e2). I 

Let us take sufficiently small positive number ei such that 5 • ei < \(l>{k) — (j){k — 1)|. Let Vi be a C°°-section 
of Uki for ki ^ k2- Since A is anti-self dual with respect to h, we have {Avi,V2)h + {v\-iAv2)h = 0. 
On the other hand, we have the following: 

\A-Vi-ki- Vi\h = \A-Vi- Aq- Vi\h < C5 • e • l^^k- 

Then we obtain the following: 



fci - fc2 



{vi,V2)h = {kl ■ Vi,V2)f^- {vi,k2 ■ V2)f^ 

{{ki-A)vi,V2)^-{vi,ik2-A)v2)f^ <2C5-e-\vi\h-\v2\h- (176) 



Here we have used the self-duality of A with respect to h. Hence we obtain the inequality |(wi,t^2)?i| < 
Cq - e - \vi\h ■ \v2\h- In all, we obtain the following. 

Proposition 7.10 For any e > 0, there exists a subset Z^ c X — D satisfying the following conditions: 

• The measure of {X — D) — Z^ with respect to \dz ■ dz\ ■ |^;|~^(log \z\)~^ is finite. 

• Let v,w € such that deg^''^(w) = deg^'^{w) and deg^(t;) ^ deg^{w). On Z^, we have the estimate 
\{v,w)\ < e - \v\h ■ \w\h. I 

7.7 Maximum principle for the distance of the harmonic metrics 

Let {E^^\dE(i),h'^^\0'^^^) {i = 1,2) be tame harmonic bundles on A of rank r. We denote the corresponding 
A-connections by (f'*'^,©"^). Assume the following: 

• The set of ii'M5-spectrum are same, i.e., ICMS{£^^'^") = KMS{£^'^^°). 

• Let A be a complex number which is generic with respect to ]CJV[S{£'^^^ "), and we are given a flat isomor- 
phism $ : (f(i)^,D^) — ^ (f(2)A^pA^_ 

Lemma 7.83 The functions log |$p and log are subharmonic on the disc A. 
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Proof First, let us see the boundedness of $ and Since A is generic, the harmonic metrics hi of B'*') 
are determined by the monodromy, up to boundedness. Use the result in the subsubsection 4.3.3 in and 
note that the splitting of the parabolic structure is given by the generalized eigen-decomposition of the residues. 

We have the inequality A log | $ p < and A log | $~ ^ p < on the punctured disc A* , due to the Weitzenbeck 
formula of Simpson (Lemma 4.1 in jHO])- Since log |$p and log are bounded, the inequalities hold on the 

disc A. (See Lemma 2.2 in 50 .) Thus we are done. I 

We identify (S'^^^'D^) and via the niorphisni For any point P € A , we can consider the 

distance oi h^p and /12 | p in the space VT-l{r) (the subsubsection . 

Lemma 7.84 Let R he a real number such that the inequality d-p-H(r) ('ii | Qj ^2 | q) !i R hold for any point 
Q £ dA. Then the following inequalities hold for any point P G A ; 



dvn{r){lT'i\p,h2\p) < 



e« - e-^ 
2R 



^ • max|d-p-H(r)(ft.i|Q,/i2|Q) Q e (9a| 



Proof We always have the following, due to Lemma [2. 271 



ivn{r){hi \p,h2\p) < 



2r 



(177) 



(178) 



For any point Q G dX, we have the following, due to Lemma [2 . 2 71 again: 



< 



2 - 2R 

Then lfT77|l follows from the inequahties (fTTHji . lfT7<^ and Lemma 171^ 



• d-pH{r){hl\Q,h2\Q) 



(179) 



8 Harmonic bundles on A* x A 



8.1 Preliminary 
8.1.1 iiTMS'-Spectrum 

We put X :— A", Di {zi ~ 0} and D = Ui=i ^i- Let tTj denote the projection X — > Di, forgetting the 
i-th. component. Let {E, Oe, d, h) be a tame harmonic bundle over X — D. We have the deformed holomorphic 
bundle [£^,Ii^). Let i be an element of /, and P be a point of D° Di — Uj>ti i<i<i ^ ^o- P^^ as 
follows: 

ICMS{£^,i,P) ■.^}CMS{£^^-i ). 



Lemma 8.1 The set K,MS{£^ ,i, P) and the multiplicities of any element u G ICMS{£'^ ,i, P) are independent 

ofPeDl 

Proof Let P, {i 1,2) be points of D° . For any A G C^, we have Sp{£^,i,Pi) = Sp{£^,i,P2), and the 
multiplicities are same. Then we obtain the result due to Lemma lT.GBI I 

In the following, we use the notation ICMS{£^, i) instead of K.AiS{£^ ^i^ P). Similarly, the sets JCAiS{£^ ,i), 
Sp{£^,i) and Var{£^,i) are obtained. 

For any element b G J?', the sets ICMS{b£^,i) '■— ICMS[bi{£^^-i^p^)) are also obtained, where bi denotes 
the z-th component of b. 

Let us consider the Higgs field: 

6* = • — ^ + gj -dzj. 

1=1 * j=l+l 

We have the characteristic polynomials det(t — fi) and det(i — gj), whose coefficients are holomorphic functions 
defined over X — D. Since our harmonic bundle is tame, the coefficients are prolonged to the holomorphic 
functions defined over X, by definition. We denote them by the same notation. 
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Lemma 8.2 We have dct{t — fi)\p-^ = dct(t — /,;)|P2 if Pa G Di (a = I7 2). 

Proof If P e D°, then we have det{t — fi)\p = det(t ~ fi\-rr^'-(P))\p- Lemma f8. II the right hand side 

is independent of a choice of a point P £ D°. Then we obtain the result for Di. I 

8.1.2 Rank 1 

Let (-E, 9b, 9, h) be a tame harmonic bundle of rank 1 over X — D. In this case, the set ICAiS{£'^, i) consists of 
only one element for i = 1, . . . , L We have the model bundle L{u) for u — (ui, . . . , ui). Then {E, Oe, d, h) ® 
L(u) is tame and nilpotent. Moreover the parabolic structure is trivial. Hence it is the restriction of the 
harmonic bundle {Eo,dEa,da,hQ) of rank 1 over X, due to Corollary 4.10 in |3Hj. Namely we obtain the 
following. 

Proposition 8.1 Let {E, dE,0,h) he a tame harmonic bundle over X — D of rank 1. Then it is isomorphic to 
the tensor product of a model bundle L[u) and a harmonic bundle (i?o, , /lo, 6*0) over X. I 



8.1.3 A characterization of tameness 

Lemma 8.3 Let X be a simply connected compact region of C^^ . Let tt : X x A — > X denote the projection. 
Let {E,dE,0,h) be a harmonic bundle on X x A . Assume the following: 

• For any point P G X, the restriction (E', 9b, 0, /i)|^-i(p) is tame with respect to [P. O). 
Then the harmonic bundle {E, dE,(),h) is tame with respect to the divisor X x {O}. 

Proof Let (zi,...,z„) be the coordinate of X, and w be the coordinate of A. We have the description 
9 = X]r=i 5* ' + / ' dw/w. We would like to show that the coefficients of det(< — /) and det(t — gi) are 
holomorphic on X x A. Due to our assumption, the coefhcients of det(t — /)|7r-i(p) is holomorphic for any 
P £ X. Then it is easy to derive that the coefficients of det(i — /) is holomorphic on X x A. So we have only 
to see det{t — gi). 

We remark that JCA4S{£^^_ifp -^) is independent of a choice oi P G X, which can be shown by the same 
argument as the proof of Lemma 18.11 Let us take a complex number A, which is generic with respect to 
/C7W>S(f°_i(p)). We have the flat bundle {£^,B^^f) on X X A . In particular, we have the following flat 
isomorphism for any points Pi, P2 G X: 

We put hp /i|„-i(p). For any point Q e A , we can consider the distance d-p-H(r) {hp^ \ q, hp^ | g) for any 
points Pi E X, via the isomorphism (|18()(l . 

Let Pq be a point of X, and w be a real tangent vector of X a,t Pq. It naturally gives the tangent vector vq 
of X X A at (P, Q) for any point Q € A . From Lemma f7.84l and the formula H34|l . we obtain the following 
maximum principle: 

\X-9{vq) + \-9^vq)\'' <max{\X-eivQ,) + \-e\vQ')\'' Q' G Sa}. (181) 

Note (2i?)-i • (e^ - e"^) goes to 1 when R goes to 0. 

Let us use the real coordinate Zi = Xi + \/^yi. Let dxt and dy. denote the vector fields d/dxt and d/dyi. 
Since X x dA is compact, we obtain the boundedness of the following, from (|181|l : 

\-9{d.,:)+\-9\dx) =X-g, + \-g\. 

A-0(%) +A-0^(%) ^X-g.-X-gl 

Hence we obtain the boundedness of gi. 

Then we obtain the boundedness of the coefficients of det(i — gi), which implies that they are holomorphic 
on X xA. I 
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Lemma 8.4 We put X — A", £),; := {zi = 0} and D — Ui=i ^i- ""i denote the naturally defined projection 
X — > Di. Let {E, Oe, 0, h) be a harmonic bundle on X ^ D. Assume the following: 

• For any point Q Cz Di \ [Jj^i Dj, the restriction {E, Oe, Q, ^)|ir-i(Q) tame. 
Then the harmonic bundle is tame with respect to the divisor D. 

Proof We put IJl^l Ui^j which is of codimension 2 in X. We have the description: 

/ ^ n 

6» = V /i -+ V gi- dz,. 

Due to Lemma f8.3l the coefBcicnts of det(i — ji) and det(t — gi) are holomorphic on X — 13 [^1. Then we can 
conclude that they are holomorphic on X due to the theorem of Hartogs. I 

We have a straightforward corollary. 

Corollary 8.1 Let X be a complex manifold, and D be a normal crossing divisor of X . Let {E,dE,0,h) be a 
harmonic bundle on X — D. Assume the following: 

• For any smooth curve C be contained in X, which intersects with the smooth parts of D transversely, the 
restriction (E, Oe, 9, h)^Q is tame. 

Then the harmonic bundle {E,dE,d,h) is tame. I 

8.2 Simpson's Main estimate in higher dimensional case 
8.2.1 Preliminary decomposition 

Pick a positive number ei. If we replace X by a sufficiently small neighbourhood of the origin O, and if we 
replace the coordinate appropriately, then we may assume that there exist positive constants e, ei and C, 
satisfying the following conditions: 

• We have the decomposition E = ®aeSp{£" i) {fi, a) over X — D. 

• Then we have the decomposition fi = ®aGSpi£° i) fia- Then we have the inequality ja — a|<C-|2:|' for 
any eigenvalue of fia- 

By tensoring some model bundle L{u) of rank 1, we may also assume that '^aeSp(£" i) ^ 

Since (fc = 1, . . . , and gj {j = I + 1, . . . ,n) are commutative, {fi, a) are preserved by fk and gj. By 
an inductive procedure, we may assume the following: 

Condition 8.1 

• The subset Sp{9) C n'=i Sp{E'^,i) is given. 

• The holomorphic decomposition E = ®a,e5p(e) ^o- given. 

• Each Ea is preserved by fk (fc = 1, . . . , /) and gj (j = Z + 1, . . . , n). Hence we have the decompositions 

fi = 0ae5p(e) /^a' fia ^ End{Ea) , 
9 J = ®ae5p(e) 9j a, 9ja<^ End{Ea). 

• There exist positive constants e and C such that the inequality \a — qi{a)\ < C ■ \z\'^ holds for any eigenvalue 
a of fia. Here qi denotes the projection onto the i-th component. 

• We have J2aeSp(£0,^) 7^ 0. I 
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Using Lemma [2.221 inductively, we obtain the following. 
Lemma 8.5 

• We put Hq :— ®aeSp{0) ^\Ea.- Then ho and h are mutually bounded. 

• Namely there exists positive constants Ci and C'2 such that the following inequalities hold for any section 



espie) 



Vn 



Ci J2 Mh<\v\h<c2 J2 i^-i''- 

a£Sp{9) aeSp(e) 



I 



We put "-Ea = 0,^(a)^a Ea- We have two metrics on that is, h\iE^ and ®q.^a)=a ^\Ea.- 
Lemma 8.6 The metrics h^iE,, '^'^'^ ®q {a)=a^\Ea. ^'''^ mutually bounded. 

Proof It follows from Lemma [2. 221 I 
8.2.2 Inequalities 

The restriction of fi to ^ Ea is denoted by Via- 

Lemma 8.7 We have the following inequalities for a positive constant C and for any a: 

Yf^a - a ■ id.EM <C-{- log \z,\r\ (182) 
Proof It follows from Corollary 17. 41 I 
Lemma 8.8 We have the following inequality for some positive constant C : 

I/, a - q,ia) ■ idEjh < C" • (-log|z,|)-i. (183) 
Proof The estimate H183f) follows from (|182ll and Lemma IH?^ I 

We have the decomposition gj — ^ gja, where gja € End{Ea). The following lemma is easy. 
Lemma 8.9 We have \gja\h < C for some positive constant C. I 

We have the adjoint maps fj and the decomposition // — J2{fi)ab, where {fj)ab G Hom{Ea, Eb). We also 
have the adjoint gj and the decomposition gj = X](3])ab, where {gj)ab G Hom{Ea, Ef,). 
For any elements a and b of C\ we put DifF(a, b) := {j \ qj{a) ^ qj(b)}. 

Lemma 8.10 There exist positive constant C and e > such that the following holds: 

(A) \Uhaa-W)-^dEX^ <C-{-\0g\z,\r\ 

(B) If qi(a) — qi{b) and a ^ b, we have the following inequality: 

|(/;)a6L<C.(-log|z,|)-l. n 

j6Diff(a,b) 

(C) If qiia) 7^ qi{b), then we have the following inequality: 

\{fhab\,,<c- n \'^'■ 

ieDiff(a,b) 
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(D) We have the following inequality: 



\ig])abl<C- n \Z,\ 

feeDiff(a,b) 



Proof We put pi := J^a " ' Ea i ^^'^ Pi •= J2a ^ ' ■ We denote the adjoint of pi by pj . Due to the result 
in the case of curves, we obtain the foUowing: 

• \pl-p^\h<C■ (Lemma [7231. 

• \f^-p^\h<C■{-log\z,\)-\ (CoroUaryES. 

In particular, we have \ fj — Pi\h < C • (— log It implies (A). 

We also have the following decomposition for j ^ i: 

ih - Pr)^ = E'^/^ - P^)lb^ - P^tb e Hom{^Ea,^E,). 

We have the following inequalities due to Lemma [2. 221 and Lemma [2.231 

- Pr)Ui <C-\z,\^ ■ I/. - p.\h < C ■ • (-log|z.|)-i, {a ^ b) 

- P:)ia\u <C-\h- P^\h < C ■ {- \og\z,\)-\ {a = b) 

Due to Lemma [8.61 there exist positive constants C and e such that the following holds: 

r C.|z,r(-log|z,|)-l, {q,{a) ^ q,{b)) 
\{f^^P^)UH<{ (184) 

[ C-{-\og\z,\r\ {q,{a) ^ q,{b)). 

For any subset I C I and for any positive number e, there exists a positive number e' such that the following 
inequality holds: 

min{|z,|^|zG/} < J];|z,|^'. (185) 

iei 

From (|184|l and (|185|l . we obtain the following inequality, for some sufficiently small e > 0: 



\{f^-pOL\h<^'■(-^^S\z^\)-'■ n l^^l'- (186) 

Similarly we have the following: 



jeDiff(a,b) 



\iPl)a,b\k < 



C-\z,\^ a q,{a) ^ q,[b) 

C if qj{a) = qj{b). 

By definition, we have if a 7^ 6. We also have the following for any a and b from Lemma [7. 241 

\{p^-p^)ab\^<C■\z,\^. 

In all, we obtain the following for some positive constants C and e: 

\{pl-p)abW<C-\z,\^- n (187) 

jeDiff(a,b) 

Hence, in the case a 7^ b, we obtain the following inequality from (|186|l . H187|l and pia.b — {a b): 

\ifj)ab\H<C-{~\0g\z,\)-'- n l^^-l'- 

jeDitf(a,b) 
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It implies the claim (B). 

In the case j ^ i, we have the following for some positive constants C and e: 

r C-\z,\\ [a^h), 

\'{fhaAn ^ { (188) 
[ C, (a = 6). 

From (|188|l and (|185|l . we obtain the following estimate, for some positive constants C and e: 

r C-\z,\\ {q,{a) ^ q,{b)) 

[ C, {q,{a)^q,{b)). 
On the other hand, in the case qi{a,) 7^ qi{b), we have the following for some positive constants C and e: 

\{fl)abl<C-\z,\^. 

In all, we obtain the following inequality for some positive constants C and e, if qi{a) ^ qi(b): 

\ifl)a,\H<C- n l^^l' 
jeDiff(o,b) 

Hence we obtain the claim (C). 

The claim {D) can be obtained similarly. I 

8.2.3 Some consequences 

Let a and b be elements of Sp{d). We put as follows: 

F(i,a),(j,b) ■= fia O {fj)ba - {f])ba ° fib- 



Lemma 8.11 There exist positive constants C and e such that the following inequalities hold: 
The case qi{a) — qi{b) and qj{a) = qj{b): 

l%a),0-,6)|/.<C-(-log|z.rl-(-log|z,|rl. n \zk\'. 

fceDiff(o,b) 

The case qiia) = qi(b) and qj{a) ^ qj{b): 

|%a).a,5)U<C-(-l0g|z,|)-l. n \zk\'. 

feeDiff(a,b) 

The case qi{a) 7^ qi{b) and qj{a) ^ qj{b): 

\Fi^,a),u.b)\h<c- n i^'^i'- 

Proof Let us consider the case qi{a) — qi{b) and qj(a) = qj{b) = d. We put Sa.b 1 (ct 7^ b), or 5a.b ■= 
{a b). Then we have the following: 

F(i,a),(j.b) (^fia-C-Sab-idE^h) ° {i.f])b.a.~ d ■ 5ab ' ids^i^ - [{.f])b.a.~ d ■ Sab ' ids^t^ ° [fib - C ' ^ab ' ids^ ^ ■ 

Therefore we obtain the following inequality: 

l%a),0-,b)U<C-(-log|z,|rl.(-log|z,|)-l- n l^fcl'- 

feeDiff(a,b) 

Thus we are done in the case qi{a) = qiib) and qj{a) = qj{b) = d. The rest cases can be shown similarly. I 
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Proposition 8.2 The two form 9 A 6^ ^ 6^ A 6 is dominated by the Kahler form of the Poincare metric: 

Edzi ' dzi ^ — A dzi • dzi 

Proof The contributions of Ji ■ dzij Zi and /| • dzj/dzj to the form 9 f\ 9^ + 9^ A 9 \s a sum of the following 
forms: 

dz, dzj 

i'(t,a.),(j.b) ■ — A — . 

Then it is dominated by the form q*ujA-' + QjOJA'- The rest terms can be dominated similarly. I 
We have the unitary connection of £^ given by the following: 

d£x + d£x =dE + dE + X ■ 9^ - X ■ 9. 
The curvature R{d£x + dgx) is as follows: 

(l + |A|2) ■ {9 A9^ + 9^ A9). 

Corollary 8.2 The curvature R{d£\ + dgx) is dominated by ujp. Namely, the hermitian holomorphic bundle 
{£^,h) is acceptable. 

Proof It follows from Proposition 18. 21 I 

Remark 8.1 The curvature of the hermitian holomorphic bundle {£, h) over X — T) contains the terms of the 
following form: 

-dXA9 + dXA9K 

Hence {£,h) is not acceptable, unless 9 is nilpotent. I 

8.3 Prolongation in the case that A is generic 
8.3.1 The quasi canonical prolongation 

Definition 17.71 is generalized as follows. 

Definition 8.1 A is called generic with respect to {E,dE,9,h) if the maps 6(A) : K,MS{£^ ,i) — > Sp{£^,i) are 
bijective for any i. I 

Assume that A is generic. Let P be a point of X — D. Then we have the endomorphisms Af/* on £^p. Here 

is the monodromy with respect to Di. We have Sp{M^) = Sp^{£^,i). We put = {M^, Mj^). We 
have the decomposition for each P: 

£^P= E(M\a;). 

Thus we obtain the decomposition £^ = ©^^g^pj^vf^) ]E(^'^,'^)- It is compatible with the flat connection D^-''. 
We put q,{uj) ^Lj,. Weput /C(£:,A,0,i) := {u £ K.{£",i) | - K p(A,u) < O}. Then we have the unique element 
Ui = Ui{u}) G IC(£, X,0,i) such that c^{X,Ui{u))) = uoi. Then we obtain the number hi = bi{uj) := {X,Ui{u))). 
We put biuj) := {bi,...,bi). 

For s e E(iJ(£'^), w) , we put as follows (see the page 11341 for a{b,uj)): 

F{s,b{ui)) := exp(^^logZi • {a{bi,uji) + Ni^)'j ■ s. 

Note that we have the equality — ord(s|^-ijp-)) = 6; for any point P e D°. 
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Lemma 8.12 We have the following, for some positive constants C and M : 

I I 



6(a;))|, < C • n "^''"-^ • - E 1^*1 



M 



i=l 



Proof For each P E D°, we have the equahty -~ ord[F{s,b{u))) ^^-i^p^) — p{X,Ui) fLemma I7.64f) . Then we 
obtain the result due to Corollary 12. 61 and Corollary 18. 21 I 

Corollary 8.3 F{s,b{uj)) are sections of^£^. I 

Let s = (sj) be a base of H{£^) compatible with E. We put Uj := deg'^(sj). We put Vj := F{sj,b(Ljj)), 
and V = (vj). It is a tuple of sections of *f 

Lemma 8.13 If X is generic, the Ox-niodule is coherent and locally free, and v is a frame of^£^. 

Proof For any point P e D° , the tuple v^^-i^p^ is a frame of due to Lemma [7.501 We put as 

follows: 

Ci := E] fl) • O'- 

We haye the line bundle cdet over X. We have the following on t:^'^{P): 

(.det(f^))l^_,(^^=,,(det(f^)|^_.(^))=det(-(f|t-.(p))). 

We put Vl{v) = vi A ■ ■ ■ /\ Vr- Then il{v)^^-ii^p^ gives a frame of det(^ . Hence il{v) is a frame of 
cdet(£'*') over X. 

Let / be a holomorphic section of Then / is described as ^ fj ■ vj for holomorphic functions fi on 

X — D. Let us consider f A V2 A ■ ■ ■ A Vr- On the curve ^^^{P), it gives a section of cd-et{£^)^^-if^py Hence 
f Av2 A ■ ■ ■ Avr is a holomorphic section of c det(5'^) over X. We have f A V2 A ■ ■ ■ A Vr — fi ■ il{v) . Hence fi is 
holomorphic over X . Similarly fj is holomorphic for each j. I 

Remark 8.2 The last argument can be found in I 
8.3.2 Weak norm estimate 

In the case sj G E(iJ (£'*'), w), we put Ui{vj) := Ui{uj). We put as follows: 



vr :=z;,.[]|z,|P(^.«-(-^)). 

1=1 

We put v' := (vj)- Then there exist positive constants M and C satisfying the following, due to Lemma [8. 121 

H{h,v')<C-[^J2^og\z,\) . (189) 



Let v'^ — {vJ) be the dual frame of v over X — D. 
Lemma 8.14 There exits positive constants C and M satisfying the following: 

I 



M 



i=l 
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Proof We have the estmiates for the restrictions w^, due to the result in the subsubsection IT^^TI Then 

J I TT. (-P) 

we can derive the estimate desired, due to Corollarv l2.6l I 

We put as follows: 

i 

We put t>^' ("f^/')- Then t)^' is the dual frame of v' over X — D, and there exist positive constants C and 
M satisfying the following, due to Lemma [8. 141 

H{h\v^') <C-[-J2^og\z,\) ■ (190) 

1=1 

Hence we obtain the following. 

Lemma 8.15 The frame v' is adapted up to log order. Namely, there exist positive constants Ci, C2 and M 
satisfying the following: 



Ci- (-^log|z,|j <H{h,v')<C2-[~Y.^og\z.^\) ■ 

1=1 1=1 

Proof The right inequality is given in (|189fl . The left inequality immediately follows from p9(Jfl . I 



8.3.3 Minor generalization and a restriction to a diagonal curve 

Let c be an element of RK We put /C(5, A, c, i) := {u e ICA4S{£^ , z) | q — 1 < p(A, u) < c^}. Let s be a frame 
of H{£^) as in the subsubsection IH3m We put F(^Sj, b{ujj) — cj, and we put (.v ;= {cVj). 

Lemma 8.16 If X is generic, the sheaf c^"^ is locally free, and gives a frame of ■ 

Proof It can be shown by an argument similar to the proof of Lemma 18.131 I 

In the case Sj e E(_ff , Ui{cVj) denotes the unique element of K,{£, A, c, i) such that e'''(A, Ui{c.Vj)) = oji. 

We put as follows: 



ni 



i=l 

We put = icv/). 

Lemma 8.17 The frame is adapted up to log order. 

Proof It can be shown by an argument similar to Lemma 18.151 I 
Lemma 8.18 We have the following relation: 

Here Cj denote the diagonal matrices whose {i,i)- components are e(A, Uj(cfi)), and Nj denote the nilpotent 
matrices. 

Proof It follows from Lemma r7.fi4l I 

Let e is a sufficiently small positive number, and we put c := (e, . ?. , e). and [i = 1, 2) be positive numbers 
such that ei + £2 < 1/2. Assume the following: 

• Let a be elements of Var{c£'^, Then < e — a < e^. 
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Pick an element ("23, . . . ,'^z„) G (A*)" ^. Let us consider the curve Co :— {(z,z,°Z3, . . . ,°z„) € X}. We 
have the restriction of {E, dE,0,h) to Cq. 

Lemma 8.19 

1. We have the following implication: 

ICMS{2e{£\h„)) (l{ui+u2\u,e KMS{^£\i)}. 

2. We have the following equality: 

6.m(A,6)=^ h-m{X,h). (191) 

Proof Let us take the frame w := cV as above. For each Wj, we have the elements Uj{wi) e IC[£, A, c, j). 
Let us consider the restriction lUj :— Wj\Co- We put as follows: 

Wj '■= Wj ■ \z\^^ ' ^ ^' ^ , w :— (Wj). 

Then the C°°-frame w is adapted up to log order, due to Lemma [8. 171 Thus w gives a frame of 2e{£lco)' 
also have the following relation, due to Lemma [8.181 

dz 

Bw = w ■ (C1 + C2 + Ni+ N2)—. (192) 

Here Ci and AT,- denote the matrices given in Lemma f8. 181 for w = cV- From the adaptedness of w up to log 
order and p92|l . we obtain the following: 

deg^''^(wj) =«(A,ui(i;j)) +«(A,u2(i;j)). 

Thus we obtain the first claim. 

We also obtain the following equality: 

5]-ord(iJ,) ^ -'ord(i;,). (193) 

The left (resp. right) hand side of p93|l are same as the left (resp. right) hand side of (|191|l . Thus we obtain 
the second claim. I 



8.4 Extension of holomorphic sections on a hyperplane 
8.4.1 Preliminary I, Estimates of Higgs fields 

We put X = A(; X A^'-i and = {0} x A^'-^. Let D'.^ denote the divisor of A^^^ defined by z^ = 0. We put 
A = Ac X D\ and D = IJ-^i A- We put Df^ = {0} x D[ and L>(") = ULi ■ 

Let Ao G C\ be generic. Let w be a frame of as in the subsubsection 18 . 3 .11 We put h(vi) := deg^(ui) G 
] — 1,0]'. Let bh{vj) denotes the h-th component of b{vj). We put as follows: 

v',--=v.,-l[\z,\''-^^^\ v'^{v[). 

We define the function B : X — D — > M{r) as follows: 

Bij := < 

[ 0, (J^j). 

Then we have v' — v ■ B. 

We put dgxa = dE+Xo-e\ which is the holomorphic structure of f ^« . We define K e C°^' {X-D, n]f<S)M (r)) 
by K = B^^ ■ dB = dB ■ B^^ . The following lemma is clear. 
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Lemma 8.20 We have the following formula: 

I 



K^j := < h=i 



Ebh{vi) dzh ,. 



0, {^ ^ j). 

We have dgxgv' = v' ■ K. I 
The one forms e C°°{X ~ D, ® M(r)) and eC°°{X - D, f}^^ (g) M(r)) are given as follows: 

The functions 0^, 0*^, 0^'' and Q^'' are defined as follows: 

I J n 

/ n 

fc=i ^'^ fe=/+i 

Lemma 8.21 The functions O^, O'^, 0^^^ and O^'' are dominated by polynomials of — log |zi| {i — !,...,/). 

Proof For the decompositions 9 — /« ' dzi/zi + X^ILz+i 5^ ' '^'^i' ^^"^ norms of /j and with respect to 

h are bounded (see the subsubsection . We also know that v' is adapted up to log order fLemma l8.15|) . 

Then the result follows. I 

We have the Ao-connection D"^". Let A denote the Ao-connection one form of D'^" with respect to v, i.e., A 
is a holomorphic section of M{r) (g) r2^°(logZ?) determined by the condition: 

D^°v ^v- A. 

Due to our choice of w, we have the decomposition A = ^ A^^ which corresponds the decomposition = 
0^ E{£^°,u}), namely, A^ is a holomorphic section of End(E{£^° ,uj)) (g) n^'^{logD). 

Lemma 8.22 A and B are commutative. 

Proof It follows from the decomposition B = 0^ S(a;) • Idj^^f^xg ^^-^ for B{u}) €C°°{X - D). I 
We have the following formula: 

^J])^"{vB)^v- A-B + v- Xod{B) = v' ■ {B^^AB + X^B^^dB) = v'{A + XqK). (194) 
We have the description: 

' d7 

Lemma 8.23 The functions gi are bounded. 

Proof Since A is a holomorphic section of M{r) ig) r2^'*'(log£'), the lemma follows from Lemma [8.201 I 
Lemma 8.24 We have the following equalities: 

de^ +\x^^ ■{A + K-e),Q^] ^0, de+\K - Xoe\e\ ^0. (195) 
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Proof Recall the equalities dsi^^ ~ and Oe = Aq ^(D"^" — d). We obtain the first equality in p95|) from 
and the definit ion of Q. 

As for the second equality in H195|l . we have only to use Oe^^) — 0, — ^s^q — '^o^^ ciiid d^xQ v' — v' ■ K. I 

Lemma 8.25 We regard 6^(C, z) and 6(C, z) as functions of Then the following holds: 

• They are for any k £ Z>o and for any p. 

• The L^-norms of 6^(C, z) and z) are dominated by polynomials of (— log \ zj\) {j = 1, . . . ,1) . 
Proof It follows from Lemma [8.2 II the formula H195() . the estimate for A and K, and Corollary 12. 101 I 
Lemma 8.26 We have the descriptions as follows: 

d,e^< = Ck- — -dc 

Zk 

Here, Ck denotes an element of C°° (^X — D . M (r)^ . Their -norms are dominated by polynomials of — \og\zj\ 
{j = l,...,l). 

Proof It follows from the estimates for Q, A and K, due to Lemma [2.561 I 
8.4.2 Preliminary II, Estimate of cocycles 

Let A be any element of Ca, and Aq be generic as in the subsubsection Let / be a holomorphic section 

of the sheaf 

(0) '^^^^ S™ce the tuple of sections v' gives C°°-frame of C°°-bundle 8^ — over 
X — D,we have the following description: 

f = Y.f^{z)■ v[{0, z), /. e - 

i 

Lemma 8.27 Assume — ord(/) < 0. Then there exist positive constants C and M satisfying the following: 

\fw < c ■ [-j2^og\z.,\y\ 

Proof We obtain such estimate for the restrictions /|^-i(-p-) for any P E D° . Then we obtain the result due to 
Corollary ESI " I 

Due to the adaptedness of v' up to log order, we obtain the following inequalities for some positive constants 
C and M and for any i — 1, . . . ,1: 

|/.|<C.(-^log|z,|)*'. (196) 

Note that we have the following relation: 

d£xv' ^ (9£Ao + (A-Ao)-0^)t;' = t;'- (/f + (A - Aq) • 9^) . (197) 
Hence we obtain the following equality on X'-^'> — Z?'"': 

= dfiz) = j2{mz) + E(Q'/(0' ^) + ^ • ^^^) ■ • /^) • (198) 

i k,j 

Here we put as follows: 

{1 (j = j) ( dzk/zk (k < I) 

Vk = < 
{i^j) y dzk (k>l + l). 
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We have the line bundle Ox{-Xo). We put £^{-Xo) := £^ ® O(-Xo). 

Let e be any sufficiently small positive number. Let 8 denote the element (1, . . . , 1). 
Proposition 8.3 There exists an element p € C°° {X — D,£^) satisfying the following: 

1. p ^ ^-e <S A'('^'^) '''^^^ number N . 

2. d£\p G -^^l\s N^^^i^-^'^)) '''^^^ number N . 

3- P\X(")-DW = /■ 

4- The support of p is contained in the region {C | |C| < 1/3} x (X^"^ — Z)^*'-'). 
5*66 the subsubsection ^.7 A\ for the notation. 

Proof Let x be any function over satisfying the following: 

1 Id < 1/3 



x(C) 



Id > 2/3. 



We put as follows: 

We put p '■— X' {fi ~ 12)- Then the claims O and 0] are clear. Let us show the claims ^ and |2 



Lemma 8.28 Let t be a real number such that < e < 1/2, and N be any real number. Then we have 



Proof It follows from p9()|l and Lemma IS?^ I 
We have the following formula: 

i j k 

= E ^) - ^)) • ^'^ ■ ■ ^) + E ^V.iC. z)-dl- f, ■ n,{C, z). (199) 

We also have the following: 

Hence we obtain the following: 

d£>~ {x ■ (/i - /2)) = dx ■ (/i - /2) + X • d{fi - /2) = dx ■ (/i - /2) 
+ X X ( E (C, ^) - e,^; (0, z)) • ,7fe • /, • t;. (C, ^) + E (©il (c, ^) - 0^1 (0, ^)) • /, w • ^ 

ij 

(200) 

Lemma 8.29 dx ■ (/^ - /^) is L'^ -section of£^{-Xo) (E) rj"'^ 

Proof Note that 9% vanishes on |d < 1/3. Then the claim follows from Lemma [8.211 and Lemma [8.271 I 
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Lemma 8.30 The following is -section of ® (—-^^o) ® 

X X (E(©'i(C^) - ©-/(o,^)) • nu ■ fj ■ v.{c,z) + J2{Qi]ic,z) - e^;(o,z)) • f,iz) ■ v.iCz) ■ dc) 

Proof We put Kq = {( | |C| < 2/3}. On Kq x (Xq — Do), we have the following for a = 1, . . . , n — 1, or ^: 



e,7(c,z)-e,7(o,z) < |c| x m]i;z)\\^,^^^^^ 



2})- 



Here | 2)| Ic-ij-^ x{2}) denotes the C^-norm of the restriction of 8^ to Kq x {z}. Then we obtain the 

result from Lemma [8.251 I 



Lemma 8.31 x ' C ' dg^ is L'^ -section of £{—Xq) x ri°'^. 
Proof We have the following: 

X-C-5<?2=X-C-(A-Ao)x 

J2{dei]io, z) ■ f,{z) ■ ^uc, z) + eij(o, z)df,{z) ■ v.ic, z) + e^;(o, z) ■ f,{z) ■ dv^ic z)). (201) 



The first summand can be dominated due to Lemma 18.261 The second summand can be dominated due to 
p98|l . The third summand can be dominated due to p97|l . I 

Hence the claims El and are obtained, and the proof of Proposition 18.31 is accomplished. I 



8.4.3 Extension of holomorphic sections 

We put X = A" and £> = ULi A- We put as follows: 

:={(2i,...,z„)GX|zi=Z2}, :=X«ni?, Xo := {(zi, . . . , z„) £ X | zi = Z2 = O}. 

Condition 8.2 Let {E,dE,0,h) be a tame harmonic bundle over X — D. Let ei and €2 be positive numbers 
such that £1 + £2 < 1- Assume that]CMS{^8^,i) is Ci- small {i ^ 1,2). I 

We will show the following in the subsubsection 

Proposition 8.4 Let {E, ds, 6, h) be a tame harmonic bundle satisfying Condition \H.2l Let f be a holomorphic 
section o/*(£^°i)_^(i)) on X^^K Then there exists a neighbourhood of Xq in X, and there exists a holomorphic 

section /e T{U,''E^°), such that fxwnu = f\xwnu- 

Let If : A3 — > A^ be a blow up. We put X := x A^,^^. Let ip denote the composite of the following 
morphisms: 

X ^-^ Al X All-' — AJ. 
Here the second morphism is given by Zi — Zi (i — 1, 2) and Wi = Zi^2 (« = 3, . . . , n). We put as follows: 

ri-2 

Alx(^\J{w.^O}) . 

1=1 

Then the restriction oi ip to X — D gives the isomorphism oi X — D and X — D. 

We denote the closure of tZ--^^^^^ - ^^^^) by X^-^ljVe put D^^) := 4>-^{D)nX(^^\ We put Xq = V'^H^o)- 
The restriction of to X^^^^ gives an isomorphism of X'-^^ and X^^\ 

Lemma 8.32 Let f be a holomorphic section of^^p*£^ over X^^K Then there exists a neighbourhood U of Xq 
in X, and there exists a holomorphic section f G r(C/, such that f^x(i)^fj = /|jjf(i)nc/- 

It is easy to see that Lemma [8.321 implies Proposition 18.41 



D:=i,-'iD)= {f-\0,0)(JD[(JD'^)xAZ- 
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8.4.4 Proof 



We essentially use the argument in the subsubsection 4.7.4 in j2Hl- To apply Corollary 12.71 recall the setting 
of the subsubsections Let consider the blow up A2 — > = {(zi,Z2)} at O = (0,0) as in the 
subsubsection IH^TTSl We can take a holomorphic embedding t of Y, given in the previous subsubsection, to 
satisfying the following: 

• The image of the 0-section is the exceptional divisor (/)"^(0). 

• We have i-^iD[) = tt-^{oo) and L-^iD'^) = 7r-i(G). 

We may assume that tt-^{P) = t"^(C(l, 1)) for P = [1 : 1] e F\ 

We put X :— Y X AJJ,^^. Then we have the naturally induced morphism X — > A^ x A^,^^, which we also 
denote by l. We put as follows: 

Note that i.{X) gives a neighborhood of Xq in X. The composite ij; o l is denoted by -01 ■ 

Let {E, dE,d,h) be a tame harmonic bundle over X — D satisfying Condition l8.2l Recall that the holomorphic 

bundle £^ with the hermitian metric h is acceptable fCorollarv l8.2() . We take the numbers e, a and b be as in 

Lemma [2.361 and we take the metric h of ^p^^S^ as in H22I) . 

Let / be a holomorphic section of ^(^|Xo-_Do)' ''^^ equivalcntly, '^4'*£^^ ~ . Clearly Lemma [8.321 can be 

reduced to the following lemma. 

Lemma 8.33 There exists a holomorphic section f of^iplE^ over such that fp^w — fp^w- 

Proof Take an embedding k : A(j — > — {0, oo} such that k{Q) — P. By using Proposition we can take 
a C°°-function p whose support is contained in 7r^^(K(A^)) x AJJ,^^, and satisfying the following: 

• p is an element of A'^'^ (TplS'^y 

• dsip) is an element of A°^\ijl£^{-'x<^)) . 

• We have (i, = /. 

Here is same as ^pl£° (g> Opi(-l). 

Due to Corollarv l2.7l we can pick an element G of X^^))) such that dG — dp. Then we put 

f:=p- G. Then it satisfies Of = 0, / £ °), and - /|x(i)-d(i) ■ 

Let us check that / gives a section of ^. We regard / as a section of £^ over an open subset ipi{X — D) 
oi X — D. We have only to check that / gives a section of over '0i(X). To show it, let us consider the 
norm of / with respect to our original metric h. We consider the restriction of / to 7r^^(P), for any point 

P G D° and for 1 < j < First we consider the case j = 1. On the curve 7r^^{P), the metric h is equivalent 
to h ■ \zi\°-~'^ X Q, where Q denotes a polynomial of log \zi\. Thus we obtain — ord(/|^-ijp^) < ~a + e < 1 — ei, 

due to our choice of e,a,b fLemma I2.36|l . Since ICMS{^£^ ,1) is ei-small fCondition I8.2|l . the intersection of 
the sets Par{£°, 1) and |c | < c < 1 — ei} is empty. Therefore we can conclude that — ord(/|^-i^pj) < with 

respect to the original metric h. Similarly we can show that — ord(/|^-i(.pj) < for any point P e _D2- If j > 2, 

then the metrics h and h are equivalent on the curve TrJ^{P). Thus we obtain — ord(/|^-ijpj) < with respect 

to the metric h, also in this case. Thus we obtain that / is, in fact, a section of ^i/i^f^, due to Corollarv l2.6l I 



166 



8.4.5 Extension property in the codimension one case 

We put X := X A^, A := {zt = 0} and_D ^ ULi A- We put X^^) := A^ x {0} and D^^) = D n X(^\ We 
have the origin (0, 0) G X^^' C X. Let (S, 9b, 6*, h) be any tame harmonic bundle over X — D. Let us consider 
the restriction of to X'^) - Z)(2). 

Lemma 8.34 Let f be a holomorphic section o/ b(f|^(2)_£)(2)) defined on a neighbourhood of (0,0) in X^'^\ 
Then there exists a holomorphic section f of defined on a neighbourhood of {0,0), which satisfies /|x(2) = /• 

Proof The argument is essentiahy same as the proof of Lemma [8.831 In fact, we can show the claim more 
simply, by using the results in the subsubsections IF. 4 . 1H8 . 4 . 21 and the vanishing in Lemma [2.301 I 

8.4.6 Local freeness in codimension one 

We put X = A X A^, D = {0} x A^. Let {E,dE, 0, h) be any tame harmonic bundle on X — D. Let tt denote 
the projection of X to D. Let P be a point of D. Then we obtain the smooth curve 7r~^(P). 

Corollary 8.4 Let b be any real number. Let f be a holomorphic section of b{Sy^-i(^p-^) defined on a neighbour- 
hood of (0, P) in 7r^^(P). Then there exists a holomorphic section f of bC{£^) defined on a neighbourhood of 
(0, P) in X, such that /|7r-i(p) — ./• 

Proof We have only to use Lemma [8.341 inductivelv. I 

The following corollary will be used without mention. 
Corollary 8.5 The sheaf is locally free. The restriction b£^ > b£'^\TT-'^{P) surjective. 

Proof The second claim is shown in Corollarv 18.41 Let us show the first claim. We have only to prove the 
case & = 0. We have the set 'Par{'^£'^, 1). Let v be a frame of '^£^ "^(P)' ^^i*^^ compatible with the parabolic 

filtration F. For each Vi, we have the number bi := deg^(i'i). 

Then we can pick sections Vi of f,.£'^ such that i'^|7r"i(p) — ''^ij by using Corollarv 18.41 Thus we obtain the 
tuple V :— (vi) of sections of We would like to show that v gives a frame of '^E^. 

Weput6 :— J2beVar{e'' i)na(A,&)-6. Then we have the natural isomorphism^(detf'^)|^_i^p^ ~ det(^£|^_ijp^) . 
Let us consider the section n{v) :— vi /\ ■ ■ ■ A CiankB- Since t; is a frame of *£|^_i(p), we have fi(^))|(o.p) 7^ 0. 
Hence r2(i3) gives a frame of ^(det£:^)|^_i^p) around (0,P). Then we can conclude that i) gives a frame of ^£ 
on a neighbourhood of (0, P), due to the last argument in the proof of Lemma [8. 131 I 

8.5 Preliminary prolongation of (Special case) 
8.5.1 Preliminary 

Assume that Var{^£^ ,i) are ei-small and J2i < 1- -Pick an element ("2:3, . . . , °z„) e (A*)"^^. Let us consider 
the curve Co ■— {{z, z, ^z^, . . . , °Zn) € X}. We have the restriction of {E, 9b, 0, h) to Co- 

Lemma 8.35 We have the following claims for the KMS-structure of^£\Co- 

• Par(*£'^|Co) is {ei + e2)-small. 

• We have the following equality: 

J2 b-m{X,b)^Yl E b,-miX,b,). 

Proof If e > is sufficiently small, we have the following: 

Var{,.s£^,i) = VarC£^,i), ICMS{,.s£^ ,i) = ICMS^E^, i). 
We use the following lemma. 
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Lemma 8.36 If rj is sufficiently small, the set JCM.S{i.s£^ ,i) depends on X' G A{X,'ri) continuously. 

Proof We put as follows: /C(£",A,0,i) := {u e ICMS{£°,i)\t{X,u) e /CA15(*£^)}. Then we have the 
following 

ICMSi,.s£^' ,i) = {e(A',w) |we /C(f",A,0,i)}. 
Thus we are done. I 
Let A' e A(A,7]) be generic. Due to Lemma [8. 191 the following holds: 

ICMS{2ei£\ho)) C {ui + U2\u^ e ICMS{e.5£^\l)} 

Then the following holds for any A' e A(A, 77): 

ICMS{2,{S^Co)) C {ui+U2\u,eICMS{,.sS^' ,i)}, Par (2, (£,^00)) ^ {ai + aa | a, e Par^f 
In particular, we obtain the following: 

rar{2ei£ih,)) C {ai +a2 |a, € 7'ar(,.5f ^, z)} = {ai + 03 | a, € ■Par(*f\i)}. 
Hence we obtain the first claim. We can show the second claim similarly by using Lemma 18.191 I 
8.5.2 Preliminary prolongation 

Lemma 8.37 Let ei, . . . ,e/ be positive numbers such that < 1- Assume that Var{^ £^ ,i) is ei-small. 

Then the Ox-sheaf is locally free. 

Proof We use an induction on the dimension oi X . As the hypothesis of the induction, we assume the following: 
The Ojf -sheaf is locally free, if the following holds: 

• dim(X) < n - 1. 

• Var{^£^ ,i) is ei-small. 

• < 1- 

We use the notation in the subsubsection 18.4.31 Due to the hypothesis of the induction and the first claim 
of Lemma 15.351 we have the local freeness of ^{S^xW-dw^- ^''^^ ^ frame v — (vi) of ^(f ) over X^^\ 
For each Vi, we pick a section Vi of over a neighbourhood U of Xo such that v^^ unxw = \ unx(^}- We 
may assume that Vi are defined over X. Clearly Lemma 18.371 can be reduced to the following lemma. 

Lemma 8.38 v gives a frame of^£^ around Xq. 

Proof We put as follows: 

6 := (61, . . . ,6/), b,:= ^ b-m{X,b). 

b(E'Par{<'£^,i) 

The restriction v^^-l^p^^ gives a tuple of holomorphic sections of ^{£^^^1^^^) for any P G D°. Hence 
i7(i3)|^-i(.p^ is a holomorphic section of det(*(£|'^_i^pp) ~ (det(£'*')|^-i^p^) . It implies Q{v) is a holomorphic 
section of f^det{£^). 

We have the natural isomorphism {i,det{£^))^xM — det(^(£|^(i) )) . Since n{v)\xw gives a frame of 
det(*(£|'^(i) )) , we obtain n{v)^o 7^ 0. It is standard argument to conclude that v gives a frame around 
the origin O. (See the proof of Lemma r8.13|) . Hence we obtain Lemma [8.381 and thus Lemma [8. 3 71 I 
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8.6 Prolongation of 8 and the compatibility of the parabolic filtrations 

8.6.1 Statements of the theorems 

In this subsection, we will show the following theorems. 

Theorem 8.1 For any b G R' , the Ox-module are coherent and locally free. In particular, is locally 
free. 

i-l 

Let us pick an element b = . . . , 5/) € i?'. Let denote the element (0, . . . , 0, 1, 0, . . . , 0). For any b' <b, 
we have the naturally defined morphism ^'^^ — > b^^- For bi — 1 < b < bi, we put b' = b + {b — bi)6i and as 
follows: 

'Fb{t,£^) :=lm{t,,£\D,^b£\D,). 
Then we obtain the filtration ^F{b£^) j'^Kb^ ^) \b, - 1 < b < b,} oi Oi^^-modules. 

Theorem 8.2 

• ^F[h£^) is a filtration in the category of vector bundles on Di. 

• The tuple of the filtrations ('i^ | i = 1, . . . , Z) on the divisors are compatible. fDefinition \4:. 17)) . 

• Let rj be an element of Y[i^j[bi — l,bi]. We put fj := b + rj — qi{b). Then we have the following: 

tei 

Before entering the proof, we remark the following. 

Lemma 8.39 We have only to show the local freeness of'^E^ for any tame harmonic bundle {E,dE,h,9) to 
prove Theorem \H.l\ and Theorem \H. 21 

Proof For a tame harmonic bundle {E,dE, h, 9), and b € R\ we have the harmonic bundle {E' , Oe', h' , 9') — 
{E, Oe, h, 9) (g) L{—b). We denote the deformed holomorphic bundle of {E' , dE',h', 9') by f Then we have 
the natural isomorphism ~ by definition. Thus we are done. I 

We also remark that we use CoroUarv 18 . 51 without mention. 

8.6.2 Step 1 

Condition 8.3 Let us take an element c G Z'-^q as follows for any i: 

1. Ci are sufficiently large with respect to ICA4S{^£'^,i). 

2. There exists a number bi g] — 1,0] such that {— fe^ + K{ci ■ Oi) \ ai G Var{£^ ^i)} c] — 1,0] and that it is 
(2l)^^-small. We may also assume that bi — (21)^^ > —1. We put b = (6i, . . . ,6;). 

We put {Ei,dEi,hi,9i) := {^ip~^{E,dE,h,9)) (g) L{—b). We denote the deformed holomorphic bundle of 
{Ei,dEi,hi,9i) by S^. Then we have the natural isomorphism '^(^tl;~^£^^ = h{i^c^^^) — We also have 

the following: 

ICMSC£^,i) = {-b, + k{c, -0^)10, G Vari£^,i)}. (202) 
Lemma 8.40 '^£^ is locally free. 

Proof Due to H202|) and our choice of c (see 2 in Condition 18. 3|1 . the set ICA4S{'^£i , i) are (2Z)~^-small for any 
i — 1, . . . ,1. Note that I x (2Z)~^ < 1. Then we obtain the result by using the preliminary prolongation (Lemma 

E33. I 
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Corollary 8.6 The sheaf ^(ip*£^) is a locally free Ox-module. I 

We have the natural /Xc-action on ip^^'^, which is prolonged to the action on In particular, we 

obtain the /Xci-action on ^ p . Since the action of on Di is trivial, we have the decomposition: 

Ci-l<h<Q 

Here the generator cu of acts as uj^ on Vh- 

Let us pick a point P of D° . We have the following morphism due to our choice of c (1 in Condition I8.3[l 
and the result in the subsubsection FTT^ 

^ : {/i I - Q + 1 < /i < 0, 0} ^ {6 I - 1< 6 < 0, Grf (V;f|\-i(p)) ^ O}. 

We consider the filtration of ^ in the category of vector bundles on Di, given as follows: 

'Fl-.^ V,. 

ip{h)<b 

Due to the construction, it is easy to see that the filtrations | z = 1, . . . , ^) are compatible in the sense of 
Definition ETtI 

We consider the subsheaf of given as follows: 



Here tt denotes the naturally defined morphism. 
Lemma 8.41 We have the following: 

Proof Let / be a holomorphic section of hSi{ipc^^). It can be also regarded as a section of '^ip'^S^. Let P 
be a point of D°. We have the element f{P) of ^V'c^^ip = ^('/'c^^i^-I(p)) p- Due to Lemma FTMl we obtain 

/(^)e'_Ffc'lp. 

Let / denote the image of / via the projection tt. Then f{P) = for any P e D° . It implies / = on Di. 
Hence we obtain / e tSi (i^c^^)' ■ 

On the other hand, pick a section / G h^. Due to Lemma f7. 341 we obtain the following inequality 

for any P e D°: 



Then we obtain / e 65; ('/'c^'*') due to CoroUarv 12.61 and Corollary[ 

In all, we obtain bSi{'4'c^^) ~ bSi{iPc^^)' ■ It impHes that bSii^Pc^^) is locally free, and ^Fij = '^F^^. 

Lemma 8.42 We have the following: 

'Ft, = lm{^r.£\^^^'^r.E\^^). 

Proof It can be shown by an argument similar to the proof of Lemma 18.411 
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8.6.3 Step 2 

Let / be a section of ^ip'^E^. Assume the fohowing: 

• /(O) 7^ 0, and / is compatible with the filtration {i = 1,...,^), i.e., there exists a splitting of '^F 
(i ~ 1, . . . ,1) which is compatible with /. 

• / is equivariant, i.e., g*{f) = Il'^i''' ' / ^o^' some —Ci + 1 < h < 0. Here g = (wi, . . . ,a;„) G fJ-c- 

We put fi ri-^i"''' • f <S) e. Then it is a section of ip^^'^, and it is /ic-invariant, i.e., g*{fi) = fi for any 
g G /ic- Hence there exists the unique section / of £^ on X — D, such that = /i | x-Z5- Note the following: 

-'ord(/) =c-i(/i,-^ord(/)) <0. 

Hence / gives the section of "S^. If f{0) ^ 0, then ord(/) > -1, and thus ord(/) > -1. 
Let us take a frame v — [vi) oi^(j>'^£^ satisfying the following conditions (Corollary 14. 5|l : 

• It is equivariant. 

• It is compatible with the filtrations (^F, . . . , 'F). 

Then we obtain a tuple v — {vi, . . . , Vr) of sections of by the procedure above. 

Lemma 8.43 is locally free, and v gives a local frame on a neighbourhood of the origin O. 

Proof Recall that if dim(X) = 1 then we have already known the result fLemma I7.36|l . Let us consider the 
element b = (5i, . . . , 6;) of i?', given as follows: 

k:^ b-m{X,b). 

be'Par{o£>-,i) 

Let P be a point of D° . Then ^{v)^^-i(^p^ is a frame of det(^(£|^_ijp^)) = g.dct(f . Thus we obtain 

that il.{v) is a frame of bdet(£^). 

Let f = ^ fi-Vi he a. holomorphic section of As usual we can show that fi are holomorphic over X, 
and thus v gives a frame of (see the proof of Lemma r8.13|) . In particular, the sheaf is locally free. I 

We consider the filtration ^F^ of ^E^^Oi in the category of the vector bundles over Di, given as follows: 

For any —1 < 6 < 0, we consider the subsheaf b Si^^' of given as follows: 

,.,(fY:=Kcr(.:^£>^!^). 

Here tt denote the naturally defined morphism. Then ^.s^ {E^)' is locally free. 
Lemma 8.44 We have bs,£^ = bs, {S^)' and 'F^ = 'Fb. 

Proof We have already known that the claim holds if dim X = 1 (Lemma 17.3611 . 

Let / be a holomorphic section of bSi£^ ■ We can also regard it as a section of By applying Lemma 
ESnito /|^-i(p) G ^('£|^-i(p)), we obtain that /(P) G 'P|p for any P G D°. Then it is easy to derive that / is 

contained in bSi {^'^Y ■ 

On the other hand, let / be a holomorphic section of bSi i^^)' ■ Applying Lemma l7.36l to f\j^-i(^p-j, we obtain 
— ord(/|^-i(.pP < b. Then we obtain / e bSi^^ due to Corollarv l2.6l Therefore we obtain bSi^^ = bSi and 
thus ^Fb = *P^. I 
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Lemma 8.45 The filtration is a filtration in the category of the vector bundles over Di. The filtrations 
\ i — 1, . . . ,1) are compatible. 

Proof By our construction, 'F' is the filtration in the category of the vector bundles over Di, and ('F' | i = 
1, . . . ,1) are compatible. Then the lemma follows from Lemma [8.441 I 

Lemma 8.46 We have the following equality: 

Proof It can be shown by an argument similar to the proof of Lemma 18.441 I 

Then Theorem 18.11 follows from Lemma [8.431 and Lemma [8.H9l and Theorem 18 . 21 follows from Lemma [8.451 
Lemma [8.461 and Lemma [8.391 I 
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8.6.4 Weak norm estimate of holomorphic sections 

Let u be a frame of compatible with the parabolic filtrations {^F \i = 1,. . . ,1). We obtain the numbers 
^b{vj) := Meg(wj). We put as follows: 

i=l 

Then v' is a C°°-frame of £^ over X ~ D. 
Proposition 8.5 v' is adapted up to log order. 

Proof The argument is essentially same as the proof of Lemma [8. 151 By our construction of v' , the following 
is clear: 

H{h,v')<Ci-{^Y.^og\z,\y 

Let i;^ denote the dual frame of v. Then gives a tuple of sections of -b+{i-e)s£'^ ^ for some e > 0. Let P be 
a point of D° . Due to the result in the case of curves, I'j^-i^^^ gives a frame of _;,.+(i_e)£^'^|^-i(p), which is 

compatible with the parabolic filtration. We have *deg^(wj) = —^b{vj) on 7r~"^(P) for any point P e D°. We 
put as follows: 

1=1 

Due to Corollarv l2.6l we obtain the following (see the subsubsection 157^?^ : 

I 

H{h\v^')<C2-{-Y.log\z,\] 

It implies the following: 

' -M 



1=1 

Thus we are done. 



C3- (-^log|z,|) <Hih,v'). 
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8.7 Prolongation of £^|A(Ao,eo)x(x-D) 
8.7.1 Preliminary 

Recall that we may assume to have the following decomposition f Condition 18. 

a<£Sp{9) 

Recall that there exists a positive constant ei such that Ea and Ef, are rijgDiff(a b) l-Zj 1"^^ -asymptotically orthog- 
onal. 

Let consider the A-dependent section g(A) of End{E) over X — D, given as follows: 

I 

5(A) :=0exp(A^a,-log|z,|2) ■ ids^. (203) 

a i—1 

Lemma 8.47 We have the following equality: 

5(A-Ao)-95(A-Ao)-i--(A-Ao)-^(^a.^) -idE^. (204) 

a I 

Proof It can be checked by a direct calculation. I 
We have the decomposition 6^ = 4)i + (f)2 + 4>3 satisfying the following: 



't>2 = Y.a ^-^ci where 02 a e End( 
respect to h and the Poincare metric. 



' 't'2 — X^a '^'^a- 'where 02a G End{Ea) ® ^'x^ , and |02a|/i.p is bounded. Here | • |/i.p denotes the norm with 



• 03 = J2a=^b^30',b, whcrc 03 o b are sections of Hom{Ea, Et) ® . We have the following estimate for 
some positive constants £2 and C: 

|03a,bL,p<C. n Nl"- 
iGDiff(o,b) 

The following lemma is clear 
Lemma 8.48 5(A) and 0^ (i — 1,2) are commutative. I 
Lemma 8.49 We have the following formula: 

g{X-Xo)-(dE + Xe^)-g{X-XQr' = 

dE + Xo-9^ + {X- Ao) • (02 + 03) + A • (^(A - Ao) • 03 • 3(A - Ao)-^ - 03) • (205) 

Proof We have the following equality: 

g{X - Ao) -(d + Xe^)- g{X - X^y^ =dE+ g{X - Ao) • ^^(A - Xo)-^ + X ■ g{X - Aq) • 9^ ■ g{X - Xo^^ 

= dE + Xo-e^+ g{X - Ao) • MX - Xo)-' + (X - Xo) ■ 6^ + X ■ (^(A - Ao) • 0^ ■ giX - Xo)-^ - 0^) . (206) 
We obtain the following from H204I) : 

g{X - Ao) • dg{X - Ao)-^ + (A - Ao) • 0^ = (A - Ao) • (02 -I- 03) ■ (207) 
We also obtain the following from Lemma [8.481 

g{X ~ Ao) • ■ g{X - Xo)-^ - 9^ = g{X - Ao) • 03 • <7(A - Ao)"^ - 03. (208) 
Then we obtain !^U^i from pTzjl and I 
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Lemma 8.50 We put ipW ■= ^ ^a) ■ '/'s ■ ~ ^o) ^ ~~ 'Ps- There exist positive constants rj, e' and C such 
that the following holds for any A, A' G A(Ao,77).' 

|(^(A)-^(A'))„^,L,p<C.|A-A'|. n l-^r'- 

ieDiff(a,b) 

Here {A) ^ ^ denotes the (a, b)-component of A, and \ ■ j^ p denotes the norm with respect to h and the Poincare 
metric. 

Proof By definition, the (a, 6)-component of ^(A) — is as follows: 



i=l 

Hence the norm is dominated by the following: 

i03a6u,p • n • (n - 1) < c • n ^r^^^'^^-'-K- bg iz,i) • ia - \'\. 

i=l i=l ieDiff(a,b) 

Thus we are done. I 

Let us pick a point Aq G C\. We put as follows for any A G Ca: 

d"(A) := g{X - Ao) • (^b + A • 6^) ■ g{X - \o)-\ (209) 

Then we have the following equality due to (|205|l : 

d"(A) =dE + X-0^ + iX-Xo)- (02 + 03) + A • V^(A). 

It gives the holomorphic structure of C°°-bundle E over X — D, and it is equivalent to dgx = 9b + A • 0^ up to 
the (not unitary) gauge transformation. 

Lemma 8.51 If rj > Q is sufficiently small, then there exists a positive constant C such that the following holds 
for any A, A' G A(Ao,77).- 

|d"(A)-d"(A')U.p< |A-Ao|-C. (210) 
Note that d"{X) - d"{X') are (0, l)-forms. 

Proof We have the following: 

d"{X) - d"{X') = (A - A') • (02 + 03) + A • (V^A) - ^(A')). 

Thus we obtain the result from Lemma [8.501 and the estimates for 0; (i = 2, 3). I 

Let p\ denote the projection A(Ao,?7) x {X — D) — > X — D, and then we have the C°°-bundle p^^E on 
A(Ao,?y) X {X — D). We have the naturally defined operator: 

d, + d"{X) : C-{p-,\E)) ^ C-{p-,\E) ® 

Lemma 8.52 The operator d\ + d"{X) gives a holomorphic structure, i.e., {d\ + c?"(A))^ = 0. 

Proof Note that ^(A — Aq) is holomorphic with respect to A. Then the claim can be checked by a direct 
calculation. I 

We use the notation in the subsubsection 1^7^ We put as follows: 

(/l'/2)A,a,^ ^= / (/l'/2)a,^dvol+ / (d"(A)/i, d" (A)^) dvol, := 
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Lemma 8.53 For any A G A(Ao,7?), the norms \\ ■ \\x,a.N and \\ ■ ||Ao,o.Af are equivalent. 

Proof It follows from the inequality H21U|I I 

Hence the completions with respect to the norms || • HA.a.Af are independent of a choice of A G A(Ao,?7) for 
some sufRciently small positive number 77. Let A^''^ be the completion of the space A^^''^[£^°) with respect 
to the norm || • ||a,Af- Then we have the family of complexes (^^' jy(£^''), d"(A)) (A G A(Ao,77)). 

8.7.2 Extension of holomorphic sections 

Lemma 8.54 There exists a positive number rj > and the family oj linear morphisms G(A) : Ker((i"(Ao)) — > 
A^'^PflS'^") depending A G A(Ao,?7) satisfying the following: 

• The vanishing _ff*(j4^'^(iJ''^°), (i"(A)) = holds for any i > and for any A G A(Ao,?y). 

• The morphism G(A) satisfies the conditions^\^and^in Lemma 12.391 It gives the trivialization of the 
family {Ker(i"(A)|A G A(Ao,77)}, namely G(A) gives the homeomorphism o/Kerrf"(Ao) and Kerd"(A) 
for any point A G A(Ao, rf). 

Proof Note that d" {Xq) = dgxa , and hence the conditions in Lcmma r2.41l is satisfied due to Lemma [2. 301 Then 
we obtain the result due to Lemma [2.411 I 

Recall that we have the G°°-bundle p^^{E) with the hermitian metric ha,N = h ■ Il'^i ' (~ log kd)^- 
We have the holomorphic structure 9a + d"{\) fLemma l8.52|l . 

Corollary 8.7 For any section f of over , we have a holomorphic section f of the holomorphic bundle 
{p^'E^dx + d"(A)) over A{Xo,v) ■>< {X - D) such that /ka}x(x-I3) e <'°7v(^^")- 

Proof Let G(A) be the family of the morphism given in Lemma [8.541 We put /|{a}x(x-I5) '■— G{\){J). We 
have the absolute convergent series in J^J^j^(£'^°): 

f = J2iX - Ao)* • /,:, /. G A"^%i£^"). (211) 

By our construction, it is clear that the restrictions f{\}x{x-D) are contained in 74.°'*]^ (£'*'''). Since (|211|l is 
absolute convergent, we also have the following finiteness: 



A{Xo,e)x{X-D) 



\f\l ■ n k.r'(-logk.|)^dvol < J2 < ^- (212) 



The finiteness (|212|) implies that / can be regarded as L^-section on A(Ao,77) x {X ~ D) with respect to the 
metric /ia,jv- 

We have clearly d\f — 0. We have d"{X){f\x) — for any point A G A(Ao, rj), by our construction. Then we 
obtain d"{X){f) = in the distribution sense, due to Fubini's theorem. Hence we obtain (9a + d"{X))f = in 
the distribution sense. Thus we can conclude that / is holomorphic section with respect to 9a + d"{X). I 

We put F{X) := g{X - Xq)-'^ ■ f. Then F gives a section of the G°° -bundle p^^E) over A(Ao, -q) x X. 
Lemma 8.55 For any positive number e, there exists a positive number rj satisfying the following: 

• F is holomorphic with respect to the holomorphic structure &£ — Sa+Sb+A-^^, i.e., F gives a holomorphic 
section of £ over A(Ao,t;) x [X — D). 

• For any X G A(Ao,?7) and for any e' > there exists a positive constant C satisfying the following 
inequality: 
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Proof Since g is holomorphic with respect to A, we have the foUowing relation from (|209|l : 

dx + d"(A) = g(A - Ao) -(dx + dE + X- 0^) ■ g{X - X)-\ 

Then the holomorphic property of F with respect to ds follows from the holomorphic property of / with respect 
to dx + d"{X). 

For any positive number e, there exist positive constants 77 > and Ci such that the following holds for any 
A e A(Ao,77): 

|g(A-Ao)|,<Ci-(nk.r^)- (213) 
Since /{a}x(x-_d) is an element of A'^^j^{£'^°), we obtain the following finiteness for any A S A(Ao, 77) from H213|) : 

/ |F(A)|^^N.r■*''dvol<oo 

It implies the second claim. I 
We formulate the result in this subsubsection. 

Proposition 8.6 Let b — (bi, ... ,6;) be an element of Ft! . Assume that bi ^ Var{£^'' Then there exists a 
positive constant rj satisfying the following: 

• For any holomorphic section f of b£^° , there exists a holomorphic section F of b£ over A(Ao,?7) such that 
F\{\}xx = /• 

Proof It immediately follows from Lemma [8.551 I 
8.7.3 Prolongation of £ around Ao 

Condition 8.4 Let b = (fei, ... ,6;) be an element of such that bi ^ Var{£^'' ,i) for any i. I 

Theorem 8.3 Let b be an element of H} as in Condition \HAl Then there exists a positive number r] such that 
h£ is locally free over A(Xo,r]) x X. 

Proof By considering the tensor product of {E, ds, h) and the model bundle L{u), we may assume that the 
residue of tr{9) is trivial. We can also assume that 6 = 0. Note we have ^ 'Par{£^° , i) due to our assumption. 

Let V he a. frame of ^ compatible with ^F {i — 1, . . . , I). We put ^aj :— ' deg(wj). We have —1 < ^aj < 0. 
We put as follows: 

rank E 

j 3 

Then Vj is a holomorphic section of aj£^° , and we have det{^£^°) — cdet(f '^°). 

By using Proposition 18.51 we can take e > and 77 > 0, and holomorphic sections Vj of a +e s£'''° over 
A(Ao,r7) X X such that vjuxgjxx — Vj. In particular, Vj give holomorphic sections of over A(Ao,?7) ^ ^■ 
Hence we obtain the tuple of sections v {vi) of ^£ over A(Ao, ??) x X . 

Then we have the following inequality for any sufficiently small e > and for any A G A(Ao, rj): 

' Aeg{Vl{v)\x) < ^'flj + r • e < *c+ 1. 

j 

Hence i^('i3)|{A}xx is a holomorphic section of cdet(f — c'Aei{£)^^y^^-^. Since we have assumed that the 
residue of tr(6') is trivial, we have c'Aei[£)^^ = Aet{^£^). Since we have ^{v)\(^Xa,o) 7^ Oj the section ^{v) gives 
a frame around (Aq, O). 
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Then we can use the standard argument as follows (the last argument in the proof of Lemma I8.13|l . Let / 
be a holomorphic section of *f on a neighbourhood U of (Aq, O). On (U H {X — D)) x A(Ao, e), we have the 
following description: 

f = ^f^■V^. 

As usual, we consider the section / A W2 A • • • A = /i • ^{v) of dct(^£) = cdet(£) over U, and we can derive 
that /i is holomorphic. Similarly, we can show that /,; are holomorphic for any i. It implies that v gives a frame 
of *f on a neighbourhood of (Aq, O). I 

8.8 KMS-structure of ,,8 

8.8.1 The parabolic structures 'F'^^°\b£) 

Let b be an element of ii' as in Condition 18.41 Let v = (vj) be a frame of b^'^" compatible with the parabolic 
structure. For each Vj, we obtain the element a{vj) = {ai{vj), . . . , ai{vj)) G R\ where we put ai{vj) := 
Meg^(wj). 

Let us pick a positive number e as follows: 

1 ' 

< e < -min(|J{|ai - a2| I ai,a2 G Par(£^«,i), 017^02}). (214) 

i—l 

We can pick a positive number cq such that there exist sections vj of a{v-)+n-s£ on A'(Ao,eo)i such that 
^'jIA'^o = Vj. If eo is sufficiently small, we may assume the following: 

Condition 8.5 Letui,U2 be elements of ICA4S{£'^ ,i) such that p{\q,ui) <p(Ao,U2)- Note we have p{\q,ui) + 
e<p(Ao,U2)j due to H214(l . Then the inequality p(X,ui) + e < p{X' ,U2) holds for any X,X' A{Xq, eg) . 

On Pi(Ao,eo), the filtration ^F^^"' is obtained as follows: 

'Fj;_^°\b£\v,(\„,eo)) — («j|X'.(Ao.eo) \' ^^^S.i'^j) < ^' '= maxja; G Par(b£, i) | a; < a}. 

For any A e A(Ao,77) and c G Var{h£^° we put as follows: 

d(A, Ao, c) := max {p(A,w) |u G /C7W5(f°,i), p(Ao,u) = c}. 

Recall that we have the parabolic filtration of b£'^. So we compare the two vector subbundle '-F^ |^{lj.x_D 
and 'Fd(Aaox) of 

Lemma 8.56 For any X G A(Ao,eo), we have the equality ^ Pj^^^^-j y, ^ . = ^ Fd(\,\o,c)- ^""^ particular, the filtration 
^p(M) ig independent of choices of a compatible frame v and an extension v. 

Proof Since both of ^F'"^^°^x}y.D- ^^"^ ^Pd(x,\o,c) ^'^^ vector subbundles, we have only to show pj ~ 

*^d(A,Ao,c) I (A,P) for any P G D°. For that purpose, we have only to consider the restriction £ to the curve 
7r~^(P). Thus we can restrict our attention to the case dim(X) = 1, which is assumed in the following of the 
proof. 

In the case deg^(fi) — c, we have the following inequality for any A G A(Ao, eo)j due to Condition 18. 51 
deg''^(z;i I x'^) < c + e < minjrf G Var{£^ ,i) | d > d{X, Aq, c)}. 

It implies Vi\(\.o) is contained in the space Fj_i^xM-c)ib£^\o)- Hence we obtain Fj,^fx,o) ^ Fd(\.\o.c){b£^\o)- 
Due to our construction of the filtration F'-^°\ we have the following equality: 

rankFi^") = ^ m(Ao,c')= ^ m(0,u). 

fc-l<c'<c ueKMSiS"), 
b-l<p(Ao,«)<c 
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On the other hand, we have the following equality: 

rankFj_(^x,\o,c)ibS^\o) = m(A, c') = ^ m(0,M)= ^ m(0,M). 

b-l<c'<d{X,Xo,c) uelCMS{£"), ueKMS(S°), 

fc-l<p(A,«)<d(A,Ao,c) 6-1<p(Ao,m)<c 

Note p(Ao,u) > 6 — 1 if and only if p(A,m) > 6 — 1 due to our assumption h ^ Var{£^° Thus we obtain 
On I?j(Ao, Co), we obtain the following vector bundle: 



Corollary 8.8 We have the following on for any A G A(Ao,?7): 



' ' l^b<c^d{\,\o,b)[bt^) 

Proof It immediately follows from Lemma [8.561 I 



8.8.2 Regularity of B and 

Lemma 8.57 D is the regular X-connection, namely, if f is a section of b£, then D/ is a section of b£ 

n]f(iogD). 

Proof Let us consider the case Ao ^ 0. We may assume that any A G A(Ao,eo) is generic. In this case, the 
prolongment b£\x*{\o,<^o) be essentially regarded as a quasi canonical prolongment. Thus B/|X'(Ao.eo) gives 
a section of b£ ^^'^{^ogV)\x-'(Xo.eo)- Hence D/ gives a section of (8) ri^'"(logI?) over A'(Ao, eo) — V^" . Note 
that the codimension of 2?^" in A'(Ao, eo) is two. Thus D/ gives a section of b£ ri^'"(logI?) over A'(Ao, eo). 
Then we can show the claim in the case A = by the same argument. I 

Corollary 8.9 D"^ is the regular X-connection. 

Proof Let b — ... ,5;) be an element of and let / be a section of b^'^. We may assume that bi ^ 
Par{£'^, i) for any i. We can take a holomorphic section F of b£ over A(A, r/) x X such that -F'|a'^ = /• Due to 
Lemma fe. 5 71 DF is a section of b£ <Xi fix (log I?). Since we have DF|;i.A = D^/, we obtain the result. I 



8.8.3 The residue and the A-connection on the divisors 

On I?i(Ao,eo)i we have b£\Vi{\o.eo}- Then we have the endomorphisms ReSi(B), which preserve the parabolic 
filtrations due to Lemma [8.571 We also have the induced A-connection *B of b£\Vi{\(,,eo)^ which is defined as 
follows: For any / G b£\Vi{Xo,eo)^ Pick F £ b£ such that i^|-D,(Ao,eo) = /• Then we put := Di^|-D,(Ao,eo). 

Lemma 8.58 It is well defined. 

Proof Assume -F'|x)i(Ao,co) ^ Then we have the description F = ■ G for some G G bf. We have the 
following: 

D(2, -G) ^ X - dz,-G + Zi-IiG. 

Thus ■n{p[zi ■ G)|p.(Ao,eo)) — 0, where tt denotes the projection rijc(logD)|p.(Ao_eQ) — > VlDii^ogD r\ Di). Hence 
we are done. I 

Let I? be a frame of which is compatible with the parabolic filtrations F \ i — 1, . . . ,1) . Then we obtain 
the A-connection form A determined by Bt> = v ■ A. We develop .4 as .4 = ^ A^ ^ . 
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Lemma 8.59 Then we have the following formula: 

Proof It immediately follows from the definitions. I 
Lemma 8.60 'D and ReSi(D) preserve the filtration ^F^^°\ 

Proof Let / be a seetion of ^iv^'^"'' (bf|X)i(Ao,eo)) • Let b' be the element of i?' as follows: 

Then by definition of the filtration F^^"-*, we can take a holomorphic section F £ such that T^iF\x>i{\o,eo)) — /; 
where tt denotes the natural morphism b'^^|-D;(Ao,eo) — ^ b^|'Di(Ao,eo)- definition, *D(/) is the image of 
D_F'|X);(Ao,co) morphism tt', where tt' denotes the tensor product of tt and the identity morphism of 

(log{D n Di)y Thus 'D preserves the filtration By a similar argument, we can show that ReSi(B) 
preserves the filtration 'F. I 

Corollary 8.10 Assume deg (vi) < deg (uj). Then we have = for any h. I 

Lemma 8.61 The endomorphism ReSi(D) is fiat with respect to 'D. 

Proof It immediately follows from the flatness of D. I 
8.8.4 The E-decomposition 

For A e Cx, we put T{X,c,i) := {u e ICMS{£°,i)\p{X,u) = c}. Since ReSi(D^) preserves the parabolic 
filtration F of '^p;, due to Lemma [8.601 we have the induced action of ReSi(D'*') on * Grf ({,£'*'). 

Lemma 8.62 We have the generalized eigen decomposition of^ Gr^ with respect to Res(D'^) as follows: 

*Grf(,£^)= E(^Grf(5£^),e(A,u)). 

ueT(X,c,i) 

The rank o/ E(* Grf (b£^), e(A, u)) ism{0,u). 

Proof We have only to show rankE(Grf (55'^)|p, e(A,M))= m(0,u) for any P G D°. It follows from the result 
in the case of curves fCorollarv l7.1()|l . I 

Let c and d be real numbers such that d < c. The residue Res(D) induces the endomorphism oi^Fc/^Fd{b£'^)- 

Corollary 8.11 The set of the eigenvalues o/Res(D) on ^ Fc/^ Fd{b£^) is as follows: 

S = {e(A,?i) ue [j r(A,a,i)}. 

d<a<.c 

The rank of the generalized eigenspace corresponding to p £ S is given as follows: 

5^ J2 m(o,w). 

d<a<c u£T{\.a.i) 
t{\,u)=l3 
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Corollary 8.12 The set of the eigenvalues of the endomorphism Res(D'*') on f,£^\Di given as follows: 



Proof It immediately follows from Lemma [8.621 I 

Let us consider the generalized eigen decomposition of b^'^pi with respect to ReSi(]D)'*'). We put as follows 
for any point A G C\ and for any element 6 G i?': 

/C(A, b, i) := {u G ICMS{£", i)\h-l< p(A, u) < b,}. 

Here bi denotes the i-th component of b. 

I 

Sp{£^,i) = {z{X,u)\ue IC{X,b,i)} 
The rank of the generalized eigenspace corresponding to /3 Sp{£^,i) is given as follows: 

m(A,/3,i) := ^ m(0,u). 

e(A,M)=/3 

Proof This is the special case of Corollary 18. Ill I 

Notation We put ^E{b£^,(3) = E(5£^p^,/3), for simplicity I 

Let us pick any point Aq G Cx- Then there exist small positive numbers 772 and €2 such that we have the 
following decomposition into vector bundles on I?i(Ao, 772), due to Corollarv l8.12l 

b£\vAXo,n2)= E.,(Res(D),/3). 

/3e5p(£^o,i) 

Notation We put as follows: ^E^^") {b£, /?) = E,^ (Res(D), ^) , for simpHcity I 

Lemma 8.63 Assume r]2 and £2 are sufficiently small. Let A be any element 0/ A(Ao,?72)- Then we have the 
following decomposition: 

*E(^«)(5f,/3)l^. - ■'E(bf^p.(Ao,,.),e(A,u)). 

ueK{\,b,i), 
e(Ao,M)=/9 

Proof Since we have assumed bi ^ 'Par{£^,i), we have JC{X,b,i) = IC{Xo,b,i). If €2 is sufficiently small, 
|e(A, u) — (3\ < £2 impHes e(Ao,u) = /3. If r]2 is sufficiently small, we have e(A,w) 7^ e(A, u') for u,u' G /C(A, 6, z) 
such that u 7^ u' . Thus we are done. I 

Lemma 8.64 The filtration ^F^^°^ and the decomposition ^E^"^") are compatible. 

Proof Since Res,(D^) preserves the parabolic filtration the parabolic filtration '■F and the decomposition 
are compatible. Then Lemma [8.641 follows from Lemma [8.631 and Lemma [8. 561 I 

Lemma 8.65 andRcSi{B) preserve ^E^^"). 

Proof As for ReSi(D), it is clear. Since ReSi(D) is fiat with respect to the generalized eigen decomposition 
is preserved by 'D. I 

Let pick any point Aq G C\. Since ReSi(D) preserves the filtration *f (-^o) due to Lemma [8.601 we have the 
induced action of ReSi(D) on * Grf ° {b£)- Then there exist small positive numbers 772 and £2 such that we 
have the following decomposition into vector bundles on A(Ao, 772) x Di, due to Lemma[ 

'Grf '"'{,£)= E,,CGrr°'(,£), c(Xo,u)). 

ueT{Xo,c,i) 
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Lemma 8.66 Assume ti and r]2 are sufficiently small. Let X be any point o/ A*(Ao,772) and P be any point 
ofD,. The subspaceE,,{'GTf " e(Ao, u)) o/ ' Grf (bf ) l(A,p) is the generalized eigenspace of the 
induced endomorphism Res(D''*) corresponding to the eigenvalue e(A, u). 

Proof Since we have the isomorphism (|215|l . the set of the eigenvalue of the induced morphism Res(D^) on 
* Grf ' °'' {b£)\{\.p) is as fohows, due to CoroUarv l8.11l 

{e(A,u) I u £ r(Ao,c,i)}. 

Let u and u' be elements of T{\o,c,i). If 772 is sufficiently small, |e(A, u) — e(A, < 62 if and only if 
e{X,u) = e(A, u'). Since we have p(Ao,u) ~ p(Ao,u') = c, the condition e(A, u) — e(A,w') implies u = u' . 
Hence the condition |e(A, u) — e(A, u')\ < 62 implies e(A, u) = e(A, u'). we obtain the result. I 

Notation Let ' Grf^^^'^^'^J^*^"' denote the space *E(^°) Grf('^^°'„), e(Ao, u)) for u e ICMS{£°, i). I 

8.8.5 Weak norm estimate 

Pick a frame v of b£ over X{\o, eq), which is compatible with F'^^"'^ and E*^^"^. For each vj and for each i, we 
have the unique element Ui{vj) G JCAAS{£^ ,i) satisfying the following: 

deg ' (Wj|;t'Ao) = «(Ao,Ui(wj)). 

Lemma 8.67 Then * deg"^* '"'^^ ' {vj \x>') — ^{^1 Ui{vj)) also holds for any A. 
Proof We have the following for some sufficiently small positive number €3: 

max||Meg^(i;j|;t-A) - deg^ {vj\xx„)\, [ Ae^{vj\x^) - * deg'^(wj , ^t-^o ) | } < £■ 

Since the unique element of lCAiS{£^ ^i) satisfying such condition is t{\,Ui{vj)), we are done. I 
Let us consider the C°°-frame v' of £ over A(Ao, 772) x (X — £>), given as follows: 

i=l 

By a standard argument, we obtain the following. 
Proposition 8.7 The frame v' is adapted up to log order. 

Proof It is easy to see that H{h,v') < C ■ ^'^S l-^d)*^ fo^' some positive constants M and C, which 

follows from Lemma [8.661 By considering the dual frame w^', we obtain H{h,v') > C" • (— l^S > 
as usual (See the proof of Proposition 18. 51 for example). Thus we are done. I 

8.8.6 Some functoriality 

Let consider the functoriality for tensor product. Let O^ica) , 6*^"^) (a = 1,2) be tame harmonic 

bundles. We obtain the deformed holomorphic bundles £^°'\ Let pick Aq G C. For simplicity, we consider the 
following situation: 

• ^ -Par(^£:(") ^, i) for a = 1, 2 and for i = 1, . . . , /. 

• For any A G A(Ao,eo), the sets Var{^£'-°-^ ^ ,i) (a = 1,2) are ?7ai-small such that rjn + 7721 < 1 for 
i = l,...,l. 

Take v^°''> be frames of over A(Ao, eo), which are compatible with the filtration 'i^('^o) and the decom- 
position *E(^") {i = l,...J). 



181 



Lemma 8.68 v'-^'> (g) v^^^^ is a frame of^(E'^^^ which is compatible with the filtration i^(-^o) and the 

decomposition E^'^"-' 

Proof We obtain the frame from v^°'\ which is adapted up to log order. Then v^^^' (g) v^^^' is adapted 
up to log order, as in the subsubsection Due to our assumption, we obtain that v'^^'> (g) v'--^^ gives a frame 
^^^(i) ^ £i^)y Then the compatibilities with the filtration F and the decomposition E are clear. I 

Corollary 8.13 Let rj be a positive number and R be positive integer such that i? • 77 < 1. Assume the following 
for simplicity: For any X G A(Ao,eo); the sets Var{^£^ ,i) are rj-small. 
Then we have the following canonical isomorphism: 

R R 

^Sym^£~Sym^(^f). 

I 

8.8.7 KMS-spectrum 

Let / be a subset of / and c be an element of . Due to the compatibility of the filtrations (^^F^^"^ | i € /) , we 
have the following vector bundles on 'Dj{Xq, eg): 



- I I -f^c, |X)HAo,eo)' - 



i^l 2-^c'<c d 

On the vector bundle ^ Grf"' , we have the induced endomorphisms ^ Grf * ReSi(D) (i e /). Hence we obtain 
the tuple of endomorphisms: 

^Grf''"'(Rcs,(B)) Grf (Res,(D)) | z e /). 
We have the subset Sp{^ °'(Rcs/(D))) C , and wc have the following decomposition: 

^Grr"' = ^E(^°)(^Grr"\7), ^E(^"H' Grf"', 7) ^ Ml)) ■ 

For a pair u = (c, 7) such that c e Hie/ Var{E^^^ , i) and 7 € Yiiei Sp{£^° ,i), we put as follows: 

We obtain the following subset: 

ICMS{£\I) := {ueR' X & | ^ Gr^''"' (5) ^ 0} c 

is/ 

For any element u G JCAiS{£^ , I), we put as follows: 

m(A, m) := dull Gr„ ' (£). 

The number m(A, u) is called the multiplicity of u. We have the natural Z-'^-action on ICA4S{£''^ , I) which 
preserves the multiplicities. We put as follows: 

1CMS{£^,I)^ICMS{£^,I)/Z', JCMS{b£^J) := {u e JCMS{£^ J)\b, - 1< c, < h). 

Recall that we have the morphism : JCMS{£^ ,i) — > JCMS{£^,i). It induces the morphism t(A) : 
Y{.^,KMS{£^,i) Y{^^,JCMS[£\i). 
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Proposition 8.8 The morphism above induces t/(A) : JCAiS{£^ ^1) — > JCMS{£^ ,1), and we have equality 
m(0, m) = m(A, t/(A,M)). 

Proof Let u be an element of Y{i(zi K,M.S{£'^ ,i) , then we obtain f(Ao,M) e Y\^^jlCM.S{£'^° ,i). Assume 
6(Ao,m) G JCM.S{£^° ,i). Then we have the vector bundle over 2?7(Ao,eo): 

We use the following lemma. 

Lemma 8.69 The following holds for any A e A(Ao, eo)-' 



G 



e 

Proof We have only to check the case dim(X) = 1. It follows from Lemma [ 

To show Proposition 18. 81 let us consider the following condition for A and u E J^j^j /CA^5(£'', i): 
P{X,u): i{X,u) e ICMS{£^,I). 

Lemma 8.70 Let us pick u £ J^^^j /CA^iS(f °, i). For any X, there exists a positive number 77(A) such that the 
following two conditions are equivalent: 

• P{X, u) holds 

• P{X',u) holds for some X' e A(A, 77(A)). 

Proof It follows from Lemma [8. 691 I 



Let us return to the proof of Proposition l8.8l Let us take any point X E C\. We have the line £ ^ {t- X\0 < 
t < 1} in the plane C\. We can pick a finite subset S ^ {ti, . . . , th} C [0, 1] such that £ c[J^.^g A(ti-X, rjiti-X)) . 
Then it follows the equivalence of P(0) and P(A). Thus the proof of Proposition 18.81 is accomplished. I 

8.9 The induced vector bundle 

8.9.1 The induced vector bundles -Qu on T>i_ 

Let u be an element of ICMS{£'^,1). Let us pick Aq G Cx- We put (b,/3) := t{Xo,u) e J?' x C'. Let us pick 
any sufficiently small ei > such that bi + ei ^ Var{£^° , i) for any i. By considering the prolongment b+j^.^iJ', 
we obtain the vector bundle over Di_ x A(Ao, eo): 

Clearly, it does not depend on a choice of ei on a neighbourhood of Aq. 

Let us pick A e A(Ao,eo). We put (6(A), /3(A)) l{X,u). Let us pick eg as A*(Ao,eo) ^ A(A, eg). We have 
the following vector bundles on 2?° (A, Eq): 

Lemma 8.71 The vector bundles -Q^^ '^"■'^ "^lY-^lA c' ) '^^^ naturally isomorphic. 
Proof Note that we have the following decomposition: 

'-E(^"\M£\V,iXo,eo), = -Hb+e.s£vriXo.e„), e(A,M'))- 

u'eKMS{£°,Vj, 
t{Xo,u')=f3 
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We have the following: 

On the other hand, we have -G^^^ = '^''■'^\b+e-s£\v°{\,t'g), Thus we are done. I 

Thus we obtain the vector bundle -Qu over Di . When we distinguish the dependence of -Qu on the harmonic 
bundle {E, dE,0,h), we use the notation -Gu{E, dE,d,h), or simply -Gu{E). 



8.9.2 The induced frame 

Let V — (vi) be a compatible frame of b£ over A'(Ao,eo)- For each section u,;, we have the element u{vi) g 
K.MS{£^ ,f) such that deg"^* "''^^ "'(^i) — H^o,u{vi)). For any element u e JCMS[£^ ,f) , we put as follows: 

Vu := {z^'^ ■ Vi I u{vi) + n = It) . 

Note that n is determined by u and b, not by w^. 

Lemma 8.72 The tuple of sections induces the frame of-Qi^°\ 

Proof First we remark the following: Let n be an element of Z'. We put v := (z^^t^i). Then v gives the 
frame of b+n£ over X{Xo, eo). 

It is easy to see that induces the tuple of sections of -G^u°^- By using the remark above, we can show 
that Vu is a frame. I 



8.9.3 The nilpotent map A/i.u and the pairing with the dual 

We have the endomorphism ReSi(D^) on The unique eigenvalue of RcSi(D'^) on-CJ„|;^ is e(^X,qi{u)). Hence 
the nilpotent part Afiu := ReSi(D'^) — e(A, ^^(m)) gives the holomorphic endomorphism. 

Let Aq be an element of C\ and eo > 0. We have the naturally defined morphism (g) [^h+(i~e)S^^) — * C 
over A(Ao,eo), which is the morphism of A-connections. It is easy to see that *E('*'°) and 'F^'*'"-' are preserved 
over I?.i(Ao, eo)- Thus we obtain the following morphism over I?;(Ao, eo): 

Then we obtain the morphism S : !^u{E) <^ -G-aiE'-') — > Ovi_- 
Lemma 8.73 We have the equality S{Miu ® id) + S{\d®Mi.-u) = 0. 

Proof It follows from S'(D (g) id) + 5 (id (g)D) = D o S*. I 

8.9.4 Functoriality for dual 

Due to the results in the subsubsect ion 18 . 9 ."SI we obtain the naturally defined morphism -Q-u{E^) — > -Gu{Ey . 



Lemma 8.74 The naturally defined morphism -Q^uiE"^) — ^^-Qu{EY "is isomorphic. 

Proof Let v be a frame of which is compatible with E*^"^"' and F'^"-*. The dual frame gives the frame 
of -b+{i-e)s£ for some positive constant e. It is also compatible with E*^'*'") and F^^"\ By using Lemma [8.721 
Vu and (i'^)_„ induce the frames of -Gu{E) and -G-uiE"^) respectively. Thus we are done. I 
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8.9.5 Functoriality for tensor products 

Let {Ei, dEi, Si, hi) [i — 1, 2) be tame harmonic bundles over X—D. Let Ui [i = 1, 2) be elements of KMS{S^ ,V). 
We have the induced morphisms on A'(Ao, eg): 

^Grp^(;,„,„^)(£i) ® iGrp^(;,„,„^)(£2) ^ ^Grp^(;,^^„^+„^)(£i ® £2). 

Since the morphism is compatible with the residues of the A-connections, we obtain the following induced 
morphisms; 

Lemma 8.75 The morphism F^^ ^^ is compatible with the nilpotent morphisms of the induced vector bundles. 
Proof It is clear from our construction. I 

Let bi be elements of iZ'. 
Lemma 8.76 Let u be an element of JCM.S{£i ® £21^- have the isomorphism: 

'-Q^, {£1) ® -Q^, {£2) ^ '-g^{£i ® £2). 

Ui+U2=U 

Proof We can show the lemma by using Lemma [8 .721 I 

8.9.6 Functoriality for pull backs 

We put A!? and X^^) A™. We put of^ = 0} and D^^) y'^^ £,(2)^ Lgt {E,dE,0, h) be a 

tame harmonic bundle over 

Let c — (cji\ \ < j < n, 1 < i < to) be an element of Z"™. Let us consider the morphism ijj : Xi — > X2 
given as follows: 



We put £>(i) := ip-'^D^^^ We obtain the harmonic bundle ■)p~^{E, Oe^O, h) over X^^'> - D'^^I 

Let us pick a point Ao G Cx and a sufficiently small positive number eo such that b£ is locally free on 
A'(^^(Ao,eo) for some b e RK Let v = (vi) be a frame of f,(2)f which is compatible with F^^") and E^^"). We 
have the elements u{vi) E ICAiS{£'^,l) for each Vi satisfying the following: 

deg*" '"^ {vi)^t{\o,u{v,)). 

We put as follows: 

k=l 

We have already seen that C°°-frame v' on X^'^\\o,eo) — I?^^^(Ao, eg) is adapted up to log order. 

We obtain the holomorphic frame ip^^v and the C°°-frame ip~^v' of ■ip~^£ over A''-^-' (Aq, eo) — 2?'-^-' (Aq, cq)- 
Note that ip~^v' is adapted up to log order. 

We put as follows: 



c-m(wj) := f^cife ■ Uk{vi), . . . -Ukivi)) e{Rx C)". 



k k 

The elements n{vi) e Z" are determined by the following conditions: 

6^^^ - <5 < p(Ao,c- m(u,)) +n,; < b'^^\ 
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We put as follows: 

Wi := il)*Vi • n , w ^ {wi). 

Then u; is a tuple of sections of f,{i)j^^.g^*£ over A'(^)(Ao, ei). Here 77 denotes any small positive number, and 
a small positive number ei depends 77. 

We put d{wi) :— p(Ao, c • u{vi)) + n^. We put as follows: 

n 

V,:=^..•^l^.l'^■^""^ «;':=W). 

Thus we obtain C°°-frame w' of £ over A"*^^) (Aq, ei) — I?^^-* (Aq, ei). 
Lemma 8.77 The tuple w' is adapted up to log order. 

Proof It is easy to see that we have some C°°-functions fi such that w'^ — fi ■ tp^^v'^ and \fi\ = 1 hold. Since 
tjj~^v is adapted up to log order, we obtain the lemma. I 

Lemma 8.78 The tuple w gives the frame 0/ fj(i)_|_j^.^^*£. It is compatible with F'^^"^ and E^'^"'. 

Proof The first claim and the compatibility with F^'*'") follow from Lemma [2.41 and Lemma [2. 51 

Let A = J2^k ■ dCk/Ck denote the A-connection form of D with respect to v, i.e., TDv = v ■ A. Then we have 
ip*3ip*v = '4)*v ■ 4>* A. We have the following: 



Thus we obtain the following: 

■ w = w ■ "^^l^^Cj k ■ 'ip*Ak 



dZj 



Here N denotes the diagonal matrix whose i-th component is —nj{vi). Then it is easy to see that w is compatible 
with the decompositions ^E*^^"^ . I 

We have the naturally defined morphism 4'*^-Qu{E) — > -Gc-u{i'*E). 

Lemma 8.79 The following naturally defined morphism is isomorphic: 

c-u—ui 

Proof It follows from Lemma [8.721 and Lemma [8.781 I 

Corollary 8.14 The correspondence u 1 — > c u induces the surjective morphism 1CMS{E^ ,V) — > 1CMS{%Ij* E''\ri). 
We have Y.c u=ux "^(0; «) = Tn(0- "i)- ' 



9 The A'M^'-structure on the spaces of the multi- valued flat sections 

9.1 The filtration 
9.1.1 Preliminary 

We denote the space of the multi-valued flat sections by H{£^). Let 'Af"^ denote the monodromy of £^ with 
respect to the loop around the divisor T>^ . We obtain the tuple of endomorphisms M = {^M, . . . ,'M). Then 
we obtain the generalized eigen decomposition: 

uieSp(M) 
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We denote the restriction of M to E{H{£'^),u)) by M^^. We obtain the tuple of endomorphisms N^^ = 
(-^7V(j, . . . , 'A'^^) given as follows: 

Here denotes the unipotent part of *Afoj- 

Let b = (61, . . . , 6/) be an element of and a; = (uji, . . . , lui) be an element of CK We put as follows: 

Oi{b,u}) := {a{bi,u!i), . . . ,a{bi,LUi)). 

Here Q!(6, w) for {b,uj) ^ R x C is given in the page ll34l 

9.1.2 The increasing order and the filtration 

Let s be an element of E(i/(£'^), a;). Let P be an element of D° . Then wc put ' ord(s) :— ord(s|j^-i^p-j). 
Lemma 9.1 T/ie number ^ OTd{s) is independent of a choice of P. 

Proof Let P and P' be two points of D°. Let 7 be a path in D° connecting P and P' . 

Since s is holomorphic with respect to dgx , we have the equality d{s, s)/i = (dgxs, s)ii + {s, dgxs) = 2 Re((A + 
A^^) • {9s, s)). Hence we obtain the following equality: 



dlog|s|^ = -2Re((A + A-i) 



l^ iOs,s)h 



Let qi be the projection ai X — A" onto the i-th component. Let Q be any point of A — {O}, and then q^^{Q) 
is a hyperplane of X. Due to the estimate of 6 fLcmma 18.71 for example), there exists a positive constant C 
which is independent of Q, satisfying the following inequality on q^^{Q)'. 



Thus we obtain the following inequality on the path q^ ^{Q) H tt^ ^(7) for some constant C which is 

independent of Q: 

\d\og\s\^,^\l\<C. 
Hence we obtain the following estimate, which is independent of Q: 



< C 



It implies our claim. 

Let s be an element of E(_ff a;) and b be an element of i?': We put as follows: 



F(s,b) := exp(^^logZj • (a(6,, w,) + '7V^)) • s. 



i=l 

Then F{s,b) is a holomorphic section of f ^ over X — D. Wc put as follows: 

Ci := — * ord(s) — Re{a{bi, oji)). 

We put c := {a). 

Lemma 9.2 F{s,b) is a holomorphic section of c£^- 
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Proof Due to the result in the case of curves ('Lemnia l7.44f) . we obtam the following for any point P G D°: 

-ord(i^(s,b)|^-i(P)) < a 

Then we obtain the result due to Corollary 12. 61 I 
Corollary 9.1 F(s, — ord(s)) is a holomorphic section of^S^. I 
We put as follows: 

'TaE{H{£^),uj) ^ {s eE{H{£^),uj)\ - * ord(s) <a}. 
Lemma 9.3 The monodromies preserves the filtration ^Ta- 

Proof It immediately follows from the definition of the filtration "^T and Lemma [9. II I 
9.1.3 Functoriality of 

For a positive integer c, we have the morphism ?/'c 5i '■ X — > X given by (zi, . . . , z„) i — > (zi, . . . , z'^, Zi+i, . . . , 
We have the natural isomorphism t/;*^ : H{£^) ~ H{%l)'^,\,E^) via the pull back. 

Lemma 9.4 Under the isomorphism, we have the following: 

Proof It can be reduced to the case of curves fLemma l7.6()|> . I 

We have the natural isomorphism H{£^^'> ^ ® f (2) A) ^ //(^(i) A) ^ ij(£(2) A) ^imc the following isomor- 
phism: 

E(i7(5«^®£(2)A)^^)^ E(i/(5«^),a;i)®E(if(£:(2)'^),u;2). 

Then we have the two filtrations on E(i7(£(i) ^ £(2) a^^ ^-j One is for E(i/(£(i) £(2) a-j^ rj,^^ ^^^^^ 
is induced by for E{H{£^^'^^), w) for 6 = 1, 2. 

Lemma 9.5 They are same. Namely the following holds: 

^.F„(E(i7(fW^®£(2)A^^)^ ^ ^ ^.Fa,(E(i/(£W^),a;i))®^.F,,(E(if(£W^),u;2 

Proof Due to the result in the case of curves, we obtain the following: 

^Ta[ E(i/(f(l)^®£:(2)A)^^ 
{<jj)—uj 

- E HH{£^'^%u.,))®^t{ E(iJ(£:(2)A)^^^)). (216) 

Since the monodromy endomorphisms {j ^ i) preserve the filtration we obtain the results. I 
We have the following isomorphism: 

R R 

•aA ^ /On uicM 



H{(^£^j c^(^Hi£^). (217) 

We have the following isomorphism: 

R f{^') 
E(i7((g)£^),c^) ^ (8) (8)IE(i?(£^),a;'). (218) 
feS{t^,R) ui'eSp{M^) 

188 



Here we put as follows: 

S{u:,R):={f:SpiM^)^Z>o\j2fiu:') = R, [] u;'^^'^') = a;}. 
We naturally have the filtrations on the both sides of (|217|l and (|218|l . 

Corollary 9.2 The filtrations of the both sides (|217|) and (|218|) are preserved by the isomorphisms. I 

We have the isomorphism H[8^ ^) ~ H{£'^Y . preserving the E-decomposition. 

E(F(£:^ a;) ~ ¥.(H(£^y ,L^). (219) 

On the left hand side of H219|) . we have the filtration 'JF. On the right hand side of 1)219(1 . we have the induced 
filtration 'JF^ by 'JF, given as follows: 

'T-'^HiE^Y := {/ e H{E^Y \ f{'Ti,H{E^)) c 'Ta+bH{E^), (V& G R)). 

Lemma 9.6 The isomorphism preserves the filtrations. 

Proof It can be reduced to the case of curves (Lemma I7.59|) by an argument similar to the proof of Lemma 

ESI I 

9.1.4 The case A is generic 

Assume that A is generic. Recall that e-''(A) : ]CMS{E^ ,i) — > Sp^ {E^,i) is isomorphic for any i. 

Lemma 9.7 The filtration on K{H{E^),uj) is trivial in the following sense: 

Foreachi, we have the unique element Ui e /CA^5(^£°,z) suchthattOi = z^{\,Ui). Then^ Gvf^ ¥,{H{E^),u:) ^ 
if and only if b — p-^{X, Ui). 

Proof It follows from the result in the case of curves (the subsubsection 17^. 1 1|) . I 

Corollary 9.3 // A is generic, then the filtrations ('JF | i = 1, . . . , ^) are compatible. 

Proof It immediately follows Lemma |^7| . I 

Let A e C\ be generic, and let u) = {uji, . . . ,uji) be an element of Sp{M^). We have the unique element 
Ui G K,{E, A, 0, i) such that e-^(A, Ui) = Ui. 

Lemma 9.8 Let f3 be an element of whose i-th component is Pi ~ e{X,Ui). Recall that we have the space 
E(^£^|o,/3), which is a generalized eigenspace of the tuple Res;(D'^). Then we have the isomorphism: 

EYE\o,f3)-HH{E^),i^). 

Proof Let s be base of H{E^), which is compatible with E. We put (jj{sj) := deg^{sj) and b{sj) deg'^(sj). 

We put Vj :— F{sj,b{sj)). Then we obtain the tuple v = {vi) of sections of '^E'^. Due to the result in the 
case of curves, Vj^-ij-p-) is a frame of '^E^'^^i^py Thus v is a frame of The frames v and s induce the 

isomorphism desired. I 

Corollary 9.4 Assume that A is generic. For any lj G Sp{M^), we have the unique element u G ICMS{E^ ,1) 
such that e^(A,M) ^ u). I 

Corollary 9.5 Assume u) — c-^ {X, u) and b — p-'^(A, u). We have the following equalities: 

, m(0,«) (6>p/(A,M)) 

dim^Jc-5fE(i7(f^),a;) 



dim^Grf (E(iJ(£:^),a;) 



(otherwise). 
m(0,M) (6 = p/(A,M)) 

(otherwise). 
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9.1.5 The family of the space of the multi-valued flat sections 

Let H — 'H{E) be the holomorphic vector bundle over C^, obtained by Ti.\x = H{8^). We have the monodromy 
endomorphisms M — {Mi \ i = 1, . . . ,1), where Mi denotes the monodromy with respect to Di. 

Let Aq be an element of C\. We put Sq := Sp{M^°). Let eg and ei be suihciently small numbers. Then we 
obtain the following decompositions, (see \i'2.l for the notation Eg^): 

We put S{ij) := {u e ICMS{£^ ,1) | e^(Ao,M) = i^}- We may assume that any A S A*(Ao,eo) is generic. Then 
we have the following decomposition on A*(Ao, eg): 

^L^|i*(Ao,.o) = ^e/(A,^.), He/(A,.) | A = E(i7(f e^(A, «)). 

As in the case of the curves, we consider the filtration *JF^^*^\ We put as follows: 

^^i'"^<l.(A„,eo) - ^e/(A,.). (220) 

(\,qi{uy)<d 

Since it is given as the sum of the generalized eigenspaces, the filtration ^J^^^°^ can be prolonged to the filtration 
of which we denote by 

Note the following isomorphism for any P e D°: 

77(£^)^i/(£|t-i(p)). 

We have the filtration .F^'*'"^ on the right hand side. 
Lemma 9.9 

• Under the isomorphism above, we have Tii,^"' — ® q^{i^)^i^'H^t^°\ 

• In particular, we have C^d^^-'^L^"^) = *J^(E(i7(£^«), w)) . I 

9.2 The compatibility of the filtrations (i = 1, . . . , /) 
9.2.1 The dimension and the virtual dimension 

For any A, pick a; e Sp{M^) and a ^ B} . We put as follows: 

d{\,u:,a) := dW-TaM.{H{E^),u}), v.d{\,u},a) := ^ m(0,M). 

(A,it)<a 

Lemma 9.10 Let Aq he any element of C\. We have the inequality d{Xo,u},a) > v.d{XQ,u},a). 

Proof Let us pick a sufficiently small positive number e. Then we have the following inequality, for any 
Ae A(Ao,eo). 

I I 

d{Xo,u,a) = dim(n '^Fj^^^^nl'lD " '^H^ (221) 

2=1 i=l 
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For any generic A G A*(Ao, eo), we have the following equality: 



p-^ {XQ,Ui)<ai 

Thus we obtain the following: 

I 

I I -^a. 'T-u;|A- VF "•e/(A,M)|A- 
i=l 

(Ao ,u)<a 

Therefore we obtain the following equality, due to Corollary 19. 51 



dim fl - dimn,f^x,u)\x= rn{0,u) ^ v.d{Xo,u:,a). (222) 

p^{Ao,it)<a p^(Ao,u)<a 

We obtain the result from (f^^ and (P^ . I 
9.2.2 Preliminary proposition 

Let us consider the compatibility of the filtrations 'JF (i = 1, . . . ,^). We may assume that / — n. We put 
:= {(zi, . . . , z„) I z„_i = z„} C X. We put Zjf ' := A H X^^^ for i < n - 1. We have the natural 
isomorphism X^^^^ ~ A"^^ — {{zi, . . . , Zn_i) G A"^^}. We have the natural isomorphism H{£^) — > 

We have the tuple of monodromics M := (Mi, . . . , and ikf := {m[^\ . . . , M^^j^). Here we have the 
following: 

^(1) {i<n-2) 

\ Af„_ioAf„ {i = n-l). 

For any u) G 5p(M), ./.(a;) G Sp{M'^^'^) is given as follows: 
The map S-.K" — > is defined as follows: 



uji (i < n — 2) 

tj„_i-w„ (i = n-l). 



fli (z < n — 2) 

a„_i+a„ (i = n-l). 

We have the filtrations {i — I, . . . ,n) on E(i/(£'^), a;). For any a G we have the subspace —J-a ■— 
nr=i '-^1. of We put as follows: 

b<a 

Here b < a means b < a and b ^ a. 

We also have the filtrations on E(i/(£|'^(i)),a;*^^)), which we denote by '^^('^^ (i = 1, . . . , n — 1). Similarly, 

we have —T^^l) and —T'^^^ for any a^^) G -R"~^ 
Lemma 9.11 FFe have the following implication: 

^^Ta n E(i7(f C ^ HH{£\xi^,).<l>{^))- 
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Proof Let s be an element of the left hand side. Let P be any point of D°. Then we have the following for 
any i — I, . . . ,n: 

-ord(i^(s,b)|^-i^p^) < flj - Re{a{bi,uji)). 

Let C be the subset of X^^^ ~ A"-i such that C = Tr~\iP) for a point P G D^^l^ - Ui<„-i D^^li n . 
The inclusion C C X is obtained by the diagonal embedding {P} x A„_i — > {P} x A„_i x A„. We have the 
following, due to Corollarv l2.6l 

-ord(F(s,6)|c) < a„_i + a„ - Re(Q;(fe„ + 6„_i,w„ • w„-i)). 

It implies — ord(s|c) < On-i + a„ due to Lemma !?. 441 Hence we have the inequality: 

""Meg-^*"(s) < a„_i +a„. 

Thus we are done. I 
Proposition 9.1 The following holds. 

(A) d{X, u) , a) — V .d{X, u) , a) . 

(B) The following morphism is isomorphic: 

0(a)<a(^' 

(C) The following morphism is injective. 

The proposition will be proved in the subsubsections l9.2.3lin?T^ 

Before entering the proof, we simplify the problem. Considering the morphism -0^7^(21, . . . , z„) = (zi, . . . ,z„_i,z^), 
we may assume the following for some e > 0. (Note Lemma [9.4(1 : 

Assumption D For any a,b G Var^ , n) such that a ^ b, and for any A' S A(A, e), 

W-b\> J2 N- 

,71— 1 ) 

Lemma 9.12 Under the assumption D, the following holds: 

1. The morphism Var^ , n) x Var^ (f"^, n — 1) — > R given by (a, b) i — > a + b is injective. In particular, 
it induces the total order <i on the set Var^ ,n) x Var^ 

2. We have the natural orders on Var^ {£'^ ,i) {i ^ n,n — 1), and we obtain the lexicographic order <2 on 
Var^ ,n) x Var^{£^,n — 1). We have the equality <i~<2. 

Proof It immediately follows from our assumption above. I 
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9.2.3 A proof of the claims (A) and (B) of Proposition Rj. II 

Let a*^^^ be an element of whose i-th components are a[^\ Then the element (a° , a°^_i) G Var^ {£^, n) x 

Var-^ {£^, n — 1) is determined as follows: 

(a°,a°_i) :=max{(fe„,6„_i) G 7'ar-^(f\n) x 7'ar^(£\ n - 1) | fe„ + 6„_i < a^'li}. 
Lemma 9.13 VFe /lawe the following equality: 

J2 '^^Fa = (^^a' n "-^^a°_, H "^,o ) + (h^^,, R "^<ao ) . (223) 
0(a)<a(i) 

ifere we put a' := (a^"'"'', . . . , a|j^22) ^ -R"^'^- 

Proof It is clear that ^^—^J-a' H "^^^a°_j H "-^^a" is contained in the left hand side of (|223|l . Under the 

assumption (D), we have "•?^<a° = "'~^^b H "Ta^-ri for some real numbers b and 77 such that 6 + a° — 77 < a^^lj^. 
Thus ^^o' n "^<a° is contained in the left hand side of H223(l . Thus we obtain the implication D. 

Next, we would like to show the implication C. We have only to show that — jF^E(i7(£^), a;) is contained in 
the right hand side when we have (j){a) < a^^\ 

Under the assumption D, the condition (j){a) < a*^^^ implies the following: 

f an < a°, 

< a\ ' , [i < n — 2), and < or, 

[ a„ = a°, On-i < 

Then the implication C immediately follows. I 

We will show the claims (A) and {B) in Proposition 19. II bv an induction on n. We assume that the claims 
{A) and {B) for n — 1, and we will show that the claims (A) and (B) hold for n. 
Let us consider the following claims: 

(A, a, <) (A) holds for any a such that a„ + a„_i < a. 
(A, a, <) (A) holds for any a such that a„ + a„_i < a. 
{B, a, <) (B) holds for any a'^^ such that a^-i — o^- 
(B, a, <) {B) holds for any a^^-' such that a^^-i < 

If a is sufficiently negative, then {A, a, <) and (i?, a, <) are true trivially. 
Lemma 9.14 {A,a,<) implies {B,a,<) and {A,a,<). 
Proof We have the following implication: 

n "-^.F.o _^ n ".F„o ) + (n^j^^, n ".F<ao ) c ^.F^ll, . (224) 

We also have the following: 

Thus we have the following equality: 

dim(n^J^^, n ""^^a=_^ n n E(i?(£^),u;)) < dim(li^jc-^|], n E(i7(f ^),a;)) 

+ dim(^i^.F„. n"-i.F,o_^ n".F<„o nE(i/(£^),u;)) -dim(^.F„" n ".F<„o nE(i/(£ (225) 



193 



By using the assumption of the induction on n, or by using [A, a, <), we obtain the following equality: 

(226) 



Si{u) ^{ue S{uj) I pf{X, u^) < ^ {i<n- 2), p/(A, w„) < a°} 
By using {A, a, <), we obtain the following: 

S2{uj) = {ueS{u:)\p^{X,u,)<a'i'\ p/(A, w„_i) < a°_i, p^(A, 7/„) < a° }. 
Due to the assumption of the induction on n, we have the following: 

dim(n^^«,nE(i/(£^),u;W)) = ^ m(0, n) = ^ ^ m(0,ix), 

p^(A,-u)<a(i' (228) 

^3(0;) := {tt e 5(u;) |p/(A,u,) < af^ < n - 2), p-^(A, ii„_i) + p/(A, u„) < ai'lj. 
We put 5*4(0;) := £'3(0;) — (5*1(0;) — £'2(0;)). It is easy to check the following: 

54 = {m e 5(0;) I p-'^(A, Ui) < at [i <n - 2), p-''(A, Ui) < a° {i = n - l,n)}. 
Then we obtain the following inequality by a direct calculation from (|225ll . (|226l) . H227|) and (|228|) : 



^ dim(ii^^„, n"-i^ao_^n"^ao nE(i7(£^),o;)j < J2 "^(0'") 



v.d(a,u}). (229) 



Here a is determined by qi{a) = a^^' for i < n — 2 and 9^(0) = a° for i ~ n ~ l,n. On the other hand, we have 
already known the inequality (Lemma I9.10() : 

dim(^J^a' n ""^^a»_, n "J^a= H E(i7(£^), o;)) > ^.^(A, a, o;). (230) 

From (|229|l and H23U|) . we can conclude that the equality in (|23UII holds, which implies {A,a,<). We can also 
conclude that the equality in (|225|l holds, which implies that the equality in H224|) holds. Thus we obtain 
(_B, a, <). Thus the proof of Lemma [9. 141 is accomplished. I 

For any a and some e > 0, the following implications are clear: 

{B,a,<) =^ (B,a + e,<) 
{A,a,<) =^ {A,a + €,<). 

Hence we obtain {A, a) and {B,a) for any a. Thus the induction on n can proceed. Namely the proof of the 
claims (A) and (B) of Proposition l?m is accomplished. 

9.2.4 A proof of the claim (C) of Proposition l9. II 

Now we shall prove the claim (C). The following inclusion is surjective, due to {B): 

Y '^HnE{H{£'),u:) nE(i?(£^),o;). 

</>(b)<0(a) 

Thus it is isomorphic. 
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Lemma 9.15 Let b be an element of R". Assume 4>{b) < 4'{a). We put a' — (ai, . . . ,a„_2) G -R" • Then 
we have one of the following: 

• li^b c n "-i^a„_i n "^a„ . 

Proof The condition implies bi < Oi {i < n ^ 2) and + < On-i + in, and at least one of the inequalities 
is not equality. Then we have at least one of the following: 



• bn = an and 6„_i < a„_i. 

• 6„ = a„, 6„_i = a„_i, (&i, . . . ,6„_2) < a' and (5i, . . . ,6„_2) 7^ a'. 
Then the claim follows. 



Lemma 9.16 We have the following: 



^^a n ( -^b) =Y.-^t>= (231) 

4>(b)<4>(a) b<a 



Proof We have the following: 



J2 ^J'b = (^^a' n ".F<„„ j + [^J'a' n "-^.F<a„_, n ".F,„ + ^:f'^, n n ".F,„ J . (232) 

0(b)<</.(a) 

Note that the second term in the right hand side of (|232|l is contained in —!Fa- Let us pick elements: x G 
^Ta' n "-i.F<a„_i n ".Fa,. + ^T'^, D ""^.^a^i H ".Fa„ and y e n {"T<aJ- Assume x + y G ^^.Fa. 

Then we obtain y e ^Ta. n ^J^a' H "J^<a„. Hence we have y € ^I'a' n "~^J^a„_i n "J^<a„- Thus the left 
hand side of H231|l is as follows: 

It is same as the right hand side of (|231|l . Thus we are done. I 
The claim (C) immediately follows Lemma [9. 161 Thus the proof of Proposition IITTI is accomplished. I 

9.2.5 A consequence 

Let Co be the diagonal curve: Cq :— {{z, . . . , z) E A"}. The restriction gives the natural isomorphism H{£^) — > 
H{£^^^). We have the filtration on the right hand side, which we denote by '^"JF. 

Corollary 9.6 The following morphism is injective: 



Here \a\ denotes X]"=i '^i f'^''" ^ ~ (^i' • • ■ ' 

Proof We have only to use the claims (C) in Proposition 19 . II inductively. 
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9.2.6 The compatibility of the filtrations (^T | i = 1, . . . , rt) 

Let s be an element of '-^Ta. n E(i7 a;) . Then we obtain the section F{s,a) oi'^E^. For any i, we have the 
element u e /C(£, A, 0,Z), satisfying i^{X,u) = {a,uj). Due to the result in the case of curves f Lemma l7. 4411 . we 
have ' deg''^ F(s, a) < p(A, Ui). We put Ci := * deg''^ F(s, a) and c := (ci, . . . , c„). We obtain the following map: 

$ : ^Grf E(ff(£^),c^) ^Grf CS^o), s ^ F{s, u){0). 

Lemma 9.17 The map $ is injective. 

Proof Let be a frame of which is compatible with {^F \ i = 1, . . . ,n). We describe as follows: 

F{s,a) -.^Y^fr^r 

Assume that $(s) = 0. We have fj{0) — unless deg{vj) < c. In this case, we have — ord(s|c'o) < It 
implies S|Co S Then we obtain s = in ^Gra E(i/(f w), due to Corollary TO I 

We put 7i := c{X,Ui) and 7 := (71, . . . ,7„). 

Lemma 9.18 We have Im(<I>) C ^E(S-Grf (Res„D^),7). 

Proof We have only to check that F(s,a)\i^x p) is contained in *E(' Grf^(^£'^£). ),7i) for any P G D°. It follows 
from the result in the case of curves fCorollarv l7.18() . I 

Thus we obtain the morphisms : !^Gr^{ii-E{H{£^),uj)) — > ^E(^Gr^ (^£^|o),7). Then we obtain 

the following injection: 

<i>(a,.) : ^Gr^^E{H{£'),u;) ^ ^E(^Grf (Res„ D^),7). 

Proposition 9.2 The morphisms *I'(o,w) isomorphic. 

Proof Since $(0,0;) is injective, we obtain the following inequalities: 

rankf ^ < ^ dim^Gr^ E(i7(f ^), < ^ dimE(2^Grf (Res„D^),7) = rankf^. (233) 

Then the proposition immediately follows. I 
Theorem 9.1 The tuple of the filtrations {^T | i = 1, . . . , n) is compatible in the sense of DefLnition \A.2\ 
Proof Due to 1)2331) . we have the following equality: 

^rank^-Gr^ H{E^) = ranki7(£^). 

a 

It implies the compatibility of the filtrations, due to Lemma [4. 21 I 
Corollary 9.7 

• The tuple of the filtrations (^^J^^^") | i = 1, . . . , ^) are compatible. 

• We have the following decomposition on A*(Ao,eo).' 

/ -7r(^o)-Tj(-''o) /^TN %/ 

ueS{ui.b) 

Here we put S{u;,b) := {u e lCMS{£°,I) \ t^iXo.u) = w, p-'^(Ao,M) < b}. I 
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■Q |^^.|P^(A,«,(s.)). (234) 



9.2.7 Weak norm estimate 

Let s — (si) be a frame of 7i|A(Ao.eo)' which is compatible with E'^'*''^) and !F^^°\ For each Si, we have the 
element u{si) G ICMS{£^ ,[) such that deg"^* "''•^^ — {Xo,u{st)). We put as follows: 

s ■■= [s'i), Si := s, ■ 

Lemma 9.19 s' gives a C°° -frame of £\x{\o,eo)-'D{\o.eo)' which is adapted up to log order. 
Proof It is easy to see the following inequality for some positive constants Ci and Mi: 

Let be the dual frame of s. Due to the result in the case of curves, we have m(s^) = —u{si). 

Let s^' be the modification as in (|234|l . We obtain the inequality H{h, s^') < C2 • (— log kjl)*^^ ^'^^ 

some positive constants C2 and M2- Since we have H{h, s') ■ H{h, s^') = 1, we obtain the result. I 

9.3 The induced objects 

9.3.1 The induced vector bundle ^Gu{Ti.) 



Let u be an element of JCAiS{£° , I). We put as follows: 

Let A e A*(Ao,eo) be generic. Let us pick Cq > such that A(A, eg) C A*(Ao,eo)- 
Lemma 9.20 We have the following isomorphism: 

Proof For a; = e-^(Ao, u), we have the following decomposition on A*(Ao, cq): 

{\o,u)—uj 

Then we obtain the natural isomorphisms: 

"'^t/i'^"^7Y|A(A,4) - Gr^ " 'H^f(X(,,u) I A(A,e^) - ^c/(A,u) | A(A,e;,) - ^Gu^Ti-. 

Thus we are done. I 
Due to Lemma [9.201 we obtain the vector bundle ^Gu'H over C^. 

9.3.2 The induced pairing and nilpotent maps 

We have the natural pairing: 7i(£') <E) 'H{E'^) — > ^c* ■ Pick a point Ag G C\ and a sufficiently small positive 
number eq > 0. On A(Ao, £0)7 we have the filtrations ^J^^-^o) ^j^^j decompositions 'E'^"', which was preserved 
by the pairing. Hence we obtain the following induced pairing: 

The monodromies Mi induces the endomorphisms Miu on ^QuTi-. We denote the unipotent part by M"^. 
Then we obtain the following nilpotent maps: 

AA„, :=_L_iogMr„. 
Lemma 9.21 We have the relation S[j\fui ® id) + S'(z(i ® A/'-„i) = 0. 

Proof Since the monodromy endomorphisms preserve the pairings, the claim is obtained. I 
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9.3.3 Functoriality for the dual 

Due to the subsubsection 1^3?^ we obtain the naturaUy defined morphism -G-u{'H{E'^ )) — > -^u('W)^. 
Lemma 9.22 The morphism ^<)-u{U){E'^) — ^-Gu{U{E)Y is isomorphic. 

Proof It follows from Lemma [9. 191 I 

9.3.4 Functoriality for tensor products 

The morphism Ti.{Ei) <^ n{E2) — > HiEi » E2) preserves the J^^^") and E^^"). We have the naturally defined 
morphism: 

'-Gu,n{Ei)<8>^g^,H{E2)-^'-gu,+^,H{Ei(g,E2). (235) 

Ul -\-U2 —U 

Lemma 9.23 The morphism l|235|l is isomorphic. 

Proof Under the isomorphism Ti{Ei) ® 7i(i?2) — 'H{Ei (g) E2), the induced filtration on the left hand side 
and the filtration on the right hand side are same, due to the result in the case of curves. Then we obtain the 
lemma. I 

9.3.5 Functoriality for pull backs 

We use the setting in the subsubsection IH?^^ We have the naturally defined isomorphism Ti-iE) ~ Ti.{ip*{E)). 
Lemma 9.24 We have the naturally defined isomorphism: 

Here ip*{u) denotes the element whose i-th component is Ci ■ Ui for u — (ui, . . . , ui). 

Proof It is easy to see that the isomorphism is strictly compatible with the filtration It is also easy 

to check that the isomorphism is compatible with the decompositions E^^"'. Thus we obtain the isomorphism 
desired. I 

10 The filtrations and the decompositions on £ and 

10.1 The filtrations and the decompositions on and c£-^ 
10.1.1 The compatibility of the decompositions 

Let c be an element of i?'. Let s be a base of H{£^), compatible with E and T. We put a,; := deg'^(s,;). We 
put Vi := F{si, Gi — c), and then v = (vi) is a tuple of sections of c^^- 

Lemma 10.1 The tuple v gives a frame of c£^- The restriction of v to I?i(Ao,eo) compatible with the 
decomposition *E and the filtration ^F of the vector bundle c£'^\ti^- 

Proof We have only to show that v^^-i^p-^ gives a frame of cj^l^^-if^p^ for any point P E D°. Then it follows 



from the result in the case of curves (the subsubsection 17^ 

By the action of monodromics, wc have the following decomposition: 



^t, fi|p=E(£|^p, a;). (236) 
u>eSp(M^) 
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Lemma 10.2 The decomposition (|236|l is prolonged to the decomposition of the vector bundle ■ Namely, 
we have the following decomposition ofc£^-' 

Proof We have only to use the frame v above. I 
Then we obtam the decomposition of the restriction of ^.E to Di. 

On the other hand, we have the decomposition of c£\Di induced by the action of the residue ReSi(D'^): 

The relation of the two decompositions are given in the following lemma. 
Lemma 10.3 We have the following equality: 

cf^ciD, = E{,£\o^,(3), (237) 
Here we put L{\,uj) := [(3 e Sp{c£^,i) \ exp{~2n^/^X^^ • /3) = cj}. 

Proof Since the both sides of (|237(l are vector subbundles of c£^\Diy we have only to show the equality for 
the fibers over the points P G D°. Thus we have only to consider the case dim(X) = 1. Then it follows from 
Corollary Eni I 

Corollary 10.1 Let I be a subset of I. Let u)° — (cj° | i G /) be an element of Sp^{£^,I). Then we have the 
following: 

cf'^II., - E(e£V„/3). 

Here we put L{X, u}°) {(3 e Sp{^£^, I) \ exp(-27rV^A-i • A) = uj° {i el)}. I 
10.1.2 The compatibility of the filtrations 

We have the filtration 'T{£^) of f ^ induced by the filtration ' T {¥.{H {£^) , lj)) of E(iJ(f w) . 
Proposition 10.1 

• The vector subbundle ^!Fb{£^ of £^ can be prolonged to the subbundle c Th{£^^ of (.£^- 

• The family cJ-(£^) — {c^a(£i^) \ o, G i?} gives the filtration of the vector bundle (.£^ in the category of 
vector bundles. 

• The tuple of the filtrations {c^^{£^) | * = 1, ■ • • , ^) of the vector bundle f.£^ is compatible. 

Proof It is easy to check the claims by using the frame v given in the first part of the subsubsection [TU. 1.11 I 

Then we have the filtrations aT{£^^^ of the vector bundle a£^\Di- On the other hand, we have the 

parabolic filtration *F of c£^\Di- The relation of two filtrations are given in the proposition 1 10. 21 

We recall that the number a(a,cj) G C for {a,uj) G R x C is determined by the following conditions: 

exp(— 27r\/^ • a{a, uj)) — uj, a < Re{^a{a, uj)) < a + 1. 

We put d{a, uj) := a~ Re(a(a, uj)) G R. 
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Proposition 10.2 We have the following equality: 

c'^6(f^)p^ =^Frf(f,-e.,^)(E(cfV.,A-a(6-Q,a;)))© E(,£-%,,/3). 

Here we put K{X,LU,b) := {f3 e Sp{£^,i) \ exp(-27rV^A"i ■ P) =oj, Re{X-^ ■ /?) < Re{a{b - Ci,oj))} . 
Proof The claim can be easily reduced to the case dim(X) = 1, as in the proof of Lemma [10.31 

10.1.3 The induced vector bundle 

Let u be an element of ICA4S{£^,1). We put as follows: 

b:=pf{X,u), w:=e^(A,M), c:=p(A,m). 
We obtain the holomorphic vector bundle ^u{£^) over X, given as follows: 



Lemma 10.4 We have the natural isomorphism: 



Proof It follows from Lemma [10.31 Proposition II . 21 and the definitions. I 

We have the induced A-connection D"^ oi ^u{£^), which is flat and regular. Then we obtain the residues 
ReSi(]D)^). 

Corollary 10.2 The endomorphism ReSi(D^) has the unique eigenvalue e(A,(7i(M)). I 

Let H{}-g^{£^)) be the space of the multi- valued flat sections of Naturally we have the following 
isomorphism: 

10.2 The decomposition E^^") and the filtration F^^"^ on S for Aq 7^ 
10.2.1 Prolongation of the decompositions and the filtrations 

The decomposition H = ®ujeSp{M>-o) and the filtration ^T^^o) — 1, . . . , Z) on H|a(Ao,co) induce those 

on f |A'(Ao,eo)-X'(Ao,eo)- Namely, we have the decomposition £ = ®^^^sp(^M>'o)^i^''^ and the filtration ^T^-^"^£c^) 
over -^(Ao, eo) - 2?(Ao, eo). 

Let b be an element of i?' such that bi ^ Var(£^° , i). If eo is sufficiently small, we have the locally free sheaf 
b£ over A'(Ao, eo)- 

Proposition 10.3 

1. The vector subbundle ^J-'c^°^£^°^ of £ is prolonged to the subbundle J-c^"^ £1^^'''^ of b£ on A'(Ao,eo)- 

2. We have b£^^^\]^\a — b£^° ■ On the other hand, we have the following decomposition, for any A € A* (Aq , to) •' 



Here we put S{ui) := {u e K:MS{£°,1_) \ e/(Ao,u) = u} . 
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3. We have b*^'-'^"-' (fiy" ) |^ao = b^^{^^°)- On the other hand, we have the decomposition, for any A G 
A*(Ao,eo).- 

u^S{uj ,b.i) u^S(liJ ,b.i) 

Here we putS{u},b,i) ~ [u e ICMS{£",1_) \ t^iXo-u) = lj, pf{\o,q,{u)) < b} . 

4- The tuple of the filtrations {p'J-^^"'^ | i = 1, . . . , ^) is compatible. 

Proof Once we know the claim ^ then the rests follow from the result at the specializations f Lemma 110.31 
Proposition 110.11 and Proposition 1 1 . 2|) . Hence we have only to check the claim^ We may assmxie that 6 = 0. 

Lemma 10.5 Let > 6e positive numbers such that rank(i?) • < 1. Assume that Var{^£^ ,i) are ei-small 
for any A G A(Ao,eo)- Then the filtration ^J-i^°^£u! can be prolonged to the subbundle of^E over A'(Ao,ei). 

Proof Let she a frame of Hover A(Ao,eo) compatible with E^^f) and We put R va.-ak{^ Ti^°\£2'°^)) . 

Due to the assumption of Lemma [10.51 we have /\^{^£) — (^A^ £^ ^'^'^r X{Xo, eo). 

From the frame s of 7i over A(Ao,eo), we obtain the naturally induced frame S = (sj) of /\^ Ti over 
A(Ao,eo), which is compatible with E*^^") and J^^^"\ There exists jo such that sjg gives a frame of the line 

bundle A'^{'A^"'>nL^"^). 

There exists Uq e ICMS{''£",l) such that deg-^ '"^ t^Xa,Uo). We have the following: 

Uq = ^ u, S{uj,a,i) {u e ICMS{''£°,r)\t^ {Xq,u) = IV, {Xo,qi{u)) < a}. 

We put as follows: v — exp^logz • (A^^ • e(A,Uo) + i^(p(A, Mq)))^ • Sj„. Then w is a section of ^(^/\^ £^ over 
X{Xq, £o). It is easy to see that Lemma FlO.SI can be reduced to the following lemma. 

Lemma 10.6 There exists rj > and a neighbourhood U of O in X, such that v\(^x p) 7^ for any {X, P) G 
A(Ao,r7)xC/. 

Proof The section v\;^\o gives an element of the frame of induced by s, as in the subsubsection ITH . 1 . II 
Then we obtain Lemma [10.61 and Lemma [10.51 I 

Let us return to the proof of Proposition 110.31 Note the following: We can pick c G ZI,q and u d B} such 

that '^4'c^£ ® L(u) satisfies the condition of Lemma H 0.51 on A(Ao, eo). Hence ^1^^^ £u,) can be prolonged 

to the ^c-equivariant subbundle of ^t/j^^E. Then we pick the equivariant frame, and take the descent of the 
frame. (See the argument in the subsubsection Then it follows that ^jF^'^i^^i^"'' can be prolonged to the 
subbundle of ^£^°\ Thus we obtain the claim ^ of Proposition 1 1 . 31 I 

10.2.2 The induced bundle 

Let u be an element of ICAiS{£'~' ,[). Let Ao be an element of C^. We put (6, a;) = 6-'^(Ao, u). Pick a sufficiently 
small < e < 1 such that q = p(Ao,Ui) + e' ^ Var{£^° ,i) for any i and for any < e' < e. We put 
c' = p(Ao, m) + €■ 6. Pick sufficiently small eo. Then we have the following vector bundle over X[Xo, eo): 

^-g^i^\£) :=^Grr°'(.,£(^o)). 

The following lemma is clear from our construction. 

Lemma 10.7 It is independent of a choice of e on a neighbourhood of Xq. I 

We may assume that any point A G A*(Ao,ei) is generic. Pick a positive number eg such that A(A, Cq) C 
A*(Ao, eo). We may assume that we have the vector bundle g^u \£) on X{X, Cq). 
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Lemma 10.8 We have the following natural isomorphism: 
Proof We have the foUowing decomposition: 

We have the foUowing isomorphism: 

Hence we are done. I 
Hence we obtain the vector bundle -Gu{S) over C*x x X, and the induced regular A-connection D on -Gu{£)- 
Lemma 10.9 Let u be an element of JCMS{8^ ,V}. 

• We have the following isomorphism: 

icGu{£)\v,j Res^(D)) ~ M + t{\u^)). 

• Taking the multi-valued fiat sections of-Qu{£), we obtain the vector bundle -Gui'H) over C*^. 

Proof It immediately follows from our construction. I 

10.2.3 Pairing 

From the natural pairing S ® — > Ox-Vi we obtain the following morphism on X{\{), eo) for Aq G C*^ and 
for any sufficiently small eo > 0: 

b{£) ® -b+ii-^)s{£'') ^ Ox- 

Since it preserves the filtrations T^^°'> and the decompositions E('^°\ we obtain the following morphism of regular 
A-connections: 

10.2.4 Functoriality 

We have the naturally defined morphism -Q-u{E^) — ^ -QuiE)^ . We also have the morphism -Qu^{Ei) ® 
Lemma 10.10 The morphism -Q^u{E^^ — ^^-Gu{E)^ is isomorphic. The following morphism is isomorphic: 

-g^, (El) ® -g^, (£2) (El f 2). 

Ul+U2=U 



Proof It follows from Lemma [9. 221 and Lemma [9.231 I 

We also have the functoriality for the pull backs. We use the setting in the subsubsection IH^^^ 
Lemma 10.11 We have the naturally defined isomorphism as follows: 

^g^{E)^'-g^,{r£)- 

c-u—ui 

Proof It follows from Lemma [9. 241 I 
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10.3 The morphisms between -Qu and -Qu'H 
10.3.1 The induced morphism $Jf" 

From the regular A-connection (-tJ„(£),D), we obtain the isomorphism $^3,n . Lg^jf — > -^/u|c*; which we will 
explain. For any holomorphic section s of-CJ„(7i) over an open subset U C C* , we put as follows: 



V = exp (^^2 log -^j • ( A ^ • e ( A, ) + J\fj 



Then it gives the holomorphic section of the vector bundle -Gu{£) over U x X. Then the restriction W|(7x{o} is 
a section of over U. We put ^^'^{s) := v\ux{0}: and then we obtain the isomorphism desired. 

The morphism $^an g^jg^ ggg^^ follows: Let s be a section of -QuH. We have the expression as follows: 



s = exp(^-^logZj • (A 1 • e(A,Uj) +7Vj,„)) • w = ^(logz) 
j J 

Here J = (ji, . . . , jz) denotes multi-indices and (logz)'^ — nL=i (log ^/i)""" ■ 
Lemma 10.12 We have $Jf"(s) = vo{0). 

Proof It immediately follows from our construction. I 

Lemma 10.13 The isomorphism <j)^^'i preserves the morphisms Mui and the pairing. It is compatible with 
tensor products and duals. It is also compatible with pull backs as in the subsubsection ^.S) .iiX 

Proof It is clear from our construction. I 
10.3.2 The induced morphisms ^u,p,o 

For any point P G X, we have the isomorphisms of -CJ^ and -^■u(^)|c*x{p}- Foi' simplicity of notation, we 
denote I C7-x{p} ^y-Qu{£)\p- 

Take a normalizing frame v of -Gu{£), namely we take a holomorphic frame v of -Gu{£) such that Dv ~ 
V ■ '^Ai^ holds for some constant matrices Ai. For any point P,Q € X, the trivialization v gives the 
isomorphism $u,p,q : -Gu{£)\p — * -Gu{£)\q, by the correspondence u,;|p i — > v.^^q. If we fix the coordinate, 
the ^u,p,Q does not depend on a choice of normalizing frame. Note that we have the isomorphism: 

-Gu{£)\o — -Gu\c'- 
Thus we obtain the isomorphism $m,p,o oi -Gu{£)\p and -Gu- 

Lemma 10.14 The isomorphism ^u,p,o preserves the morphisms Mui o-nd the pairing. It is compatible with 
tensor product and dual. It is also compatible with pull backs as in the subsubsection \^9 .G[ I 

Remark 10.1 In our previous paper |88| . we used only the morphism ^u.p.o and did not use the morphism 



203 



Part III 

Limiting mixed twistor theorem and some 
consequence 

11 The induced vector bundle 

11.1 The variation of pure twistor structures 
11.1.1 Conjugate 

Let X be a complex manifold. We denote the conjugate of X by X'''. We put = x . Let {E, dE,S,h) 
be a tame harmonic bundle over X. Then we obtain the tame harmonic bundle [E, Oe, h, 9^) over X\ and thus 
the deformed holomorphic bundle £^ over ~ T)^ and the /x-connection on We also have the associated 
flat connections D''''^. 

Let a : — *■ C x be the morphism given by /i i — > —Ji. It induces the anti-holomorphic map X^ — > X . 
Let U be an open subset of X^ . We have the isomorphism a : U — > '^{U). Let v he a. frame of b£ over 
cr(f7). Then we put as follows: 

v'f := <7*(v ■ H{h,vy^]. (238) 



Then is a tuple of C°°-sections of on U. 
Lemma 11.1 

1. The tuple is a holomorphic frame of £^ on U. 

2. Let A he the X-connection one form o/D with respect to the frame v. Then the fj,- connection one form of 

with respect to the frame is given by a* (^^^ ■ 

Proof It can be checked by direct calculations. (See the subsubsection 3.1.6 in our previous paper for 
example) . I 

11.1.2 The comparison of the flat connections 

We identify C* and by the relation /i = A^^. It induces the identification of the C°°-manifolds X^'^ = XK 
We have the holomorphic family of the flat connections D-^) on A"" — P". We also have the holomorphic 
family of the flat connections (f^^B^-^) on A-'^ - P'^. 

Lemma 11.2 Under the identification X^'^ = X^ given above, we have over xK 

Proof By definition of D and 3^ , we obtain the following: 

©/ ^dE + Xe^ + X-^ ■ (^XdE + 0^ ^dE + f^0 + fi^^ (^t • 5b + 6*^) = 

Thus we are done. I 

Let Mi denote the monodromy endomorphism of £ with respect to the loop ji around the divisor Di with 
the anti-clockwise direction: 

7i : [0, 1] — > (zi, . . . ,Zi-i,e'^''^*' ■ Zi,Zi+i, . . . ,z„). (239) 

Let denote the monodromy endomorphism of £^ of 7^^^. The following lemma immediately follows from 
Lemma 111.21 

Lemma 11.3 We have = m}. I 
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dl<T*9 (poCT* {dxg) = (7* • {-d\). 



11.1.3 The variation of pure twistor structures and the conjugate 

Due to Lemma Fll. 21 we obtain the patched object as in the subsubsection 1X3^ Thus we obtain the variation 
of pure twistor structures. It can be simply described as follows: Let p : X xY'^ — > X denote the projection. 
We put £^ := p^^iE). The differential operator : C°°(X x pi,f ^) — > C°^\X x V^,£^ (g> ^n]^) is given 
as follows: 

E)^ := (dE + 9)(g>^- + {dE + 9^) ® . 
Lemma 11.4 (£^,D^) is a variation of pure twistor structures. 

Proof It can be checked by a direct calculation fLemma l3.33|l . I 

We obtain the conjugate (o'*£^, D^.^a) (see the subsubsection rO^ . In this case, we have a*£^ = p^^{E). 

Lemma 11.5 The ¥^ -holomorphic structure c?" is given as follows: 

rf>*5 = ^*(|f)-MA). 
Proof By definition, we have the following: 

Thus we are done. I 
Lemma 11.6 Let g be a section of £ . The C°° -sections Ai, Bi, Ci and Di are determined as follows: 

Then we have the following formula: 

^i<^*9) - ■ ® ^/o'^ - ^*B^ ■ dz, ® V^f^'^ + <7*a ■ dz, ® f^^ - a*D, ■ dz, ® fg^^ . (240) 

i 

Proof We have ^{(J*g) — (poa*{3g) by definition. We can check the formula H24U|1 by using Lemma [3.371 I 

11.1.4 Polarization 

For any sections / and a*{g) of £^ and a*£^, we have the C°°-function S(f,a*{g)) := /i(/(A, x), .g(— A, a;)) 
Thus we obtain the pairing S* : (g) a*£^ — > T(0). 

Lemma 11.7 The pairing S is a morphism of -holomorphic bundles. 

Proof We have the following equality: 

dxS{f, a*g) = h{dxf{X, x),g{~\, x)) + h{f{X, x),dx (g(-A, x))). 

The first term in the right hand side can be rewritten as S{d\f ,a* g) . The second term in the right hand side 
can be rewritten as follows: 



h{j{\, x), ^(-A, x)) ■ i-dX) = a* ^) i-dX) = d"a' 

Thus we are done. 

Lemma 11.8 The pairing S is a morphism of variation of pure twistors. 
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Proof We have the following equalities: 

dxS{f, a*g) ® • /^^^ = /.(9b/(A, x), g{-~X, x)) ® • /^'^ + /i(/(A, x), ^^^(-A, x)) ® 7^ • /'^^ 

= + e)f{x, x),g{-~x, x))<giV^- f^'^ + h{f{x, x), [dE - e^)g{-X x))®V^- //^^ 





= S{{dE + e)f, a*g) + S{f, <^*A,) ■ dz, <E> V^f^^^ - ^ S{f, a* B,) ■ dz, ® V^/^'^ (241) 

i i 

Here we have used Lemma [11.61 On the other hand, we also have the following: 
dxS{f, a*g) ® /^i) = h{dEf, g{-X, x)) ® f^J,^ + h{f,dEg{~X, x)) ® f^^^ 

= h{{dE + e^)f, .g(-A, x)) ® /(^) + h{f, (Be - e)g{--X, x)) ® /(^) 

= + e^)f, a*g) + J2 S{f, • dz. ® f^^ ~ ^ • dz, ® /(.D. (242) 

i i 

Then Lemma [11.81 immediately follows. I 

Corollary 11.1 (Simpson) The tuple (£^,D^,/i) is a variation of polarized pure twistor structures. I 

Lemma 11.9 We obtain the isomorphism : a*£^ ~ £^ ^ of the variation of pure twistors. In particular, 
we obtain the isomorphisms a*£^ ~ £^ and a*£ ~ £^ . We also denote them by Itt. 

Proof Since the pairing S is perfect, it induces the isomorphism ^. I 

11.2 The induced objects of the conjugate and the pairing 
11.2.1 Compatible frame and the KMS-structure of the conjugate 

We put X = A", Di := {zi = 0} and D = Ij'^j^ Di. Let us pick a point Ao € C\. Let us pick a sufficiently 
small positive number eo such that the sheaf b£ on A'(Ao,eo) is locally free. Let t; = (u^) be a frame of b£, 
which is compatible with E*^"^"^ and F^^°\ For each Vi, we have the element u{vi) e /CA^5(£",^) such that the 
following holds: 

KX^M^i)) = deg^''"''^*''"(i;0 e /CX5(£^M). 

Let Uj[vi) e K,M.S{£^ ,j) denote the j-th component oiu{vi). 

We denote the restriction t'|A'(Ao,eo)-f(Ao,eo) '^^ ^'^^ simplicity. Then we obtain the holomorphic frame 
of f ^ over A'^^(— Ao, eo), which is given by (ESHll- (Note cr(A't (-Ao,eo)) = A'(Ao,eo).) We put as follows: 

(243) 

Then v' is a C°°-frame of £ over A'(Ao, eo)— I?(Ao, eo), and t;^' is a C°°-frame oi£^ over A''''(— Ao, eo)— 1?^(— Ao, eo). 
Lemma 11.10 The frames v' and ' are adapted up to log order. 

Proof The adaptedness of v' up to log order has already been shown in Proposition 18.71 (the subsubsection 
18.8. 5|l . Let L be the diagonal matrix such that Li i := J^^- |zj Then we have the relations v^' =t;^-i~^ 

and v' = V ■ L. Then we obtain the following: 

v"'' = v'' ■L-'^ = v- H{h,vf^ ■ L-^ ^ v' ■ L-^ ■ H{h,v)~^ ■ i'^ = v' ■ {L-H{h,v) ■ L)~^ = v' ■ H{h,v')~^. 

Since v' is adapted up to log order, and since H{h, v') and H{h, v')^^ is bounded up to log order, ' is adapted 
up to log order. I 

Recall that we put := (a, — b), for any element u = {a,b) E C'' x R} (the subsubsection in~B|) . 
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Corollary 11.2 

• There exists a positive number e > such that is a frame of -b+{i-e)-S^^ over {—Xq, eq). 

• The frame is compatible with the parabolic filtration F^^^°^ and the decomposition E^^^°K 

• We have the following: 

deg ' {vD ^t{-Xo,u{v^y). 

Proof By using Lemma f2. 41 we obtain the first claim. By using Lemma f2. 51 we obtain that the frame is 
compatible with the filtration F^~^°\ and we have the following: 

deg^'~^'"(?;|) = -p(Ao,M(wi)) = p(-Ao, 

Here we have used Lemma f2. 21 _ 

Due to the claim [3 in Lemma fll.ll we obtain that the frame v"^ is compatible with E'^^'^"'. Moreover we 
have the following: 

deg^'"""'(«,) = e(Ao,w(u,)) - c{-Xo,u{v,)^) . 
Thus we obtain the second and the third claims in Corollarv lll.2l I 

Corollary 11.3 By the correspondence u i — > u\ we have the isomorphism preserving the multiplicity: 

ICMS{£^,1_} — > ICMS{£^-'^,1_). 

In particular, we have the isomorphism ICMS{£^ ,f) — > ICMS , V) . I 

Lemma 11.11 Via the isomorphism Jit : a*£^ ~ £^ , we have = 'U^- 

Proof It can be shown by an elementary linear algebraic argument. (See the subsubsection 3.1.6 in the previous 
paper, for example.) I 

11.2.2 The conjugate and the dual 

Let Ao be a point of C\. Let b — (bi, . . . ,bi) be an element of i?' such that hi ^ ICA4S{£^ , i) for any i. We 
take a sufficiently small positive number ep, then we have the locally free sheaf i,£^ on X{X(), cq). 

Corollary 11.4 The sheaf b£^ on Ao,eo) "is locally free. We have the isomorphism : a* (^b£^) — b£^ ■ 
Proof It follows from Lemma Fl 1.1 II I 
The morphism Jit induces the isomorphism ^ix'i(Ao.eo)- 

■ '^*b£\v,i-\o,€o) ^ b^^|-D,(Ao,eo)- 

Recall that we have the decomposition ^E*^"^") and the filtration '^F^^"^ of ^|p.(_Ao eo) gi'^^^ ™ subsubsection 
18.8. II and the subsubsection Similarly, we have the decomposition and the filtration of o-* b£^ \Vi(Xo.eo}- 

Lemma 11.12 The morphism preserves the filtrations and the decompositions. In particular, the mor- 

phism ♦id, induces the isomorphism ICA4S{b£^'^^ , i) — > ICA4S{b£'^''^, i) given by the correspondence (a, a) i — > 
{-a, a). 

Proof It can be shown by using the comparison of deg^'^(?;|) and deg*''^(w^). I 
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Remark 11.1 When we have deg'^* "'(''^J) = Qf; "^6 obtain deg'^* ('''* (''^J)) — due to the relation = 
v^. It can be directly seen, which we explain in the following. For simplicity, we assume that dim(X) = 1 and 
that we have the equality lS)^v\ = a ■ vj ■ dz/z. In that case, we have the following: 

B^ivj)^a-vldz/z^f^l 

Then we obtain the following: 

B^a*{vl) - ^o<J* (O^vj) = ^o'J* {a ■ vj ■ dz/z <E> f^'>) = a ■ a* (4) • dz/z ® (-V^) • /^'^ 

^-a■a*{vl)■dz/z(g)^/^■ f^^K (244) 

Since we have ID)^(cr*i;|) = B(cr*i;J) (g) V^/d^', we obtain B(cr*4) = -a ■ a*{v,) ■ dz/z. I 

Let us pick a point Ao G C\. Then we have the filtration and the decomposition of on X{\q, eo), given 
in the subsubsection [T(J. 2 . II Similarly, we have the filtration and the decomposition of i,£^ on Ao, eo)- 

Lemma 11.13 The filtrations and the decompositions are preserved by the morphism Jit. 

Proof Recall that the decompositions are induced by the monodromy endomorphisms. Since the Jit preserves 
the flat connection, the decompositions are preserved. 

Recall that the restriction of the filtrations to A'*(Ao, eo) have the canonical splittings, given by the gener- 
alized eigenspaces of the monodromy actions. (Here we may assume that any point A of A*(Ao, eo) is generic.) 
Thus the restriction of the filtrations to A:'*(Ao,eo) are preserved. Then it follows that the filtrations are 
preserved on whole A'(Ao, eo). I 

The isomorphism Jit induces the isomorphism (j*TO ~ 7i^, which we denote also by l^t. Let us pick a point 
Ao G C\ and a sufficiently small positive number eo. Then we have the filtrations and the decompositions oiHy 
on Aa(Ao, eo), given in the subsubsect ions 1?^. 1 . 1H9 . 1 . 21 Similarly, we have the filtrations and the decompositions 
of on A,,(-Ao,eo). 

Lemma 11.14 The morphism Jjt preserves the filtrations and the decompositions. 

Proof It can be shown by an argument similar to Lemma [11.131 I 

11.2.3 The induced objects and the pairing 

Let be an element of K,MS{£^'^ ,V). 

• By applying the constructions in the subsubsection 18.9.11 we obtain the vector bundle -CJ ' ^ on V\. We 

also have the endomorphisms ReSi(D^) and the nilpotent parts M} {i & I). 

• By applying the construction in the subsubsection IH^TI we obtain the holomorphic vector bundle -C/|^t7i^ 
on C* . We also have the monodromy endomorphisms, and the nilpotent parts Af^ . 

• By applying the construction in the subsubsection 110.2.21 we obtain the holomorphic vector bundle 
~^It(^^) ™ We have the holomorphic family of the flat connections B)^ ^ . 

Corollary 11.5 The morphism Jit induces the following isomorphisms: 

a*^gl{E)o,^g_^{E''), a*'-gl,rC{E)^'-g-^n{E''), a*'-gl{£^)c^'-g^^{£^). 

In the first and the second isomorphisms, the isomorphisms reverse the signature of the nilpotent maps. In the 
third isomorphism, the isomorphism preserves the family of the flat connections. 

Proof It immediately follows from Lemma [11.121 Lemma [l 1 . 131 and Lemma [11.141 (See also R.emark lll.ll ^ I 
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Corollary 11.6 We have the naturally defined pairings: 

Proof It immediately follows from Corollarv lll.51 I 
11.3 The induced vector bundles over 

11.3.1 The identification of the flat bundles with flltrations and the decompositions 

Let Mi denote the monodromy endomorphism of £ with respect to the loop 7.; around the divisor Di with the 
anti-clockwise direction: 

7, : [0,1] (zi,...,2,_i,e2'^^* •z„z,+i,...,z„). (245) 

Let mJ denote the monodromy endomorphism of £^ of 7^"^. Recall Lemma [11.31 

Let us pick a point Ao € and a small neighbourhood U C C*x of Aq. Then we have the filtration 
and the decomposition of £ on U x X, given in the subsubsection 110.2.11 We have the point A,^^ G C* 
and the neighbourhood U' in C*, which is same as U by the identification A = /i^^. Then we have the 
filtration and the decomposition of £^ on X^ x (t{U) similarly. As is noted in the subsubsection ITT. 1 . 21 we have 
{£K^0 = {£^K^^^) as fiat bundles. 

Corollary 11.7 The identification £^'^ = £^ on X x U preserves the filtrations and the decompositions. 

Proof The decomposition is obtained from the generalized eigen decomposition of the monodromy endomor- 
phisms. Thus the decompositions are preserved, due to Lemma [11.31 We put U* — U — {Xq}. We recall that the 
restriction of the filtrations to {X — D) x U* have the splittings given by the generalized eigen decompositions 
as in H22U|) . We also recall the relation p-'^(A, u) = {X~^ ,u^) fLemma l2.3|l . Then we obtain that the restriction 
of the filtrations to {X — D) x U are preserved due to Lemma 111.31 Then it follows that the filtrations are 
preserved. I 

By considering the spaces of the multi-valued fiat sections, we obtain the vector bundle TL{E , d e , d\ h) on 
C*. We denote it by H^{E) for simplicity. Namely, hJ^ denotes the space of the multi- valued flat sections 

of £^^. We have the monodromy endomorphisms Mj of with respect to the loop 7"^. We also have the 
monodromy endomorphisms Mi of Ti. with respect to the loop 7; . 

Lemma 11.15 Under the identification C* = C*x above, we have H\E) = n{E). We have M'^ = m} . 

Proof It follows from the coincidence of the flat connections B'^'-'^ = D'^'-''. I 

Let us pick a point Aq G C \ and an appropriate neighbourhood U of Aq. Then we have the filtrations and 
the decompositions of Ti. on [/, given in the subsubsections IS'. 1 . 1H9 . 1 . 21 Similarly, we have the filtrations and 
the decompositions of H) on U . 

Corollary 11.8 The identification Ti, = T-0 preserves the filtrations and the decompositions. 

Proof It can be shown by an argument similar to the proof of Corollary II 1.71 I 
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11.3.2 The identification of the induced objects 

We have the holomorphic bundles -GuTi- on C\. We have the tuple of the monodromy endomorphisms M — 
(Ml, . . . ,Mi). Here Mi denote the monodromy along the loop 7^ given in (|245ll . We also have the holomorphic 
bundles on C*. We have the tuple of the monodromy endomorphisms Af^ = (M|, . . . ,M/). Here Alj 
denotes the monodromy along the loop "f^^ ■ 
We identify and C* by the relation A ~ 

Lemma 11.16 We have the natural identification ^u'H = -^^t''^- '^^^'^ have = . 

Proof Due to Lemma Fll-lSI we have the natural identification H = 1-0 over C\ , on which we haveM-i = Aft. 
Due to CoroUarv 1 1 1 . 81 and Lemma [2.31 we obtain the result. I 

We have the holomorphic vector bundle -Gu{£) on XK We denote the restriction of to — I?" by 
the same notation. Then we have the holomorphic family of the regular connections D-' . 

Similarly, we also have the C°°-bundle -G\{£^) with the holomorphic family of the flat connections 3^ ^ on 
A-tti _ X>t«. By the relation A = we have X'^ - V^ = X^^ -V^^ = {X - D) x C*^. 

Lemma 11.17 We have the natural identification '-g^^ (ft) = Lg^[£) and ^B^^ on X^ ~ VK 

Proof Recah Lemma [TT^ and Corollarv ITTTI Then Lemma [iTTTI can be shown by an argument similar to 
the proof of Lemma [11.161 I 

11.3.3 The vector bundle S'u(£',P) 

Let u e JCM.S{£^ ^1). Then we obtain the holomorphic vector bundle -C/u on For simplicity, we denote 
the restriction of ^-Qu to C\ x {O} by the same notation. Namely, we have the holomorphic bundle -C/u on 
Cx ~ C\ X {O}. Similarly, we have the holomorphic bundle -C/^^ on C^. 

Let P be a point oi X ~ D. Then we have the isomorphism ^p.o '■ -G{£)\{p}yiC\ — -5u|cj over C^, given 
in the subsubsection [1^.3.21 Similarly, we have the isomorphism "I>pQ ; -Gut{£^)\{p}xC'^ — -Gu^c over C*. 
From the morphisms <i>p.o and $pQ, we obtain the isomorphism: 

Then we obtain the vector bundle, which we denote by Su{E, P) or simply by S{P). 

11.3.4 The vector bundle S^^'^E) 

Similarly we have the following isomorphisms, given in the subsubsection ITO. 3 . II 

Since we have the canonical identification -CJu^ = -^^t^^: obtain the isomorphism can ^ ^^can-j-i . 
~Gu I c* — > -^^^t I c* • Thus we obtain the vector bundle, which we denote by S'^™(i?). 

11.3.5 Pairing 

Lemma 11.18 We have the natural isomorphisms cr*S'^™(P) ~ S^^''{Ey and a*S^,{E,P) ~ S^,{E,Py. 
Proof It follows from CoroUarv 111.51 and our construction. I 
Corollary 11.9 Let u be an element of ICMS , I) . We have the naturally induced pairings: 

S^'^'^iE) (g) a*S^'"^{E) — > T(0), 

S^iE, P)(g> a* S^{E, P) -^T{0). 
They are perfect. I 
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11.3.6 Nilpotent maps 

We have the nilpotent part of the residues Mui\ c on i c* . We also have . , on -fj^ , „. 
Lemma 11.19 Due to the isomorphisms o ^^an <j,t -i □ ^p Q, we have the following: 

Proof We have the relation: 

exp(27rV^A"^ •A/'„,|cj) = cxp(-27rx/^^-i • AA^,. . I 
Thus we are done. I 

Thus we obtain the following morphisms: 

A/^^ : S^{E, P) S^{E, P) ® T(-l), A^^ : S'^^'^iE) S'J^'^iE) ® T(-l). 

Here we put A/^'j^^^ := Mui®tQ^^^ andMf^^ := JV^^^ ■®tici^\ Note that we have the relation ^'^ = —X"^ -t^^K 
Thus JV^ is well defined. 

Lemma 11.20 The isomorphisms a*S'''"^{E) ~ S^J-^iE"^) and a*S^,{E,P) ~ S-u{E'^,P) preserves the nilpo- 
tent morphisms. 

Proof It follows from CoroUarv lll.Sl and the relation uinia* (tir,^'')) = — ^\ I 
Corollary 11.10 We have the relation S{Aff' (g) id) + S {id 'Sia*J\ff') =0. I 

11.3.7 Functoriality 

The functoriality of the induced vector bundle can be easily obtained from the functorialities of -Qu{E), 
-QuiTi-iE)), -Gu{£), and the morphisms $can g^^^^ <i>p.o. The lemmas in this subsubsection follows from the 
results in the subsubsections lgTlHgTBll^33H03lll0.2.4l and ll0.3.1H103;^ 
We have the naturally defined morphisms: 

5can(^V)^^can(^)V^ S_^{E\ P) ^ S^iE , P^ . (246) 

We have the naturally defined nilpotent maps on 5^^"(£')^ and Su{E,Py . 

Lemma 11.21 The morphisms (|246|) are isomorphic. They are compatible with the pairing. The signature of 
the nilpotent map is reversed. I 

Let bi (j = 1, 2) be elements of RK We have the naturally defined morphism: 

5-(i?i) ® 5— (i?2) ^ (El ® E^), 

Ui+U2=U 

(247) 

S^,{Ei,P)®S^,{E2,P)^ S {E^t^E2,P). 

u,eKMS{i,^£°,l_), 

Ui+U2=U 

Lemma 11.22 The morphisms (|247|l are isomorphic. They are compatible with the pairings and the nilpotent 
maps. I 

We also have the functoriality for the pull backs. We use the setting in the subsubsection IHU^ 
Lemma 11.23 We have the naturally defined isomorphism: 

(i^) ^ 5-(V'*i?), s^{E,^{p))^s^,{rE,p). 

c-u—ui c-u—ui 

They are compatible with the nilpotent maps and the pairings. I 
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11.4 Grf S^^^'^iE) and Grf S^{E, P) 

11.4.1 The construction 

Let us consider the case X = IS. and D = {O}. In this case, we have one nilpotent map on S'^'^[E) and 
Su{E,P). Due to Simpson, we know that the conjugacy classes of A/j^ are independent of a choice of A G 
(Corollarv l7.16|l . Thus the weight filtrations are the filtration in the category of vector bundles. Thus we obtain 
the associated graded bundle Gr)f S^''''{E) and Gr)f Su{E, P). 

We have another construction of Gr^ S^'^'iE) and Gr)f S^iE, P). 

• We have the vector bundles Gr^ Qu{E) on Cx and Gr)f GI^{E) on C ^. 

• We have the vector bundles Gr)f Qu{T^) on C\ and Gv^ Q\^{Ti-^) on C^. 

• We have the vector bundles Gv^ Gu{£) on A"' and Gr)^ t/^^ on X^^ . We have the canonical isomor- 
phisms: 

Grr^„(f)|c*x{o} ^ Grreu(i?)|c-, Grf ^^^^ (^^)|c;.x{o} ^ Grf tj^, 

We have the family of the induced flat connections D-'' and D^' ^ on Gr)^ Gu{£) and Gr^ Q^^^ {£^) respectively. 

Lemma 11.24 The monodromy endomorphisms of Gr^ Gu{£) o,nd Gi]^ Q^^{£^) with respect to the flat con- 
nections are of the form: F{X)x identity. I 

As in the cases of S'^^'^{E), we obtain the isomorphisms: 

<i>=^" : GtYGuCH) ^ Grra,(£;)|cj, 'f^^'^ ^ : Gr^ GHh^) ^ Gr^ glAE)\c;^- 

Thus we obtain the gluing of Gr)f GuiE) and Gr)f G^t {E) via ^ o ^i. Thus we obtain the vector 
bundle, which is naturally isomorphic to Gr'^ ^^^"(i?). 

Similarly we obtain the gluing Gr)^ Gu{E) and Gr^ ^/^t i-E) via <i>Q p o ^Q^p- The resulted vector bundle is 
naturally isomorphic to Gr)^ Su{E, P). 

11.4.2 The gluing matrices 

For simplicity we put as follows: 

Gr'^G{E):=^ GrYGuiE), Gr^GHE):=^ Gr^ GI{E). 

kel.ueKMS('>£°) keZuelCMS('>£°) 

Let ID be a frame of Gi^ GiE) compatible with the grading. We denote the degree of Wi by u{wi) G 
1CMS{''£°). Let be a frame of Gr^ G\E). We denote the degree of w\ by u{w\) € ICMS{''£°). 

Remark 11.2 Note u{wl) denotes an element ofJCMS{''£") not ICMS{£^"). I 

Let ii; be a frame of Gr^ G{E). We have the dual frame of (Gr^ Via the isomorphism 

a* Gr^ GHE):^ (Gr^ we obtain tot . 

Lemma 11.25 We have u{wi) — u{wl). I 

By gluing ^) o (1)=™ -i^ -^^g obtain the relation w = ■ A'^^^^ for some holomorphic function A'^^" . 

C\ — > GL{r). By gluing <i>pQ o $pQ, we obtain the relation w — ■ Ap,o- We would like to give a method 
to calculate A'^^'^ and Ap^o- 

We can take the normalizing frame v of Gr^ G{£) which is a lift of w. We can also take the normalizing 
frame t>t of Gr'^ GH£''): which is a lift of . Since we have the identification Gr^ G{£) = Gi^ GH£^) over 

- X>» as C°°-bundles, we have the relation: 

j 
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Lemma 11.26 We have Jji ~ unless u{'wl) = u{wj). 

Proof It follows from the compatibility of the w and with the grading. I 

Lemma 11.27 In the case u{w\) = u{wj) = u, there exist holomorphic functions Kji on C\ such that the 
following holds: 

J,i = exp(^-e(A, u) • log|zp^ -Kji. 

Proof It follows from a direct calculation. I 

Corollary 11.11 There exists the GL{r)-valued holomorphic function K on C\ such that J{X,z) — C{X,z) ■ 
K{X). Here C{X,z) is given as follows: 

C{X,z)^ exp(-e(A,M)-log|z|2) .idGrVve„. (248) 
Here C{X,z) is regarded as the endomorphism of ^Gr^ Gu via the frame w. 

Proof It immediately follows from lll.771 I 
Lemma 11.28 

• Via the gluing cjjcan t q <j,can -i^ have the relation lo^ = w ■ K. 

• Via the gluing p o ^Q^p, we have the relation = w ■ C(A, P) ■ K{X). Here C(A, P) denote the matrix 
given as follows: 

Ci>^^P)^ cxp(-e(A,u).log|z(P)p) •idG,„-e^(s). (249) 

uelCMS{£"), 
feGZ 

Here C(A,P) is regarded as the endomorphism of ^ Gi^ Gu fia the frame w. 

Proof It follows from the definitions and Lemma [11.271 I 

Corollary 11.12 The vector bundles Gr)^5^™(£') and Gr]^ Su{E, P) are isomorphic for any u € )CA4S{£'^) 
and ft, e Z. I 

11.4.3 Local lifting and the gluing matrices 

Let tu be a frame of Gr^ G{E) over C\, and let t; be a normalizing frame of the bundle Gr^ G{£) on as in 
the previous subsubsect ion [Tl .4.21 Let us pick a point Aq G C\, and let U{Xo) be an appropriate neighbourhood 
of Aq in C\'. 

Let take a non-negative number e — e(Ao) satisfying the following: 



• In the case ^ ICMS{£^°), we put e = 0. 



• In the case G ICMS{£^"), e is taken any positive number such that {r | < r < e} n ICMS{£^") = 0. 

For each Wi, the integer v{wi) = ^{wi, Aq) is determined by the condition — l + e(Ao) < p(Ao, u(wi)) + i'{wi) < 
e(Ao). 

Let V he a, frame of on X x [/(Aq) satisfying the following: 

• The frame i) is compatible with the filtrations the decompositions E''*'"' and the weight filtration 
W. 

• We put Vi := Vi ■ z'^'-^'^K Then the tuple v ~ [vi] gives a frame of S on (X — T)) xU which is compatible 
with E(^") and V\l . Then v induces the frame of Gr'^ G{S)- 
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• The induced frame of v is same as v . 
Such i) is called a local lift of w around Aq. 

Remark 11.3 In the case Xq — 0, a local lift v of w is a frame o/e(o)f on U{0) x X satisfying the following: 

• V is compatible with the decomposition E^-^\ the parabolic filtration F^*^\ and the weight filtration W. 

• Then v induces the frame of Gi^ G{E) on a neighbourhood ofU{0). The induced frame is same as w. I 

Let w be a frame of Gr^ on C^, and let be a normalizing frame of the bundle Gr^ G^{£^) over 
X C* as in the subsubsect ion ITT . 4 . 21 Let U{Xo) be as above. Note that Aq gives the point /io = Aq € C*. 

Let U' denote the neighbourhood of Aq"^ corresponding to [/(Aq) via the isomorphism C*x ~ C* . 

We have the non-negative number e' = ^(^•^o )• For each w], the integer i^(u'|) is determined by the 

condition — e' < p{X^ ,u{wl can take a frame of satisfying the following: 

• The frame is compatible with E^'^"^ and W. 

• We put vj — f^™!) • vj. Then the frame is compatible with ]e(^o) Then v'^ induces the 
frame of Gr*^ G^E). 

• The induced frame of is same as . 
Such i}^ is called a local lift of around fiQ. 

Remark 11.4 As in Remark \ll.'6\ a local lift at ji^ = Q is also defined, similarly. I 
On{X-D)xU = {X^ -D^)x U', we have £ — £^ as {7-holomorphic bundles. Hence we obtain the relation: 

Here Jji are [/-holomorphic. 

Lemma 11.29 In the case Jj i ^ 0, we have the following: 

{X-,\u{w\)^) = tf {X,,u{w,))-\ {X-,\u{w\)^) > pf{X,M^,)), deg^(«;|) > deg'^K). 
Here w and as in the subsubsection TTl A.'ZX 

Proof It follows from the compatibility of the i), and the filtrations and the decompositions. I 
Lemma 11.30 In the case u{w\) = u{vo^-) and deg^(u'|) = deg^(u'j), we have the relation: 

Proof It follows from the condition that v and v' are lifts of v and v'^ respectively. I 

12 Limiting mixed twistor theorem 

12.1 Limiting mixed twistor theorem in the case of curves 
12.1.1 Preliminary 

We put X = A and D = {O}. Let {E, Oe, d, h) be a tame harmonic bundle over X — D. We can take a model 
bundle {Eq, dEoth.o,9o). We denote the deformed holomorphic bundle of Eq by Sq. 

Let e and Bq be holomorphic frames of ^E and *i?o respectively, which are compatible with F, E and W. 
We take the isomorphism $ : ^Eq — > ^E via the condition ^(eo) = e. It satisfies the following: 
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• The morphism <I> is compatible with E, F and W at the origin O. 

• We have the induced isomorphism Gr^ $ : Gr^ {'^Eo) — > Gr^ {°E) and the endomorphisms Gr^(Res(0)) 
Gr^(Res(6lo))). Under the isomorphism Gr^, we have Gr^(Res(6l)) = Gr^ (Res(0o)) • 

RecaU that the morphism $ and give the isomorphism of E and Eq which are bounded with respect to the 
metrics h and /iq, due to Simpson. (See the subsubsection 4.3.3 in the previous paper, for example.) 

We use the setting of the subsubsection 111.4.31 Let to be a frame of Gt^ Q{E) over Cx and v be the 
normalizing frame of Gr^ Qi,^) over X as in the subsubsection [TT .4.31 Let Aq be a point of C\. Let e = e(Ao) 
be the non-negative number and U{Xq) be an appropriate neighbourhood of Aq as in the subsubsection [TT. 4. 31 
Let v^^°^ be a local lift of to on X x U{\q). (Note that we use the notation v instead of v, for simplicity). In 
the case Aq = 0, we may assume v^^xy.{o} ~ ^' 

On the other hand, let be a frame of Gr^ G{Eq) over C\. We may assume that we can take the canonical 
frame v\^"'' of c(Ao)^o on X x [/(Aq), which induce Wq (See the subsubsection l^?T7l for a canonical frame). It is 
compatible with E'-'''''^ J^i^o) g^^j ^ jjj ^jjg ^.g^gg \^ ^ q ^jjg ^-ggg \^ — \^ jg compatible with E^*^-*, 

and W. 

We put as follows: 

^(Ao). ^ ^f^)' . \^\K-0 . (-log|z|)"^'^"-\ 

(250) 

Here we put h(vi)(X) := deg^(tii|>) and k(vi) := deg^(ui), and similar to &(woi) and k{vQi). 

We put r := rank(£'). We have the GL(r)-valued C°°-functions _b(-^o) g^^^^ Bq^°'' determined by the following 
conditions: 

v'^e'-B'-^«\ v'o = e'o ■ Bj^^°K (251) 
The functions I,-^"-'' are determined as follows: 



Then we obtain the M(r)-valued function l'-^"^' := : U{\o) x {X - D) — > M{r). The following lemma 

is easy to see. 



Lemma 12.1 In the case deg^'""'^''"' (4^°^) = deg^''"''^*'"' (i;f ")) and kiv^^^^) = kiv\^°^), the function 
^ij"^' holomorphic with respect to the variable X. 

Proof If we denote $(wq'^°'') = X^-^ji"' ' ^j'^"'*' then 1^^^°^ are holomorphic with respect to A. Then the lemma 
immediately follows. I 

Lemma 12.2 

• /(-^o)' an(i/(^«''~i are bounded. 

. We have the estimate < C ■ (-loglzr^ unless deg=''°''^*'°' (i-'t^) = deg^'^"'-^''"' (z;f »)). 

• In the case deg^(?;Q'^°'') ^ deg'^(wj '''''■'), we have the following finiteness: 



\\I^,'"^'\\w<oo. 

'U(Xo) 

Proof It can be shown by an argument similar to the proof of Proposition [^| 
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12.1.2 The construction of the isomorphism ^ 

Let GT^g{E) and Gr^ g{Eo) be as in the subsubsection 111.4.21 In this subsubsection, we would hke to 
construct the holomorphic isomor phism 5- : Gr^ g{E) — > Gr^ GiEo). 

For any point Aq e Cx, we take neighbourhood U{Xo) as in the subsubsection [TT. 4. 31 Then we obtain the 
covering {[/(Ao) | Aq G Ca} of the complex plane Cx. Then we can take a discrete subset S of Cx such that 
{[/(Ao) I Ao G 5} is a covering of Cx- We may assume that £ S. 

On each X x l7(Ao) (Aq G S), we have the frames v^^°'> and Vg^"'' of e£ and respectively, as in the 
subsubsection 112. Ell We recall that we assume that v\^^o = e, i'q°]^o = eo and <l>(eo) = e. In the following, we 
identify E and Eq via the isomorphism <I> as C°°-vector bundles on X ~ D. 

Lemma 12.3 We can take a sequence of subsets {Un <Z X — D \ N — 1,2, . . .} satisfying the following condi- 
tions: 

1. The volume ofUM with respect to the measure t-t^ — ; — , ^ . L L ~L — r-rr is infinite. 

|z|2.(-log|z|)-log(-log|z|) 

2. Un 3 Un+1. 

3. Let P be any point ofUiq and Aq be any point o/{AgS'||A|<A'^}. Then the inequality ' {P)\ ^ N~'^ 
holds for any i and j such that deg^ " ,E " '^(^t;^'^"') ^ deg"'^ o ,E o (^v^^"'^^ . 

4. Let e be a frame of^E as above. For any point P G Un , the inequality |/i(ej, e^)(P)| < N~'^ holds, in the 
case deg^-^-^(e,)^deg^'^-^(e,). 

5. For any point P G Un , the following inequalities hold: 

\z\ ■ (-iog|z|) -lieo- e)l{p) < N-\ \z\ ■ (-iog|z|) -liel- e%^{p) < n-\ 

Proof It follows from Lemma 112.21 the asymptotic orthogonality (the subsubsections 17.6.11 17.6.31 and I7.6.4|) , 
Lemma 17.381 and our choice Gr^(Res(6' — Oq)^ ~ 0. I 

Let us pick points Pn £ Un such that limAr^oo Pn — O. 
Lemma 12.4 Note that we have the following for any Aq G S: 

1. For any point X e U{\o), we /ia«e limAr^oo /]^"^'(A, Pat) = in f/ie mse deg^^-^'^(v(-^°^) 7^ deg^^-^'^(«f "^). 
It follows from the claim^in Lemma \l2.'6l 

2. The M{r)-valued functions ll^°fl^'^^^^p^y and I^^l}^'^^^^p^~^ are bounded. In the case deg^ °\f'- "'i^j^^^^^ — 
deg^* ^{vj), the function I^'i'j\ij(^Xa)x{PN} holomorphic with respect to the variable A. 

3. The sequences of hermitian matrices e')|p^ } and e')|p^ } are bounded. I 

Lemma 12.5 By taking a subsequence {Ni} of {N}, we may assume that {l^if"x'o)x{PN }}' {^|^C/(Ao)x\pn }}' 
(/i, e')|Pj^ } and (/i, e')|p^ } are convergent for any Aq G S. 

Proof Since e')|pj^ } and e')|p^ } are bounded sequences of hermitian matrices, we can take a 

convergent subsequence, when we fix Aq. Due to the claims ^ and 13 in Lemma 1 12. 41 we can take a convergent 
subsequences of {^[j7(Ao)x\pjv} } '^hen we fix Aq. Then we obtain the lemma by using the standard diagonal 
argument. I 
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We denote the limit by 1^°^' and H^"\ Then 1^°"^' is holomorphic M(r)-valued function on C/(Ao) (note 
the claimElin Lemma [12 .411 . Due to our construction and the claim^in Lemma [12 .41 the M(r)-valued function 
1^°^' can be regarded as the direct sum: 

& ■■= I deg^'^"''^'^"''^(.^t^) = deg^'^"'-^<^'"''^(«f = {KXo,u),k)). 

Then the frames w, wq and the function induce the isomorphism defined on [/(Aq): 

Note that we use the following easy lemma implicitly. 

Lemma 12.6 In the case deg^* °\voi) = deg^ "'''^^ °'{vj), we have i'{wQi,XQ) = i^(wj,Ao). (See the 
subsubsection [n A.'6\ for v{wn. Xn)). I 

It is easy to check the following lemma. 

Lemma 12.7 

• Fix a subsequence {Pi\- Then the morphism v]/(Ao) independent of choices of and Wq. 

• In the case A U{Xo) n U{Xi) ^ 0, we have ^^i^^'^ = -^^^'K 

• In particular, we obtain the global isomorphism on C\: 

^ ■.Gr'^ g{Eo)^Gr'^ g{E). 
Once we fix a subsequence {Pi\, then the morphism ^ is independent of choices of 

and S . I 



In the following, we may assume that ^(loo) = w. We can also take S as C\ not a discrete subset. 
On the other hand 11^°^ is a positive definite hermitian matrix, and it can be regarded as a direct sum 
of the hermitian matrices H^^"^ (u € JCA4S{e£'^)), due to the claim |21 in Lemma fl2.4l We have the induced 



hermitian metric h^.k on the vector space Grf gu{E)io induced by H.. 



12.1.3 Modification of the model bundle 

We put 9 = fo ■ dz/z and 0^ = fl ■ dz/z. We pick p as in (|lll|l in the page 11141 Then the sequence of 
the endomorphisms {(— log|z|) • (^fo{PN) ~ p{Pn))} and {(— log|z|) • (/d(^Af) — pHPn))} converges to the 
morphisms, due to the condition [S] in Lemma 1 1 2 . 31 and Proposition 17. II 

foo : Grrg„(i?)|o ^ Gr^2g„(ii;)|o, 

fL:Grfgu{E)\o^GrY+2 5u{E)\o. 

By our construction f^o and /J^ are mutually adjoint with respect to the metric /loo = ® ^M,fc- 

On the other hand, we have the metric /iq « fc on Gr^{gu{Eo)). We also have the morphisms /ooo and fg^, 

which coincides foo and under the isomorphism ^E", due to the conditions 01 and [S] in Lemma [12. 31 

In the following, we identify Gr^ {Gu{Eo)) and Grf (g„(i;)) via the isomorphism 5". We also identify 

(/oo,/lo) and (/ooo,/doo)- 

We have the primitive decomposition Gr^ — ^ PhGr^ with respect to the morphisms foo — fooo- 

From the construction of the model bundle, the primitive decomposition is orthogonal with respect to the 

hermitian metric hooo- In particular, the morphism /J^ = f^oo preserves the primitive decomposition. 

Lemma 12.8 The primitive decomposition is orthogonal with respect to the hermitian metric hoo- 
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Proof Since we have — Jq^, the morphism /j^ preserves the primitive decomposition. It imphcs the 
orthogonahty of the primitive decomposition with respect to the metric hoo ■ I 

It is easy to see that the model bundle {Eq, Sbq, /iqi ^o) is isomorphic to the following: 

0(Pfe Grf, i/o.«,fc) ® Mod{k) ® Liu). 

k,u 

We have the other model bundle {Ei, dsi, hi,0i) given as follows: 

0(Pfe Grf, Hum) ® Mod{k) ® L{u). 

k,u 

Note that we have the natural isomorphism of the deformed holomorphic bundles Sq and £i compatible with 
A-connections, which is mutually bounded, and thus we have Gu{Ei) ~ Gu{Eo), and then Hiuh = Huh- Thus 
we may assume Ho uh = H^h from the beginning. 

12.1.4 The morphism 

Since we have the isomorphism a* Gr^ Q ~ (Gr^ ^)^' isomorphism 4* induces the isomorphism Gr'^ (Eq) - 
Gr^g^E). It can be regarded as follows fLemma ll2.9|l : 

Let w'^ be the frame of Gt^ g^{E), which is induced by the dual frame w'^ of (Gr^t/(i?)) via the 
isomorphism a* Gr^ Q ~ (Gr^ S)^ ■ Similarly we have the frame Wq of Gr^ Q^Eq). 

On the other hand, we have the frame i?(-^o)t Qf ^_^^^^^£t over a{U{\o)) x X given as in (|238|l : 

^ a*{v^^°^ ■ H{h,vi^«^)'^y (252) 

It is easy to see that tj(-*'o)t jg g, local lift of w"^ aroimd — Aq. Similarly we obtain the local lift Vq^"^'' of Wq 
around — Aq. 

From 1252|l . we obtain the following: 

V (^^(Ao) ' . H{h,v(^o^')'^'^ = a* {e' ■ B<^^«^ ■ H{h,vM')'^^ 

= e' ■a*[H{h,e')~^ ■*B^^°^~^Y (253) 

Similarly we have the following: 



V 







e',-a*(H{h,e',) ' ■ (254) 



We determine the GL(r)-valued function C'^^"^ on ^([/(Ao)) x (X — D) by the following condition: 

Lemma 12.9 Let {Pi} be a sequence as in Lemma \V2.1\ The sequence {^C'^^°\\, Pi)^ converges to the identity 
matrix. 

Proof Recall that we have the following, due to ^'(ti'o) — w: 

lim (s(^")-i . b[!'°^){\Pn) = lim I^^"^'{\Pn) = the identity matrix 

N^oo N^oQ 

We also have the following, due to the modification in the subsubsect ion [T^ . 1 . 31 



lim H{h, eQ)|p^ • H{h, e')|p„ — the identity matrix. 



We also have the boundedness of the sequences {i/(/i, e')|p^ }, {i/(/io, eg)|pj^ } , {_B(^") ^(A,P/v)} and {S^ °'{X,Pn 
Then the lemma immediately follows from 1253(1 and H254() . I 
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12.1.5 The isomorphism of induced vector bundles 

In the subsubsection [T^ . 1 . 21 we constructed the isomer phism * : Gr^ g{Eo) — » Gr"^ g{E). In the subsubsec- 
tion ^^^31 we obtained the isomorphism : Gr*^ (Eq) — > Gr'^ Q^E). They induce the isomorphisms for 
any fc e Z and u e ICMS{£"): 

* : GrfGuiEo) — Grf GuiE), ¥ : Grf OliEo) — Gr^ GI{E). 

Proposition 12.1 Let k be an integer and u he an element of JCMS{£^). The isomorphisms and induce 
the isomorphisms : Grf SI^'^(Eq) — > Gr^ and : Grjf Su{Eq, P) — > Grf Su{E, P). 

Proof We have only to show that the morphisms are compatible with the gluings. For simplicity, we put as 
follows: 

fcez ueKMSC^£°) 

Similarly, we have Gr^ S''^™(£'o). We have only to show that ^E* and '^^ induce the isomorphism of Gr^ 5'^™(£'o) - 

Let w and Wq be frames of Gr^^(£') and Gt:^ Q{Eq) respectively such that ^'(lOo) = w. We have the 
induced frames w'^ and w\ of Gr^ {E) and Gr^ [Eq) respectively. We have '^^ {w\) = w'^ . We use u{wi) — 
u{woi) = u{wl) — u{wl^) without mention. We also use deg'^(u;i) — deg'^(?«oi) and deg^ (wl) — deg^(wj -). 

Remark 12.1 We also have deg'^(fi;i) = —deg^ (wl). I 

We have the normalizing frames v (resp. Vq) of Gr^ Q{£) (resp. Gr^^(£^o)) over X^, which is a lift of w 
(resp. Wq). We also have the normalizing frame (resp. Vq) of Gr^ {£^) (resp. Gr^ Q^{£q)), which is a 
lift of (resp. Wq). 

Remark 12.2 Note that we use v as a normalizing frame of Gr^ G{£), not a local lift. I 

We have the relations v — ■ J and Vq — vj^ ■ Jq. It is clear that Proposition 112. II can be reduced to the 
following lemma, due to Lemma 111. 281 

Lemma 12.10 We have J — Jq. 

Proof Let Aq be any point of C\. We can take local lifts ■u^'^"-' and ■Uq^"-' of w and Wq on [/(Aq), which induce 
the normalizing frames v and vq. We take C°°-frames v'-^"'' ' and Vq^°^ ' as in (|243|l . We have the functions i?*^-^") 
andB^^"^ from {X-D)xU{Xa) to GL{r) determined by the conditions {^^^"^ ' = e'-B(^°) and 4^°^' = e^-B^^°\ 
as in flE^i . 

On the other hand, we put '-^o := (-D^^^" as in (|252|l . Similarly we obtain vl^^° \ 

Lemma 12.11 The frames ^^'> and Vq^^° ' are local lifts of and Wq respectively. They induce the 
normalizing frames ^^a ^ and v^^^^" respectively. 

Proof It is easy to check the claim from the definitions. I 
We obtain v^'^^° and Vq'"^° as in (|243l) . Then we have the following relations: 

On the other hand, we have the following equalities: 



{,t(Ao^)' ^ • Hih,v^-^o'}')-i-^ = e' ■ Hih,e') ' • a* (*B(-^o '))^' 



{,(Ao)'.^(Ao)-i .^(^^g,) .a*{W(-^o))\ (255) 
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Hence we obtain the relation: 



Similarly we have the relation: 



- -Do -^[riQ^eg) -a [^B^ ) . 
Lemma 12.12 Lef {Pn} be as in the subsubsection [T^.1.2l We have the following: 

lim ( (B^^^°^y^ ■ B'^^°A = the identity matrix, 

AT^coV^ ' / |!7(Ao)x{Pjv} 

lim ((B^^^" ■ B'^-^o')) = the identity matrix. 

Af^ooV^ ' / |cr((7(A))x{PN} 

Proof We have the relation: i)^^"'" = ■Uq'^"-' '• (Sq^"'') ^■B^^°\ Thus the first claim follows from our construction 
of the morphism ^ and '^{wq) = w. The second claim can be shown similarly. I 

Lemma 12.13 Let {Pn} be as in the subsubsection [Ti. 1.2\ We have the following: 

^im H{h,e')\p^ ■ i?(/io, eQ)|p^ = the identity matrix. 

Proof It follows from our construction (See the subsubsection [T^. 1 . 3(1 . I 
Lemma 12.14 We have the following: 



lim f ( Ji^"'') ^ • J^^")") = the identity matrix 

TV^ooV^ ' / |;7(Ao)x{P„} 

Proof It follows from Lemma [12 .121 Lemma Fl 2 . 1 31 and the boundedness of the sequences {i? (/i, e')|Pj^ } etc. I 

Let us return to the proof of Lemma [T2.10l In the case u{w\) — u{wj) — u and deg'*'(w|) — deg^(wj) = h, 
we can develop the (i, j)-component of (j''*'''-') ^ • J^^°^ can be developed as follows, by using Lemma [11.291 

u{'W j^)—U, 



deg^K) 



Due to Lemma ril.29l and Lemma Fl 1.301 we have the following, in the case u[w\) = u{wj) = u, and deg^(z«|) = 
Then we obtain the following: 

lim { Jn^ ■ j] = the identity matrix. 

JV^ooV /|C/(Ao)x{P«} 

Due to CoroUarv lll.llI we have the GL(r)-valued holomorphic functions K and Kq on C* such that J(A, z) — 
K{X) ■ C(A, z) and Jo (A, z) = Ko{\) ■ C(A, z), where C(A, z) is given by the formula (|248|l . Thus we obtain the 
following: 

the identity matrix = lim (ii:o(A) • C(A, Pat))"^ • i^(A) • C(A, Pat) = lim Ko{Xy^ ■ K{X) = Ka{Xy^ ■ K{\). 

Note K{X), Kq{X) and C{X,z) are commutative. Thus we obtain K{X) = Ko{X). Then the equality J(A, z) = 
Jo(A, z) holds. Therefore we obtain Lemma [12. 101 and thus Proposition ll2.1l I 
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12.1.6 Theorem (the one dimensional case) 

Proposition 12.2 The tuples {Gr^ S^'"^iE),W, N'^ , S) and {Gr^ S^''''{Eo),W, , S) are isomorphic. The 
tuples (Gr^ S^iEo, P), W, , So) and (Gr^ Su{E, P),W, N^, S) are isomorphic. 

Proof We have already constructed the isomorphism : S!^'^'^{E) — > 5^^™. Under the isomorphism, the 
restrictions of the morphisms : Grf S'S^"(i;o) — > Gr^2 -^r^C^o) T(-l) and iV^ : Grf S'S'^"(i;) — > 
GtY-2 Su'"^iE) ® T(-l) to the fibers on G are same. Since Grf S^''''{Eo) and Gr^2 ^'^"(^o) ® T(-l) are 
pure twistors of weight fc, we obtain the coincidence — N'^ over P^. Similarly we obtain the coincidence 
S'o = 5* over Pi. I 

Then we obtain the following immediately. 

Theorem 12.1 The tuples {Sl'"^{E),W, , S) and {SniE, P),W, , S) {P e X - D) are polarized mixed 
twistor of (0, l)-type. I 



12.2 Limiting mixed twistor theorem in the higher dimensional case 
12.2.1 PreUminary 

Let 5i (i = 1, . . . , be finite subsets of Rx C. For any element c G Z'-^qj '^^ have the map v?c : 11^=1 — ^ ^ 
as follows: 

ipc{u) = ^ Ci • Ui. 

Let T denotes the set of the elements c e Z1,q such that Lpc are injective. 

Lemma 12.15 The set T is Zariski dense in C'. Namely, there does not exists a closed subset Z of defined 
as a zero set of some polynomials such that T d Z . 

Proof We put as follows: 

r]i := mm\^\d — d'\\d,d' £ Si, d ^ d'} 

:= max{|c? - d'\\d,d' e Si}. 

Then the set T contains any elements c = (ci) such that Ci ■ S.i < 3^^ • Ci+i • ?7i+i. Then it is easy to see that T 
is Zariski dense in C". I 

We put S{c) := {ipdu) | u e n'=i ^i}- ^ complex number A is called generic with respect to Si {i ~ 1, . . . , I) 
and S{c) (c g T), if the maps e(A) : Si — > C and e(A) : 5(c) — > C are injective. 

Lemma 12.16 The set of the complex numbers, which are not generic with respect to Si (i — 1, . . . ,1) and S{c) 
(c £ T), is discrete in C* . 

Proof It can be shown by an argument similar to the proof of Lemma IV. 651 I 



12.2.2 Weak result 

We put X — A" and D = IJ"=i -^i- Let {E,dE,0,h) be a tame harmonic bundle over X — D. We put 
Si := /CA15(^£°, i) and we use Lemma [12. 151 Let us take a point Aq G C*x which is generic with respect to Si 
(i = 1,.. .,n) and S{c) (c G T). 

Let us consider the morphism (/)c : A — > X given by z \ — > (-zjS • ■ • > 2;^")- The image is denoted by C(c). 
Via the pull back, we obtain the harmonic bundle (j)~^{E, Oe, d, h) over the punctured disc A — {O}. 

Lemma 12.17 

• The morphism ICMS{£'^ ,1) — > 1CMS(4>*^E^) is given by the correspondence u 1 — > c ■ u = '^Ci ■ Ui. 

• The morphism is injective. 
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• Ao is generic with respect to the sets 1CMS(4>*^£^) for any c £T . 

Proof The first claim follows from Corollary 18. 141 The following map is injective, due to our choices of c and 
Ao: 

I 

WlCMS{£°,i) — >C, Ml — *A^^-e(Ao,c-M). 

i=l 

Then the second and the third claims are obtained. I 

Let u be an element of K,MS{£'^ ,Vj. We have the nilpotent maps J\f^" {i — 1, . . . ,n) on -G^ \ (Ao,o) induced 
by the residues. For any element d S C", we put M'^°{d) := J^^i ■ A/^'^". Then M'^°{d) is the endomorphism 
of -Qu\{\o,o)- We also put 7V^o(t) := J^^i ' -^^^ for variables ti. Then 7V^"(t) is the endomorphism of 
-5u|(Ao,0) C{ti, . . . ,tn)- Recall that if the conjugacy classes of Af^°{d) and ^^"{t) are same, then d is 
called generic with respect to the tuple (Afi" , ■ ■ ■ ,^1^°). The following lemma is easy to see. 



Lemma 12.18 Let Ti denote the subset of T , which consists of the elements c which are generic with respect 
to {J^i° , . . . ,J^i^°). Then Ti is Zariski dense in I 

Lemma 12.19 We have the isomorphisms: 

The isomorphisms are compatible with the pairings. Under the isomorphisms, the nilpotent induced by the 
residue on Sl'^^{4>Z^ E) and Sc.^{(j)-^E, P) are given byN^{c) ^J^Ct'K^- 

Proof It follows from Lemma [11.231 and the injectivity in Lemma [12. 171 I 
Let W{c) denote the weight filtration on S'^'^"(i?) or Su{E, P) induced by the nilpotent map N^{c). 

Corollary 12.1 Let c be an element of T . The filtered vector bundles {S^^'^E) ,W {c)) and {S^{E,P),W{c)) 
are the mixed twistor structure. 

Proof It follows from Lemma Fl 2 . 1 91 and Theorem ll2.1l I 
Lemma 12.20 Let c be an element Ti. Then c is generic with respect to the tuple {Afi , . . . , Af.^) for any 

A e ¥\ 

Proof For any elements Ci G Ti, {i = 1,2) the conjugacy classes oi Af^" (ci) and Af^"{c2) are same. For any 
c G S and for any A e P^, the conjugacy classes of Af'^"{c) and Af^{c) are same. Thus the conjugacy classes of 
Af'^{ci) (i = 1,2) are same. Since Ti is Zariski dense in C', we can conclude that c (c G Ti) are generic with 
respect to the tuple (Af^, . . . ,7V;^). I 

Lemma 12.21 For any i, we have JVf" ■ Wh{c) C Wh-i{c) ® T(-l). 

Proof Due to Lemma ri2.20l we may apply a lemma of Cattani-Kaplan (Proposition 1.9 in [7] ■ It is not difficult 
to prove directly.) I 

Lemma 12.22 For any i, we have Aff" ■ Whic) C Wh-2ic) «) T(-l). 

Proof We put 9 = ^ fi- dzi ■ z~^, and we put pi as in the page ll56l We have the following inequality for some 
positive constant C, due to Simpson's Main estimate: 



(/-p.)|c(c)L<C-|z|-i.(-log|z|) \ (256) 

to- Since A/;^o 

is given by (fi — Pi)(o,0)i we obtain A/'-^q • Wh{c)^Q C Wh-2{c)\Q, due to H256|l and the norm estimate in one 
dimensional case. Similarly, we obtain J^f^^, ■ Wh{c)\ao C W^h_2(c)|oo- 



Let us consider the restriction of Mf" to the fibers over S P^. We denote the restriction by A/'-^q. Since 
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Due to Lemma [12.211 we have A/''^ • Wh{c) C Wh-i{c) (g) T(— 1). Let us consider the induced morphism 
J\f^ : Gr)^''^^ — > GrJ^J^i^ (g)T(— 1). We have already shown the vanishing of the induced morphism at (x — 0, oo). 
Note that Gr}^*-'^-' and GrJ^'-J^-' ®T(— 1) are pure twistors of weight h and h+1 respectively. Thus the vanishing 
at a; = 0, oo implies vanishing over P^. Thus we obtain the implication Mi ■ Wh{c) C Wh-2{c)- I 

Corollary 12.2 For any element d G C" which is generic with respect to the tuple (A/'j^, . . . ,J\f^), we have 
W{d) — W{c), where c is taken as in Lemma \l2.18[ I 

12.2.3 Preliminary norm estimate 

Let {E, Oe, 0, h) be a tame harmonic bundle over X ^ D. Let A be generic, and we take a normalizing frame v 
oi^S^, which is compatible with E and F. 

We have the matrices A'^ e Mr{C) {k ~ 1, . . . ,n) determined as follows: 

k=l " 

Let /a^ denote the endomorphism induced by Ak for the frame v. We denote the nilpotent part of Ak by Nk- 
We impose the following assumption in this subsubsection. 

Assumption 12.1 The conjugacy classes of Nk are independent of k — 1, . . . ,n. I 



Under the assumpt ion II 2 . 1 1 we obtain the weight filtration of the vector bundle induced by Nk, 

which is independent of a choice of k. We may assume that v is compatible with the filtration W'^^K We put 
bi{vj) := Meg^(wj) and b{vj) = {bi{vj) \ i = 1, . . . ,n). We put (ii{vj) = 'deg'^(t;j) and (3[vj) — {Pi{vj) | i — 
1, . . . ,rt). We put k{vj) := deg^ (vj). 

Then we obtain the C°°-frame v' = (v'^) of given as follows: 

n n —k( •)/2 

fc=l h=l 



Lemma 12.23 The frame v' is adapted over X — D. 
Proof We put as follows: 

:= {(zi, . . . , z„) eX -D\\zh\^l, (/i < m)}. 

We consider the following claim: 

(P„i): The restriction of the frame t^Jy is adapted over Ym- 

We show the claim [Pm) by a descending induction on m. Since Yn is compact, the claim (P„) holds. We 
assume that (Pm+i) holds, and we will derive [Pm)- 

Let us pick the elements Mi,...,ita e K,MS{£^,ri) such that {l[\,Ui)\i = l,...,a} = JCMS{'^£^ ,ti). 
Then we have the generalized eigen decomposition £^ = ®i^u of fAk {k = 1, . . . ,n). Here denote the 
subbundle corresponding to the eigenvalues e(A, Ui) = (e(A, gi(itj)), . . . , e(A, q„(Mi))) . Correspondingly we have 
the decomposition of the endomorphisms fA,„ ■ 

Ia^ = 0(e(A,(?„(Mj)) + iVm. 

Ui 

We take the model bundle Mod{N„iu^) corresponding to the nilpotent map N^ui- We obtain the deformed 
holomorphic bundle £^., the A-connection D:^., the metric hi^i, and the canonical frame Vi^i- 
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Let (/) be the holomorphic map X — > A given by (zi, . . . , z„) i — *■ YVi=i Then we obtain the harmonic 
bundle (p~^Mod{Nui), the deformed holomorphic bundle (p^^E^., the A-connection Di„., the metric hi^^, and 
the canonical frame (j>~^Ui, over X — D. 

On the other hand, we have the model bundle L{ui) over X — D oi rank 1. We obtain the deformed 
holomorphic bundle C^{ui), the A-connection Dj^., the metric /i2iti, and the canonical frame e^. . 

Then we obtain the following: 

By taking a direct sum, we obtain £q, Dg, ho and vq. 

Moreover, by taking the dzm-component, we obtain the A-connections qm(Do) and qm(D^) along the Zm- 
direction. Note the following relations due to our construction: 

q„,{D^)v^v-A,n-—, q,niB^)vo^vo-A^-—. (257) 

Let consider the morphism $ : £q — > £^ given by the frames vq and v. The equalities 1)257(1 implies that 
<I> is flat with respect to the A-connections along the Zm-direction. Moreover, the restriction $|y„_^i and the 
inverse $|y'^ ^ are bounded, due to our assumption of the induction. Thus we obtain the boundedness of 
and the inverse. Then it is easy to derive the adaptedness of v' on Y„i and the induction can proceed. See the 
subsection 6.1 in 38 for more detail of the argument. I 



12.2.4 Preliminary constantness of the filtrations 

We use the setting in the subsubsection [T^.2.31 Let us pick the elements ui,...,Ua G ICAiS{£'^ ,n) such 
that {e{X,u,)\i = l,...,a} = JCMS(''£^ ,n). Then we have the generalized eigen decomposition ^£ = 
0j*£'^. of {k — l,...,n). Here denote the subbundle corresponding to the eigenvalues e(A,tti) = 
(e(A, (j'i(Mi)), . . . , e(A, g„(Mi))) . Correspondingly we have the decomposition of : 

= 0(e(A,gfc(M,)) +A^fe«.)- 

The frame v induces the frame . of ^£^ . . 

Let a be any element of ii"o. Let H denote the upper half plane | Im(C) > 0}. We put y := — Im(C). Let 
us consider the following morphism ipa '■ H — X — D, given by = exp(V— I'Oi'C) for * — 1, . . . ,n. We obtain 
the harmonic bundle 2p~^{E,dE,0,h). We have the deformed holomorphic bundle ^Pa^£^ = 0„. "ipa^^ui- We 
have the holomorphic frame Wu := ip^'^{vu)- We have the following relation: 

Bw^ = w^-(j2 V^afc ■ AiydC^w^-J2(^k- (e(A, qk{u)) + N^^k) ■ • dC- (258) 

fe k 

We put Nu{a) — J^i o^i^u.ii and we take a model bundle Mod{Nu{<i)) on A* for Nu{a)- We put u{a) := 
X^fe^fc ■ Qkiu), and we take a model bundle L{u{a)) on A*. We put Ei,u ■= L{u{a)) ® Mod{Nu{a)), and we 
denote the deformed holomorphic bundle by £1^- We have the metric hiu and the A-connection D^^ on £i^- 
We have the normalizing frame Viu, such that the following relation holds on A*: 

dz 

Bt,viu = vi^ ■ (e(A,it(a)) + N^ia)) ■ —. 

Let (f> denote the holomorphic map EI — > A* given by z = exp(\/— IC)- We put 5q„ := 4>*£iu and the pull 
backs of hiu, D^^, and Viu are denoted by /lo.u, "^Ou respectively. On the upper half plane H, we 

have the following: 

E)o«</'*K«) = rivo^) ■ {c{X,u{a)) +N^{a)) ■ V^dC- (259) 

Then we have the isomorphism : — > i'a^^u given by the frames Vqu and v^- Then and 
are compatible with A-connections, due to H258() and H259() . 
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We put £q := ^^^Ou- We have the induced metric h^. We obtam the isomorphism $ := 0„ <&u 
from to ip^^E^. Then <i> and <i>~^ are compatible with the A-connections. We regard them as the flat 
sections of Hom(^£Q ,ip~^£^) and iJom(-0a ) . The metrics ho and ip^^h induce the metrics /i2 and /13 of 

Hom{£^,i;-^£^) and Hom{i:~^£^ . 

Lemma 12.24 We have the following estimate for some positive constants Ci and C2: 

max{log|$|,,,, log|$-i|,,3} < Ci +C2 - logy. (260) 
Proof For each element Vi € f we put as follows: 



n 



Then v' — {v[) is C°°-frame of £^ over X — which is adapted up to log order. In particular, we have the 
following inequality on H, for some positive constants Ci [i — 1, 2) and M: 

C,-y-'' <H{h,i;^'v')<C2-y'' 
We also have the following equality for Vi £ Vu- 

^"^j = w^ ■ exp(^-y • p(Ao, . 
On the other hand, we put as follows, for vij G Vi^'- 

v[j . |2|P(^o,-(a)), 

Then the C°°-frame v[ ~ Wij) of ®u^iu adapted up to log order. We put v'qj :— (j)^^v[j and v'q :— {vQj). 
Then we obtain the following inequalities for some positive constants C'^ [i — 1, 2) and M': 

C[-y'''' <H{ho,v',)<C'2-y'r 
We also have the following equality, for voi e Vqu- 

u'oi = ■ exp(-y • p{Xo, u{a)) 



Since $ and $ ^ are given by the frames tp^^Vu and Vqu, we obtain the estimate max{|<i>|;i2, |$ ^Ua} < 
C" ■ j/*^ for some positive constants C" and M" . Thus we are done. I 

Lemma 12.25 The functions log|$|/i2 o.'^d log|$^^|/i3 are subharmonic. Namely we have the following in- 
equalities: 

Alog|a>|2^ <0, Alog|$-i|2^ <0. (261) 

Proof It can be shown by an argument similar to the proof of Lemma 4.1 in I5(J| . I 

The functions log|$||^ and log|$~^|^^ can be regarded as follows: We have the holomorphic bundle £1 := 
®u^iu on A*. We also have the frame 1^1 induced by the frames t^iu. We denote the projection of A* x (X—Z?) 
onto the i-th component by Qi. We have the holomorphic bundles qi^£i and q2^£'^. The frames vi and v 
give the isomorphisms $' and ^'^^ of qi^£i and q2^£^. The metrics h\ and h induce the metrics h'2 and 
/13 of the bundles H om{q\£^ , q2£^) and H om{q2£^ , q\£i ) ■ The morphisms </) and ipa induce the morphism 
F : M — > A* X {X — D). Then we have the following equalities: 

log|ci>p,^ =F-i(log|$f,,), log|$-ip,3 =F-i(log|$'-i|2,). (262) 
We obtain the functions Gi := S(log|$|?t2) ^^'^ ^2 ■= '^■(log l^^^l/ig) on -R>o (the subsubsection . 
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Lemma 12.26 There exists a positive constants C such that the following inequality holds on the upper half 
plane H; 

niax{Gi,G2} < C. 

Proof It follows from (|261|l . (|262|l . Lemma 12.141 that the functions Gi [i — 1,2) are convex below. Then 
Lemma [12.261 follows from (I26U|I and Lemma [2. 151 I 

We take the metric h^u of V'a^f^. For any Wi,Wj £ Wu, we put as follows: 



hi-aiw^^Wj) = 6,j ■ exp(^2 • y ■ p(A,M(a))) • 



Here Sij denotes 1 in the case (i = j) and in the case i ^ j. Recall that we put k{vi) :— deg Taking 
the direct sum of ft.4u, we have the induced metric /i4 of ip~^£'^. 

Lemma 12.27 The metrics ipa^f^ o,i^d h/^ are mutually hounded 

Proof It immediately follows from Lemma [12.231 I 

We have the weight filtration W^^^ on induced by the logarithms of the monodromy. We take the 
normalizing frame v^u of S-i^^ which is compatible with VF*^^^. Let vqu denote the pull back of viu via the 
morphism (f>. We take the metric h^u of fp^. For any woi, j G 'Wom, we put as follows: 



^5«(wo^,'CoJ) •exp(2-yp(A,M(a))) 



Then we have the induced metric of £g , and the metrics and /lo are mutually bounded 



: 

The metrics and h^ induce the metrics and /ly of H om{£^ , ip^^ and H om{ij}^^ £^ , E^) . Then h^ 
and h2 are mutually bounded, and h-j and /i3 are mutually bounded. Hence we obtain the following inequality 
on H, for some positive constants C4: 



max{s(log |ci>|2^, ), S(log < C, 



Since the functions log|$|;ig and log |<i>~^|;i7 are independent of the real part of we have the equalities 
S(log I'I'l/ig) = logl^lhg and S(log |<I>~^|;i7) = log |<I>~-'^|;i^. Thus we obtain the following inequalities on H, for 
some positive constant C5: 

max{|$U,, \<p-'\h,} <C5. (263) 

Lemma 12.28 Under Assumvtion \12.l[ the weight filtration of J\f{a) —"^Oi- Ml" are independent of a choice 
of a e RyQ for any A G P^. 

Proof Let / be a holomorphic section of p(\g.u(a))£iu- It gives the section of wj.^^'Si^ if and only if we have 
the following estimate: 

\^*fi,^^o{c^p{-yp{X,uia)))-y^^'). (264) 
Since /i4u and h^u are mutually bounded, H264() is equivalent to the following: 



\<l^*f\^,^=o{exp{-yp{X,u{a))) ■y'^/'^y 



It is equivalent to (j)* f gives the section of M^f ^ (S^). bmce VF^^^ is the weight filtration of Af{a), we obtain the 
result. I 
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12.2.5 Constantness of the filtration at generic A 

Let {E, dE,0,h) be a tame harmonic bundle. Let A be generic, and v be a normalizing frame of ^£^, compatible 
with F and E. We put bi{vj) = * deg^{vj) and b{vj) = {bi{vj)\i — 1, . . . , n). We put (3i{vj) — * deg^{vj) and 
(3{v,) = |i = 1, . . . 

Then we obtain the matrices A'' £ Mr{C) determined as follows: 

We denote the nilpotent part of Ak by Nk- 

Let us pick Ci, . . . , c„ e Z>o- We denote the tuple (ci, . . . , c„) by C. Let (t>c ■ X — > X be the morphism 
as follows: 

n 

Then we have the following: 

h—l k—1 

We put Cfi ■ b{vj) J2^hi ■ bi{vj). We decompose as follows: 

Ch ■ b{vj) ^ rihj + Kh J, rih j G Z, -1 < Kh j < 0. 

We put Vj := Vj ■ 11^=1-^"''^' ^ ~ i^i)- Then {j is a normalizing frame of ^4>~^£^. We have Hv = 
V ■ J2h^^ ' dzh/zh for A^ G Mr{C). The components A^^- is given as follows: 

k 

Hence the nilpotent part Nh of A^ is given by N{ch) := 'Y^Chk ■ Nk- li Ch {h = 1, . . . ,n) are generic with respect 
to the tuple {Afi, ■ ■ ■ ,Afn), then the conjugacy classes of Nh are independent oi h = 1, . . . , n. 

Lemma 12.29 The weight filtration of M{a) are independent of a choice of a £ RyQ- 

Proof We can pick generic elements Ci, . . . , c„ e Z"o' such that a = ^ '^hCh for some a' = (aj^) e -R>o- We 
have the following relation: 

N{a) = akNk = ^ c/.^ • < • TVfc ^ • N{ch). 

k k.h h 

Thus Lemma [12.291 can be reduced to Lemma fl2.28l I 



12.2.6 Theorem (the higher dimensional case) 

Let F be a pure twistor of weight n. Let S : V ®a{V) — > T{~n) denote the (—1) "-symmetric pairing. We say 
that S" is a semi-polarization, if the induced hermitian pairing on iJ°(P^, V ® 0{—n)^ is positive semi-definite. 
We have the induced pairing S : Ph Gr^^ ST' » Ph Gr)f S"^^" — > T(0). 

Lemma 12.30 For any d e -R>o,. S(^N{d)'^ (g) id) gives a semi-polarization on PGr^ . Here P Gt^ denotes 
the primitive part for N{d). 

Proof Let qi denote the projection of x -R"q onto the i-th component. We have the C°°-vector bundle 
Gr)^ on ¥^ x -R"o- Since the conjugacy classes of N(a) {a £ -R>o) are independent of a choice of a, we 
obtain the vector bundle Pql Gr)^, by taking the primitive parts for N{a). For generic a £ Q", the pairing 
S[N{d)'^ (g) id) gives the polarization, due to Theorem 112. II Then it follows that the pairing S[N{d)'^ (g) id) is 
a semi-polarization for any elements d £ -R"o- ^ 
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Lemma 12.31 The conjugacy classes of N{d) are independent of a choice of d G -R>o- In particular, W{a) = 
W{a') for any a, a' e -R>o- 

Proof It follows from Lcmma ri2.29l I 

Corollary 12.3 For any element d G R^q, S{N{d)^ (g> id) gives a polarization on the primitive part P Gr^ 
for N{d). 

Proof Due to Lemma ri2.l-{ll the pairing S [N {a)'^ id) is perfect. Then it gives the polarization due to Lemma 

Corollary 12.4 The tuple (Gr^ S^^'^iE), W^"\N^ ^"\S^"^) is a split nilpotent orbit. Here '"^ denotes the 
tuple (iVf ,...,iVf ). 

Proof It follows from Corollarv ll2.3l I 

Theorem 12.2 The tuples iS^''''{E),W, N'^ , S) and {SuiE, P),W, N'^ , S) {P e X - D) are polarized mixed 
twistor structures of (0,1) -type. Here denotes the tuple of nilpotent maps 

Proof It follows from Corollarv ll2.4l and Lemma [3.301 I 
12.3 Some consequences 

12.3.1 Strong sequential compatibility on SZ^'^iE) and Sr,{E,P) 

From a harmonic bundle {E, dE,0,h) over X — D, wc obtain the polarized limiting mixed twistor structure 

{Sl^%E),Nt,S), iS^iE,P),Af^^,S). 

Corollary 12.5 The tuple of nilpotent maps (A/j^, . . . ,Af^) on S'^^"(_E) or Su{E,P) is strongly sequentially 
compatible. 

Proof It follows from Theorem 1 12. 21 and Lemma [3.751 I 

Remark 12.3 From the associated graded mixed twistor structure {Gr^ S!^'^{E),W, N , S), we obtain the 
patched objects, which gives the harmonic bundle. In the case where {E,dE,d,h) is nilpotent and with triv- 
ial parabolic structure, it is same as the limiting CVHS in our previous paper. I 

Remark 12.4 From the limiting mixed twistor structure {S^^{E),J\fi, S), we obtain the variation of 

holomorphic bundle V. We also obtain the pairing V(X'cr(V) *■ T(0). Does it give a variation of polarized pure 

twistor structures? If it is true, it gives a partial generalization of Schmidts nilpotent orbit theorem. 

The replacement of a variation of Hodge structures to the nilpotent orbit seems fundamental in the study of 
Cattani-K apian- Schmid and Kashiwara-Kawai. In this study, we do not use such replacement. I 

Corollary 12.6 Let a be an element ofZ^Q On | p), the conjugacy classes o/Ili-^'^^A P) independent 
of a choice of (A, P) e C x Di_. 

Proof When we fix a point P E Di_, the independence follows from the fact that Hi-^"' induces the morphisms 
of mixed twistor structures. When we fix A G C*, we can derive the independence by using the normalizing 
frame. I 

Similarly we can show the following: 

Lemma 12.32 Let a and b be elements of Z'>(, . Then Im H.^i A^"' n Ker H^^i A^^' 

gives the vector subbundle 

of -Gu on Vi_. I 

Corollary 12.7 On -Gu, the tuple of nilpotent maps A/i, . . . ,Mi are strongly sequentially compatible. 

Proof This is a direct corollary of Corollarv ll2.5l I 
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12.3.2 Sequential compatibility of the tuple (M, 'F^^°\^E^^°'> \ iel) 

Let Aq be an element of C\. Let eg be a sufficiently small positive number. Then we may assume that i,^ over 
X{Xq, eg) is locally free, and that we have ^F^^°\ and ReSi(D) on ^£\Vi- We have already known that the 

tuple (*i^(^o) i]E(^o) I i = 1, . . . , is compatible in the sense of Definition 14. 171 

Lemma 12.33 Let P be a point of D^ = D^- {Jtymi^i ^m)- 

• For any mi < m, the tuple {Afi, . . . ,Af„i-^ , F^^°'^ , ■ ■ ■ , "^F^^°^) is sequentially compatible on the bundle 

• Let a be an element of Zy^. The conjugacy classes of Y\i -^"^^ (^x on ^Gr^* °' — E*^^"-* (^£|(>^_P)) are 
independent of a choice o/ A G C\ . 

Proof We know that . . ., are sequentially compatibl e on -Gr^'^°' ^E( ^")(^g |pxA(Ao,eo), z^) and 

their conjugacy classes are independent of a choice of A f CoroUarv II 2 . 61 and Corollary II 2. 7|1 . 

On A*(Ao,eo), the vector bundle I^HQr''^* — E^'^''^(^£|PxA(Ao,co)'/') decomposed into the generalized 
eigen bundles of the endomorphisms ReSi(D) (i — mi + 1, . . . , m). It satisfies the following: 

• The decomposition gives the splitting of the filtrations ^F (i = mi + 1, . . . , m). 

• The decomposition is compatible with J\fi (i = 1, . . . , mi). 

For any A G A(Ao, eo), let TZ denote the local ring of C'A(Ao.eo) ^- We put as follows: 

V = !niGr^'^°' ^Er5|PxA(A„,eo)) «o.<.„,„, TZ. 

Then we obtain the naturally induced filtrations ^F [i = mi + l,...,r7i) and the nilpotent maps A/i (i = 
1, . . . , mi). Then we have only to apply Lemma lS.ll and Proposition l5.ll I 

On L»™(Ao, eo), we have the vector bundle ^Gr^*^"' E(^")(*£|p^, (3) and Wi, . . . ,7V;„. 
Lemma 12.34 

• Let a be an element oflX^Q. The conjugacy classes o/ Hi -'^"'(a p) independent of a choice of {X,P) G 

• The tuple of the nilpotent maps A/i, . . . , A/'m is sequentially compatible. 

Proof Let P be a point of Dm- We have already seen the result on A(Ao, eo) x {P}. 

We put Ifi I p) := njli ^0)/ij I (A,P) J and then we have only to show that {1^, | (a,p) | P) & 'Dm] forms 
a vector bundle. For that purpose, we have only to show that the ranks of If^]^ (a,p) are independent of (A, P). 

If we fix P, then they are independent of a choice of A due to the previous lemma. 

Let pick a generic A. Then wc have a normalizing frame for Due to the normalizing frame, we obtain 
the isomorphism for any Pi , P2 G Dm- 

(^£^|P^,RCS,;(I])^) I i G to) ~ (^£^|p^,ReS,;(D^)|iGTO). 

Thus we are done. I 
We obtain the tuple (M, *p(^o) iE(Ao) | i g Z) as in the subsubsection l4.5.3l 

Theorem 12.3 The tuple (W^, 'P^^" V'E^'^o) | i g /) is sequentially compatible. 

Proof It follows from Lcmma ri2.34l I 
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12.3.3 Decomposition 



First we have a remark. 

Remark 12.5 Let P he a point of Dj. Let u be an element of JCA4S {E'^ , L) . Let qj : X — > Dj be the 
projection. By considering the restriction of {E,dE,d,h) to qJ^{P), we obtain the Pol-MTS (5^™, VF, TV, S*) of 
type (0, |/|). Note that we can apply Provosition \'6.H\ to the tuple (S'^™, M^, TV, S*). 

Let us consider the vector bundle ^Qu[£) and the nilpotent maps A/i [i & T) on Vj. Let J and K be 
subsets of / such that J r\ K = ^. We put Nk Y\k<aK-^k- Due to the hmiting mixed twistor theorem, the 
conjugacy classes of Nk\{\,p) are independent of (A, P) G 2?/. Thus we obtain the vector bundle Iui{Mk)- 
For any element i £ J, we put J' :— J — {i}. We have the morphisms var^ : Vj(ImA/if) — > Vj'(ImA//i-) and 
cauj : Vj'(ImA/if) — > Vj{lmAfK) For any element i E K, we put K' := K ~ {z}. We have the morphisms 
var^ : VjilmNK) — > V,/(Im7VK') and can,; : VjilvaNK') — > V,7(ImA/'K) (See the subsubsection 13 . 9 lljl . 

Lemma 12.35 Let P be a point of D°. Then we have the following decomposition: 

Gr^(^)(Vj(Im(7V/f)))|C;,x{p} = Im can, , C;,x{p} ® Kervar^ | C;,x{p} • 
Proof We have only to apply the limiting mixed twistor theorem and Proposition l3.8l (See Remark H12.5|l 'l. I 
Lemma 12.36 Let P be a point of Dj. 

• The riMmfeers dim Im(canj I (;^ P)) and dimKer(varj | P)) are independent of X. 

• We have the decomposition Gr^*-^-* (V,7(Im A/i<-))|(p,A) — Inrcauj | C;^x{p} © Ker var, | x{p} ■ 

Proof We have the subset Iq C I such that P G D]^. Let ui be any element of ICA4S{£'^ , Iq). The ranks 
of can,; and var^ on ^"Gui are independent of A due to the limiting mixed twistor theorem, and we have the 
decomposition of ^"Gui- Then we have only to apply Lemma 15.81 I 

Proposition 12.3 We have the decomposition of the vector bundle: 

Gi^^^\Vj{lmJ\fK)) - Im(canO ® Ker(var,). 

Proof We have only to show that Im(cani) and Ker(vari) are vector bundles. Namely we have only to show 
the ranks of the morphisms can, | (a,p) and varj | (a,p) are independent of (A, P) G T>i. When we fix a point P, 
it follows from Lemma 112.361 When we pick a generic A, we can show the numbers are independent of P by 
using the normalizing frame. (See the last part of the proof of Lemma [12. 341 ^ I 



12.3.4 The induced polarized pure twistor structure 

Let us consider the case I = n = \L\. Due to the limiting mixed twistor theorem and Kashiwara's lemma 
fCorollarv l3.16|l . we obtain the polarized mixed twistor structure of type (n — 1, rt + 1): 

{VniSD,W,N,VniS)). 

Lemma 12.37 We put as follows: 

C„ Ker(p^ Grjf V„(5r (i^)) — A Grf ViiST\E))) . 

\I\=n-l 

Then Cn is pure twistor of weight h + n — 1. The pairing Vn{S){N^ (g) id) gives the polarization of Cn- 

Proof It follows from Saito's lemma f Lemma 13.93(1 . I 
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13 Norm estimate 



13.1 Preliminary 

13.1.1 The A-connection form for pull back 

We put X — A", and D = Ui=i ^i- Let {E, ds, h) be a tame harmonic bundle over X — D. Let Ao be a 
point and eo be a sufficiently small number. We assume that we have over A:'(Ao,eo)- 

Let V = (vi) be a holomorphic frame of compatible with F'--'^°'> and E^'*'''^. For each Vi, we have the 

element u{vi) e JCMS{£° ,[) such that deg"^ "'(^^0 = ?(Ao,u(wi))- We put as follows: 

We pick any element c := (cj ^ | j S to, i G n) G Z™q". We put X = A™. Then we have the morphism 
(pc : X — > X determined as follows: 

m 

Then we obtain the C°°-frame (p'^v' of 0*£ over X — D, which is adapted up to log order. We have the following 
equalities: 

j = l h=l h=l h = l 

Here we put Ch ■ u{vi) = J2(^hj- Uj{vi). 

For some small positive number eg such that eg < eo, we may assume that j/(p(A, c^^ • ^(wi))) does not 
independent of A € A(Ao,eo) for any Vi and for any h. We put v{vi,h) := v{ip{\,Ch ■ u{vi))) G Z. (See the 
subsubsection . We put K{vi,h) :— k(p(A, c/i • u{vi))). Then we put as follows: 



Ui := <j)lvi ■ 

h=l 

Then Ui is a holomorphic section of We put as follows: 



i'{vi,h) 



:= Ml • 



Then u' is adapted up to log order over A:'(Ao,eQ) — I?(Ao,eg), by our construction. Hence u — (ui) is a 
holomorphic frame of which is compatible with the filtrations F^^"\ due to Lemma [2. 41 and Lemma [2. 51 

We also have the following: 

''deg^''°\ui) = K{v,,h). (265) 

Let A = A'' ■ CjT^ • d(k denote the A-connection form of B with respect to the frame v, i.e., D?; = v ■ A 
holds. We put D := (j!)*D*. Then we have the following equalities: 

DC... ^ ■ (E • cf^) - E • (E — • E • 

J k j h k 

Thus we obtain the following: 



■ n -.^^"''0 = "'('^^"') • n -.^^"^'^ + • n • (e ^) • 

^=1 /i^l h^l h=l ^ 

m J n m m , 

= E ■ (E — E • ■ n + • (E M • — ) • (266) 

h=l k=l h=l h=l 
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13.1.2 Diagonal case 

Let us consider tlie case tliat c is a diagonal matrix wliosc i-th diagonal component is Cj, that is, <y3*Ci = z^' . 
Then we obtain the following formula from 



mi 



] h=l p=l h=l 



= ^E".-4.^- (267) 

Here we put bp{vi) := p(Ao, Up(ui)). 

Lemma 13.1 We have the following vanishings: 

1. In the case deg^* "'(^i) < deg^' °\vj), we have ^'ji\x)k ~ ^' ^'^^ ^' 

2. If Ck is sufficiently large and if the inequality deg^*^"-* (w^) > deg"'^' holds, then we have = 
0. 

Proof In the case deg^' < ^ deg^^ (vj), we have ^'ji\x>k ~ ^' Hence A'f^ ■ C^T^ is holomorphic, and 

thus (pc^ji ■ Zj^'^^ is holomorphic. Since we have the following inequality: —Ck < v{ck ■ bk{vi)) — v{ck ■ bk{vj)), 
we obtain the first claim. ^ 

Let us show the second claim. If Ck is sufficiently large and the inequality deg^ > deg^ ° (vj) 

holds, then we obtain the inequality i'{ck ■ bk{vi)) > v{ck ■ bk{vj)). Since A^^ is holomorphic, we obtain the 
result. I 

Assume that Ck (k — 1, . . . ,1) are sufficiently large. Then we have the following formula: 
ReSfc(]D))Mi = ^Uj ■ I = • iy{ck ■ bk{vi))+ 

u, ■ Ck ■ Cfe(4.|pJ • n (268) 

h J pi^o) I \ t 1 p{-^o) / N a^k 
^ dcg-^ (iJi) — dcg-^ \Vj) ^ 

Here ^c,k ■ i>k — > Vk denotes the restriction of (j) to Vk, given by </>* ^C* = z^^ for i ^k. 
We obtain the A-connection '^D of ^V'c ^^|Dfc(Ao cq)' S^^^"^ follows: 



j h^k 



(269) 



dcg(ui) = '= dcg(iij) h^k p=l h^k 



Let '^K-u denote the vector subbundle of generated by m„ := {ui | deg^' "'(^i) = K'^O)'")}- 

Then we have the following decomposition '^'/C for k ^ 1, . . . ,1: 

u 

Lemma 13.2 

• The vector subbundle ^JCu is preserved by the residue ReSfc(]D)) and the induced X-connection '^D. 



232 



• We have the following formula: 

Here TZu denotes the representation matrix o/Res/j(D) on the vector subbundle {vi \ deg*-^* "^\vi) — 
t{Xo,u)) C ^f|x)fe(Ao,ci) "With respect to the frame = {v.^ | deg*^-^' = t(Ao,u)}. 

• In particular, the eigenvalue o/ ReSfe(D)|fcj^^ is v{ck ■ p(Ao, w)) + e(A,w). 

Proof The claims immediately follow from (|2t)8|) and (|269|l . I 
Lemma 13.3 The decompositions '^/C (fc = 1, . . . , Z) are compatible in the sense of DeRnition M. 171 
Proof It immediately follows from om construction. I 
Lemma 13.4 We have the following decomposition on I?fc(Ao,eo)-' 

= '=/C„. (270) 

K(cfc-p(Ao,ti))<b 

Namely the decompositions (^JC | fc = 1, . . . , ^) gives the splitting of the filtrations {^F'^^'^^ | fc = 1, . . J) . I 
Lemma 13.5 When Ck {k — 1, . . . ,1) are sufficiently large, (j)* E is CA in the sense of Definition \l'd.l\ below. 
Proof It immediately follows from the second claim of Lemma [13. 21 I 

13.1.3 Convenient 

Let Ao be a point of Ca, and eo be a sufficiently small positive number. Recall that we always have the following 
decomposition on I?*(Ao, eo): 

Definition 13.1 £ is called convenient at Xq, if the following holds: 

(A) The decomposition above is prolonged to the decomposition ^i?|x)fc(Ao.eo) ~ ©'^^u- Moreover the tuple of 

the decompositions {^JC | fc = 1, . . . , ^) is compatible. 

(B) There exists a sequence of positive numbers rji > ri2 ■ ■ ■ > rji > 0; 

• EV^ < 1/2 

• Varies, i) is rji-small. 

• min{|a -b\\a^be Vari^E^, i) U {0}} > 2 • Y.j>i Vj- 

£ is called CA (resp. CB) if the condition [A) (resp. [B)) holds. I 

Note that the decompositions '^/C is uniquely determined if £ is convenient at Ao- 

Lemma 13.6 Assume that £ is CA at Xq. Then the induced connection and the residue ReSi(]D)) preserve 
the decomposition */C. 

Proof Since the restrictions of 'B and ReSi(D) to I?*(Ao,eo) preserve '/Cu|x'*(Ao,eo)' they preserve */C„ on 

2'(Ao,eo). ' I 



233 



Lemma 13.7 Assume that £ is CA at Aq. We have the following decomposition: 

i p(^o)Tp(Ao) (o 



^r^E^'°n'^l^.(A„,.o):/3)= '^u. (271) 

c(Ao,m)=/3 
-l<p(Ao,u)<6 

Proof By definition, the restrictions of the both sides of (|271|l to I?,*(Ao,eo) are same. Then Lemma 113.71 
immediately follows. I 

Hence, if £ is CA at Aq, we obtain the naturally defined isomorphism: 

'/C„ ^ ^ Gr^.'iZlu) 'IE(^«H'^|i'.(Ao,.o), e(Ao,«)). 

Thus the nilpotent parts Mi of the residues ReSi(ID)) are well defined as elements of 'E,wA{^£\x>i(\o.eo)) ^"-"^ ^-"^y 
i = 1, . . . ,L 

Lemma 13.8 Assume that £ is CA at Aq. Then the tuple {^ICu^M \ k € l,i Vj is strongly sequentially 
compatible in the sense of DeRnition XA.'J^ I 

Let D be a frame of which is compatible with the decompositions (*/C \ i = \, . . . ,1). Let ^ A'' • z^^dzh 
denote the A-connection form of D with respect to the frame v: 



T)v = v ■ 



Zh 

h 



Lemma 13.9 Assume that £ is CA at Aq. In the case ^ deg^{vi) ^ ^ deg^{vj), we have A^- =0. 

Proof It follows from Lemma [13.61 I 

Assume that £ is CA at Aq, and ^JC (fc = 1, . . . , ^) be the decompositions as in Definition 1 13. II Then we put 
as follows, for any subset / C 1: 

Then we obtain the decomposition of ^£\'Di{\o,ta) ^ 

u ■ 

13.1.4 Functoriality for some pull back (/) 

Let us return to the functoriality. Let 77 be a positive number such that (1 + 77)'^^ -2/3 < 1. We put 
X := A(l + rjY^^ X A(2/3) x A"^'. Let us consider the morphism (p : X — > X given as follows: 



z, {i > I). 



We put D := (l)-\D). 



Lemma 13.10 Assume that £ is convenient at Aq. Then we have the natural isomorphism ~ 0* . 

Let V be a frame of'^£ which is compatible with the decompositions ('/C | « G l). In this case, Ui ~ (jfvi holds 
(see the sub sub section T^!). 1.1}) . and the degrees deg^' "'(^^i) '^'^6 given as follows: 



'^deg^<^°'(uO = E'deg^''°'(-0. 

k<h 
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Proof If follows from the formula H2()5I) for the degree of u^. I 

Let X)fe ' dCk/Ck be the A-connection form of D with respect to the frame v, i.e., Hv = v ■ {J2k ' ^Ck/Ck) 
holds. Then we have the following: 



Dm = 



Here we have the following: 



Zk — Zk 

h k<h h 



A 



h 



Y.'U^*A^ ih<i) 

{h > I). 



In particular, we obtain the following: 

k<h 

Here denotes the morphism "Di — > Di is given as follows: 

(A, Zi, . . . , Zi^i, 0, Zi+l, . . . , Zn) I !■ (a, rij=i+l ^j' ■ • ■ I ^l-l ' ^'i ■ • ■ ' ^n)' 

In particular, we have the following formula: 

Res,(l5) =^</)*ReSfc(©)|i,^. 

fe<i 

We obtain the decomposition of the vector bundle '^(p* S^f,,/^^^ — 0*-/C„. We put as follows: 

Here we put <j)*{u) := J2j<i1ji'^)- Then we obtain the decomposition: '^(j)*£^j=,,^^^ = Clearly the 

tuple of the decompositions (j'K. \ i — 1, . . . ,l) is compatible. 

Lemma 13.11 The eigenvalue o/ReSi(D) on '/C„ is e{X,u). In particular, (jfS is CA. 

Proof It immediately follows from our construction. I 

The following lemma is also seen easily from our construction. 
Lemma 13.12 The nilpotent part Mi of the residue ReSi(D) is given by 4>*M{i) = X]j<i 4'iM'j . I 

13.1.5 Functoriality for some pull back (//) 

We put X = A"~^. Let us consider the morphism (f) : X — > X, given as follows: 



zi (j = l,2) 
Zi-i {i > 3). 



Lemma 13.13 Assume £ is convenient at Xq. Then we have the natural isomorphism ~ 

Let V be a frame of frame of^£ compatible with the decompositions '^/C {k = 1, . . . ,1). In this case, we have 

Ui = 4>*Vi (see the subsubsection l^.lA]) . and the degrees ^ deg^ ° {ui) are given as follows: 



" deg"^ (mO 



ideg^'^"'(..) + ^deg^'^"'(z;.), = 1), 
'^+'deg^'"'\v.), {h>2). 
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Proof If follows from the formula H2()5I) for the degree of u^. I 

Assume that £ is convenient at Aq. Let X]fc ■^''d^k/Ck denote the A-connection of D with respect to the frame 
V, i.e., Biv = V ■ {J2k ■ dCk/Ck) holds. Then we have the following formula: 



^1 ^1 

Hence we have the following formula: 

0* Resi(]D)) + 4>* Res2(©)|p,(A„,eo) - 1) 
0*Res,,+i(ID)) {h>2). 
Thus the nilpotent parts are as follows: 

'(M+M) = 



Res,,(B) 




> 2). 

Hence A/" (i) = (j)*M{ i + 1 ). Let denote the weight filtration of A/'(i), and then we have W{i) — cj)*W{ i + 1 ). 
On the divisor I?i(Ao,eo), we put as follows: 

= ^ 0*-^(«i,ti2)- 

On the divisors 2?i(Ao, eo) {i > 2), we put 'AC„ = 0* (*"*"^/C„). Then the decompositions 'AC satisfies the condition 
(A) in Definition ^O] It is also easy to check the condition (B) in Definition II 3. II Hence we have the following 
lemma. 

Lemma 13.14 (/)*£ is convenient at Xq. I 

13.2 Preliminary norm estimate 
13.2.1 Statement 

Let {E, dE,d,h) be a tame harmonic bundle over X — D. Let Ao be a point of Cx and eo be a small positive 
number. Assume that ^£ is convenient at Xq and locally free over X{Xo, eo). Let v he a, frame of compatible 
with the tuple (*/C, W{m) \ i£L 

m £ I). 

Since v is compatible with E^'*"') and F''-^''\ we have the element u{vi) for each Vi. We put as follows: 
bM ■■= p{X,qU^iv,))) hM := I ■ (deg^(^)K) - deg^(^)K)). 



We put as follows: 



Then we obtain the C°°-frame v' = (u-) of £ over X{Xo, eo) — 2^(Ao, eo). 
We consider the following subsets Z and dZ: 

Z := {(Ci, ...,Cn)eX-D\ lO-il < 101 < 2-\ J G 1}, 
dZ:^{{Cu---,Cn)eX-D\\Q\^ 2-1, j e L}. 
The purpose of this subsection is to show the following proposition. 



(272) 
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Proposition 13.1 On the region Z, the -frame v' is adapted. Moreover there exists positive constants Ci 
{i ~ 1,2), depending on H{h,v')^gz, such that Ci < H{h,v') < C2 holds on the region Z. 

Let (f> : X — > X be a morphism given in the subsubsection 113.1.41 We obtain the holomorphic frame 
u = (t>*v of We also obtain the C°°-frame u' = {u'^) = (j)*v' over X — D. It is easy to see the following: 

m— 1 t>7n m—1 t>7n 

Here we have 6„i(ui) = J2j<rn ^'^'^ h„i(ui) = hmivi). 

Let us consider the following subsets Z and dZ: 

Z :- {(zi, . . . ,z„) eX~D\ \z^\ < 1, (^ < / - 1), \zi\ < 2'^} , 

dZ := {(zi, . . . , z„) e 1 - ^ I \z,\ = l,{i<l- 1), \zi\ =2-1}. 

Note the 0(Z) = Z and (j){dZ) = 9Z. 

It is easy to see that Proposition 113. II is equivalent to Proposition ll3.2l 

Proposition 13.2 The C°° -frame u' is adapted on X — D. Moreover there exist positive constant Ci {i — 1, 2), 
depending only on H^hyU')^^^, such that Ci < H(h,u') < C'2 over Z. 

We will show Proposition 1 1 3 . 21 or equivalently Proposition II 3. II in the following subsubsections. We use an 
induction on the dimension of X. We assume that the propositions hold in the case dimX < n ~ 1, and we 
will prove the propositions hold in the case dimX = n. The hypothesis of the induction will be used in Lemma 

13.2.2 Step 1. Independence of a choice of compatible frames 

Lemma 13.15 Let v be a frame of over A'(Ao,eo); which is compatible with the tuple {^K,^W{rri) \ k G 
L m f). 

Assume that the claim in Provosition \ll^.l\ holds for v. Then the same claim holds for any other frame of 
£ over A'(Ao, co), which is compatible with the tuple C^X, W{rri) | fc G L m £ [j . 



o 



Proof Let d^^^ be other frame of^S over X{Xq, eq), which is compatible with the tuple (^K., W{rn) \k £ I, me 
. We have the relation of the form: 

^^^^ = E^j* 

Here Bj i are holomorphic on X and Bj j yp^ ~ unless the following holds: 

^deg'=(«|'^) = ^deg^{vf), deg^(^)(t-f < deg^(^)(t;j'^) (Vm < fc) (273) 

We have the induced relation u'^p = J24'*Bji ■ Uj = ' "j- Then we have B^^^j,^ =0 unless (|273|l holds 

for i and j. We also have the induced relation u^^' ' ^ ^ B'j ^ ■ u'^ and then we have the following: 

p p t>p 

Once we obtain the boundedness of B' , then we obtain the boundedness of B'~^ by symmetry. It implies 
the equivalence of the adaptedness of u^^^' and u' . So we have only to prove the boundedness of B' . 

(i) Note that we have Bj^^f,^ = in the case 6p(u-"^') — bp{uj) < 0. We also have —1 < bp{uP) — bp{uj), due 
to convenience of £ at An. Thus B' - =0. 



237 



(ii) We have the following equality: 

p t>p p ^t>p+l 6 1 tl 

Here we put as follows: 

ap = -i(deg^(^)(.«)-deg-(^)(.,)). 

In the case Up < 0, it is easy to see that (— X]t>p log 1^*1)°" ' (~ X]t>p+i ^^S ktl) is bounded. In the case 
Up > 0, we have Bj^^f, — 0, and we have the following inequality on Z, for some positive constant C: 

f -Et>p+i^oM-\og\zp\ y ^ / ^ -loglzplY" 



\ -Et>p+iiog|2tl /V c 

Here we have used — J2t>p+i log I -^t I > ^ log > C for some positive constant C. 

From (i) and (ii), the boundedness of B^^ follows immediately. I 

13.2.3 Step 2. Strongly compatible frame v 

Thus we pick a frame v which is strongly compatible with C^JC, W{m) \k d I, to G /) in the sense of Corollary 
14.71 Namely we take a frame compatible frame v as the following condition is satisfied: 

Condition 13.1 A compatible frame v consists of sections Vh,u^h,i- The following holds: 

Vh,u,h-2Si,i {-h + 2 < qi{h) < h, h- qiih) is even) 

(otherwise). 

We have ' deg^{vh,u,h,i) = q'j{u) and deg^^— = qm{h). I 



Then we obtain tlic frame ii — {y'h,u,h 

Let qi denote the projection of X onto the first component A(l+?7). We have the naturally defined projection 



q1,0 >^q1.U 



Let qi(B) denote the composite of the following: 

Lemma 13.16 In general, let v'^^^ be a frame of^E, which is not necessarily compatible. For the frame u.^^-' = 
we have the following implication: 

Proof It can be shown by a direct calculation. I 

In particular, if v is as in Condition ll3.ll we have the following on 2?fc(Ao, eo) (2 < fc < I). (Here we use the 
notation Vk instead of I?A;(Ao,eo) for simplicity of the notation.): 

[e(A, ui) • Uh,u,h,z + Uh,u,h-2Si,i) ■ ( — ) , {-h + 2 < qi{h) < h, h- qi{h) even ), 



t{X,ui) ■Uh,u,hA — ] {qi{h) = -h) 



zi 



, (otherwise) . 

(274) 
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On the divisor I^i, we have the following formula: 

(e-{X,ui) ■ Uh^u.h.i + Uh,u,h-2Si,i) - : {-h + 2 < qi{h) < h, h - qi{h) even ), 

e(A,wi) -u^^^ ,^ ,,!^^ {qi{h) = -h) 

. (otherwise). 



(275) 



13.2.4 Model bundle and the comparing morphism 

For h — qi{h) > 0, m and i, we take the vector subspace of ^£\[\.o) as follows: 



O)- 



0=0 



Then we have the decomposition: ^f|(Ao,o) ^ ®Vh.u.h.i- The decomposition is compatible with Resi(]D)) and 
Afi- Let Mh.u,h,i denote the restriction of Mi to Vh.u.h.i- 

Then we pick the model bundle E{Vh.u.h.i,M'h,u.h.i) ® -^("i) over A*. We obtain the deformed holomorphic 
bundle £h.u,h,i over A* x Cx. The direct sum of £h.u,h,i is denoted by Eq. We have the natural metric ho on 
So, which is a direct sum of the metrics hh.u,h,i- 

On A(Ao, eo) x A, we have the prolongation and the canonical frame it" = (u° uhhi)- Then we have 
the following: 



(e(A, Ml) • Uh.u,h,i + Uh,u,h-2Si, 



U{X,Ui) ■ Uh,u,h,t) ■ — 
Zl 







dzi 

Zl 



(— ft, + 2 < qi{h) < h, h — qi{h) even ) 

{qi{h)^-h), 
(otherwise). 



(276) 



We also have the following formula: 

z{\,ui) ■ Uh,u,h,i + Uh,u,h-2Sr,i {-h + 2 < qi{h) <h, h-qi{h) even) 

eiX,ui) ■ Uh,u,h.i {qi{h) = -h), 

(otherwise). 



Res(©o)uw,h,» — < 



(277) 



We have the holomorphic vector bundle (p*ql'^£o over A(Ao, eo) xX. We have the A-connection Dq :— (j)*ql3o. 
The frames (f)*q\u^ and u give the isomorphism <i> : (l)*q\'^£o — > *f over X{\o, eo)- 

Lemma 13.17 We have the following equality on the divisor [J'^^^'^k ■ 

$o qi(lD)o) - qi(ID)) o $ = 

We have the following equality on the divisor Vi: 

$ o Res(qi(]D)o)) - Res(qi(ID))) o $ = 0. 

Proof It immediately follows from |[77^ . lf775|) . ifTT^ and ifTTTIl . I 
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13.2.5 Step 3. The metric on (l)*ql£a 

We have the metric (j)* q\hh^u.h,i on (t>* ql£h,u.h.i- We put as follows: 

hh,u,h. ■■= ^*ql{hh^u,h,^) ■ n kfeP^^^'^^'-''^^'"'^ X E log km I') 

fe=2 fc=2 m>k 

The metrics hh.u,h,i induce the metric on (ffqlE^. 
We put as follows: 

k=X k—1 7n>k 

Lemma 13.18 Then the -frame u^' over A^(Ao,eo) — P(Ao,eo) is adapted with respect to the metric h^. 



"2'. kr^"''"^ • (-log Nil)-'^^''^. 



Proof We put as follows: 

''h,u,h,, 

Then the C°°-metric u^' ~ (u^'^^i) over A* is adapted with respect to ho- Then the adaptedness of it°' 
immediately follows. I 

We put as follows: 

:= X n i..F^.*.^^(^-') X n(- 5: iog|z„p)-"^'^ x (- ^o,\.^\f'''"'~'''"'- 

k=2 k=3 m>k m>2 

We obtain the frame C°°-frame ^vP' of Sq over X{\q, eo) — 2?(Ao, cq)- We put as follows: 

y :={(zi,...,z„)eZ||zi|-l}. (278) 



Corollary 13.1 The restriction '^u^y is adapted with respect to the metric /io|f- 



13.2.6 Step 4. The end of the proof 

We put as follows: 

I 



^<,....,: := • n k.F^^'^^^^^'"'^ X E logk™P) X (- 5] log|. 

/c— 2 /c— 3 m>k m>2 

Lemma 13.19 On i/ie set Y given in H278|) . i/ie C°° -frame ^u' is adapted with respect to the metric (j)*h. 

Proof We put Xa ■= {(a, Z2, . . . , z„) G X} and :— {{Ci,...,(n) & — 0^2}- Due to the result in 

the subsubsection [T3 .1.51 the restriction £\Xa 1^ convenient at Aq, and the frame v^x^ is compatible. Hence we 
obtain the result due to the assumption of the induction. I 

Corollary 13.2 The restriction "I>|y is bounded over the set Y . 

Proof It immediately follows from Corollarv ll3.1l and Lemma [13. 191 I 

Then, by using the method explained in the subsection 6.1 of our previous paper, we obtain the boundedness 
of $ on the region Z. Thus the induction can proceed, and therefore we obtain ProDOsition ll3.1l and Proposition 
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13.3 Norm estimate for holomorphic sections 

We put X := A", Di :— {zj = 0} and D = Di. Let {E, Oe, d, h) be a tame harmonic bundle over X — D. 
Let us pick any point Aq G C. We pick b <E B} such that qi{b) ^ lCMS{£-^° ^i) for i = 1, . . . ,L Let pick a 
sufficiently small positive number eq such that is locally free over the closure of A(Ao, eg). 

Let V — (wj) be a frame of which is compatible with E'^'^''\ F^'^") ^nd W fCorollar-\ l4.4|l . For each Vi, we 

have the element u{vi) G ICMS{£^ ,1) such that deg"^* "''^ "'(^^i) = t(Ao, it(wi)) • We put as follows, for each Vi: 

b,{v,)^p{X,q,{u{v,))), h,{v,) = i(deg^(^)(t;,) -deg'^^^Hi;,)). 
Then we put as follows: 

j 

Then we obtain the C°°-frame v' — (wQ on X{Xo, eg) ^ T^i^o, eo)- 
For any positive number C, we put as follows: 

Z(C) :={(zi,...,z„)eX-i5||z,_i|^< |z,|, (i€l)}. 

Theorem 13.1 Let C be any positive number. Then the C°° -frame v' is adapted over the region Z{C) x 
A(Ao,eo)- 

Proof First we give some easy reductions. 

Lemma 13.20 For the proof of Theorem \ll^.l\ We may assume b — 0. 

Proof We take the model bundle L{b) over X — D, and prolongment _b£(6) of the deformed holomorphic 
bundle over X. We have the canonical frame e of _5£(b) such that \e\h = Y[j=i | ^^jl''^ 

We have the naturally defined isomorphism b£ (X) _5£(6) ~ * (g) £(b)) . Once we show the claim of Theorem 
113. II for ® ^{b)), then we obtain the claim for too. I 

Lemma 13.21 Assume that we have already shown the following claim: 

(P): The C°° -frame v' is adapted over Z{C) x A(Ao,eo) for some positive number e'^. (The number 
ef) can be smaller than eg). 

Then Theorem \l'6.l\ is obtained. 

Proof Let Ai be any point of the closure A(Ao,eo) of A(Ao,eo)- Due to the assumption of Lemma [13.211 
we may assume that we have some positive number e[ such that v' is adapted over Z{C') x A(Ai,ei). We 
may assume that we can take a finite subset S C A(Ao,eo) such that A(Ao,eo) C IJ^^^^g A(Ai, ei). Then the 
adaptedness of v' over A(Ai, ei) for \i £ S implies the adaptedness of v' over A(Ao, eo)- I 

Let us return to the proof of Theorem ll3.1l Note we may freely replace a positive number eg with a smaller 
one, due to Lemma 113.211 Let 771 be a positive number such that rji ■ rank£ < 1/3. 

Lemma 13.22 We can pick elements {ai,Ci) G Z>o x {r | — 1 < r < 0} and numbers rji {i G /) as follows, 
inductively: 

• First we take (ai , ci ) satisfying the following: 

— We put Si :— {fli + k(ci ■h)\h £ Var(^£^° , l)}. Then Si is rji-small, and we have ^ Si. 
Then we put as follows: 

772 := — min{|a — 6| I a. 6 G S*!, 07^6}. 
3 

• Suppose that we have already pick {aj,Cj) {j < i) and rjj (j < i). Then we take (ai,Ci) as follows: 



241 



— The inequality Ci > C ■ Ci-i holds. 

— We put Si := {fli + K{ci • 6) | 6 G Var^^S^" , i)}. Then the set Si is rji-small and we have ^ Si. 
Then we put as follows: 

Vi+i 2 min{|a -b\\a,b e Si, a^b}. 

Moreover, we may assume that Ci is sufficiently large with respect to ICA4S{^£^" ,i) for each i, in the sense of 
Definition \2.\\ I 

Let a — (ai, ...,«;) be such an element of i?' as in Lemma [13. 2 21 We can take a small positive number e'^ 
such that ^(4>c^ L{a)^ is locally free on A(Ao, eg) x X. Due to our choice of (ci, . . . , q), (8) L{a)^ is 

convenient. (See Lemma Fl 3.51 and Dcfinition ll3.1|l . 

Let e be the canonical base of the deformed holomorphic bundle £{a) of the model bundle L{a). We have 
|e| = Y[]=i kjl"^- We put e' := e • Hj^i ^'^^ then we have |e'| = 1. On the other hand, we have the 

frame u = (ui) of ^5 over A'(Ao,eo) as in the subsubsection ITS. 1 . 21 



3 



Then the tensor product u® e — {ui® e) \s a. frame of the vector bundle ^(^^'^ (8) L{a), which is compatible with 
{^lC,W{m)\k &l_, m€l). 

We take the C°°-frame u' — (u-) of over A'(Ao, Eq) — I?(Ao, eg): 



K — "i ■ n I^J' 



K.{Cj-bj(Vi)) 



Due to ProDosition ll3.1l we obtain the adaptedness of the C°°-frame u' ^e' = {u'^ (E) e') on the region Z, given 
in H272|) . It is easy to see that we have the relation u'i = v[- uji for some C°°-function oji on Z such that \uji\ = 1. 
Thus the frame (j)'^v' is adapted on the region Z. It implies the adaptedness of the frame v' on the following 
region: 

Z(ci,. ..,q) := {(zi,. .. ,2„) eX -D\ Izi-iT*-^ < IziT', i Gl}. 

Since we have C ■ Ci < q+i due to our choice of ci, . . . , q, we have the implication Z(C) C Z{ci, . . . , q). Thus 
we are done. I 

13.4 Norm estimate for flat sections 
13.4.1 Preliminary 

Let H denote the upper half plane. We use the complex coordinate (Ci, . . . , C„) of H". We also use the real 
coordinate C,i = Xi + \/—lyi. 

Lemma 13.23 Let (ofe, n^.) [k — I, . . . ,1) be elements of R x Z,. We have the following equality: 

-Q ^-a,+a,_i+„, ^ -Q / ^ J " ^ ^-a, ^ ^279) 

k=i k=i V2/fe+i / 

Proof We use an induction on I. We assume that the following equality holds: 

fc=i fc=i V^'-'+i / 

By a direct calculation, we have the following: 

/ \ i+y^ •^f_i ^1 
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From the equalities (|280|l and (|281|l . we obtain the equahty (|279f) . Thus the induction can proceed. I 
Let Ci {i — 1, 2, 3) be positive numbers. We put as foUows: 

Z{Ci,C2,C3) :={(Ci,...,0)erf||a;,| <Ci, y^+l < C2 ■ y^, e I), y„ > C3}. 

Let (ofc, rife) (fc = 1, . . . , Z) be elements of i2 x Z. Let us consider the following function: 

/ 

r TT -ifc+cfc-i I , / — T 

Pi 11 Vk ■ Ffc + v-lj^fe| ■ 

fe=i 

Lemma 13.24 Let Cb (6 = 1,2,3) &e any positive numbers. Assume ak > X]i<fc"'i- The function Fi is bounded 
on the region Z(Ci, (72,6*3). 

Proof We have only to show the boundedness of flfe^i over Z(Ci, C2, C3). Then Lemma [T3. 241 

follows from Lemma ri3.23l I 

13.4.2 Norm estimate in the case v^rhere A is fixed 

Let us consider the norm estimate for flat sections. For simplicity, we consider the case X — A" and D = 
U"=i -^i' where we put Di := {zi = 0}. Let {E, Oe, &, h) be a tame harmonic bundle over X — D. We have the 
universal covering tt : H" — > X — D, given by Q 1 — > exp(-\/— ICi) • Let A be a point of C^. Let us consider the 
norm estimate of flat sections of n^^E''^. 

Let s = {si) be a frame of H{£-^)^ which is compatible with (*E,^JF, 14^ (m) | i e n, j e 21, m e n) . We have 
the elements u{si) e /CA15(£°, n), such that deg'^''^(si) = [\,u{si)). Let denote the unipotent part of 
the monodromy of ID'*''-'', and we put as follows: 



For any n e Z>q, we put as follows: 

/ 

TV" := ]J A^;^''- 
fe=i 

The matrix b{n) :— (b{n)ji^ is determined by the relation N'^s = s ■ b{n), i.e., N'^Si — 'Y^b{n)jiSj. 
Lemma 13.25 Assume that b{n)ji ^ 0. Then we have the following: 

• deg^(s,)=deg^(s,). 

• deg'^(si) > deg'^(sj) for any fc = 1, . . . , n. 

• Let I be any integer such that 1 < I < n. In the case deg*'''^(si) = deg^'^(sj) for k <l, we also have 
the following, for any k < I: 

deg^®(5.)>deg'^®(.,) + 2^n, 

t<k 

Proof It immediately follows from our choice of s. I 

We putt;, := F{s^,pf{X,u{si})). Then V — {vi) is a frame of which is compatible with ('E, ^ F, W{rTi) | i G 
j & Ri fTT' ^ Ik) ■ We have the elements u{vi ) e K:MS{£",n) such that deg^'^{v,) = i{X,u{vi)). 
We put ak{sj) := ■ e(A, Uk{vj)). Let n! denote the number Y\a=i '^j- = ("^i; • • ■ ; Then we have 

the following: 

--\{ C''^' • E ^ • n • (282) 

fe=l j k=l 



243 



Note we also have the fohowing relation: 

p(A,Ufe(wj)) = p-f{\,Uk{sj)) - Re(Q!fe(sj)). 

We put hu{vj) ■= 2-i(deg^(^)(«j) " and := 2-i(deg^(^)(sj) " deg^^— ^ (sj)) ■ Note 
we have hk{sj) — hk{vj). 
We put as follows: 

v', V, ■ |z,|P(^.«^(''^)) • (-loglz,!)-'''^''^', 

Then we obtain the frames v' — (w,-) and s' = (s^). 
We put as follows: 

:=^^n^''^''"^""~''^''"^^^'^^ X (-log|z.|)-''^^"^+'^-^^^-^ X (-logz,)"\ 

n k 

Thus we obtain the matrix valued function B. 
Lemma 13.26 We have the relation v' = s' ■ B. 
Proof We have the following: 

^:^^Y^^S^^,^>^(^^)+viKu.iv.))-pHx ^ (logz)"'" .4. 

j,n k 

We have ak{si) +p(A,Mfc(wi)) — f-^ {X,Uk{si)) and hk{vi) — hk{si). Thus we obtain the result. I 

Lemma 13.27 

• We have Bn = 1. 

• Assume Bj i ^ 0, then we have ^ deg'^(si) > ^ deg'^(sj). 
Namely the matrix B is triangular, and the diagonal components are 1 . 

Proof It immediately follows from Lemma [13.251 I 
Lemma 13.28 The matrix valued functions B and B~^ are bounded over Z(d,C2,C3). 

Proof Assume b{n)ji ^ 0. Then we have pf{X,Uk{si)) — {X,Uk{sj)) > for any k. Moreover let h be the 
number such that p^(A, Ufe(si)) — pf {X,Uk{sj)) = for any k < h and that p^ {X,Uh{si)) ~ pf {X,Uh{sj)) ^ 0. 

Lemma 13.29 Let h be as above. On the region Z(Ci,C2,C3), we have the boundedness of the following: 

Zk X (-l0g|Zfc|) ' X (logZfc)"''. 

k>h 

Proof We have only to compare the order of l^^jP^ l'*'^"'''^'''-'^"'''''^-') and nfc>/i(~ I'-'S l^fel)*^- Note there exists 
a positive constant we have \zii\^ < \zk\ for any k > h over Z{Ci, C2, C3). I 

Lemma 13.30 Let h be as above. We have the boundedness of the following function over Z(C\, C2, C3); 

n(-iogkfci)-'"=(^')+'"=(^^) X (logzfc)"^ 
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Proof We put at := 2~'^ {deg^^-\si) - deg^®(sj)). Then we have -hk{s,) + hk{sj) = -at + afc_i and 
— flfc + Si<fe ni < Q for any k < h. Then we obtain the desired boundedness from Lemma ll3.24l I 

Let us return to the proof of Lemina ri3.28l The boundedness of B immediately foUows from Lemma ri3.29l 
and Lemma ri3.30l Since B is triangular such that the diagonal components are 1, the boundedness of B^^ 
follows from the boundedness oi B. I 

Theorem 13.2 The frame s' is adapted on the region Z{Ci,C2,C^). 

Proof It follows from the adaptedness of v' and the boundedness of B and B^^ on the region Z{Ci, C2, C3). I 

Part IV 

An application to the theory of pure twistor 
Z^-modules 

14 Nearby cycle functor for 7?--module 
14.1 The KMS structure of 7^-module 

We recall the nearby cycle functor for 7?.-modules introduced by Sabbah, with some minor generalization. We 
recommend the reader to read the readable paper particular, see the chapters and 1 for the basic 

of 7?.-modules, and see the chapter 3 in for ^-filtration and the nearby cycle functor. For most of the 
definitions and the lemmas contained in this section, the reader can find the counterpart in 02 ■ We also use 
some results in 02 without mention. 

We consider the right 7?,-modules in this subsection. 

Remark 14.1 Sabbah kindly informed the author on the revision of his paper '43', in which the generalization 
is discussed. We keep this section for our reference in the later discussion. I 

14.1.1 V^-filtration 

Let A4 be an 7?.xxC-module. Let t be the coordinate of C. 

Definition 14.1 A V-filtration at Xq is defined to be a filtration [/(-'^o) of A4 indexed by Z, defined on A'(Ao,eo) 
for some eo > indexed by Z satisfying the following: 

u^''>HM)-v„,in)ciuiltiM). 

(See the section 3.1. a. in 42 for Vmi'Tl).) A V-filtration U^^°^ at Xq is called monodromic, if there exists a 
monic b(s) G C[A][s] such that 

• h{tdt -k-X) acts trivially on u[^°\m) /u[^_fl{M) for any k e Z. 

• g.c.d.(6(s-A:A), 6(s-;A)) G C[A] - {0} ifk^l. I 

Later we will consider a refinement of ^-filtration, which is the filtration indexed by R. It will be also called 
by y-filtration. Recall the definition of good F-filtration. 

Definition 14.2 Let {M,U^^"'^M) he a V -filtered Tlx -module defined over X{Xo,eo). It is called good, if the 
following holds: 



245 



• For any compact subset K c X{Xo, eo), there exists fco > such that the following holds: 

0<j<k-ko 

• UI^°^M is VoU-coherent. I 

Let A be a finite subset of (R/Z) x C. Let tt : RxC — >■ (-R/Z) x C be the projection. We put A := tt"^ (A). 
For any real number c G R, we put as follows: 

--{ueAlc-K p(Ao,u) < c}. 

Definition 14.3 A coherent TZ-module A4 is called specializable along Xq at Xq for A, if the following holds: 

• There exists a good V -filtration U^^°\A4) at Xq. 

• We have a map f : A — * Z>o, which can be regarded as the function on A or Ai^°^ (c e -R), and we put 
as follows: 

bu{s):= n (s + e(A,u))^^"^ 

Then bu{t-St - kX) acts trivially on [/^^"V^fe-i ■ 

In such case, we say M. is specializable for {Xo,A,Xo). If we would like to distinguish a V -filtration 1/'^^°^ and 
a function f as above, we say that M. is specializable for (Xq, A, Xq, C/*^^"\ /). I 

Note the following relation: 

bu{s-kX)= Yl (s + e(A,w))^^"\ 

The following lemma is clear. 

Lemma 14.1 If A4 is specializable for {Xq, Aq, A), then the TZ-submodules and the TZ-quotient modules are also 
specializable for {Xq ,Xo,A). I 

Recall the following lemma. 

Lemma 14.2 Assume that Ad is specializable for {Xq, Xq, A,U''^°\ f). Let m be a local section of M. around 
Aq. Then there exists a finite subset S C A such that we have m ■ bs{tBt) G m ■ V-\{JV). Here we put as follows: 



bs{s) := l[{s-\-t{X,u)) 



/(«) 



Proof m • 7?. is a submodule of A4. Thus [/(-''o) induces a good y-filtration of m • 7?,. On the other hand, the 
good V-filtration of TZ induces the good V^-filtration oim-TZ. Since the two good V-filtrations are equivalent, 
the result holds. I 

14.1.2 Refinement and the decomposition 

On Ul^^^ulti, we have the filtration {Fc\k-l<c<k} defined as follows: 

Fe:=Ker( [] {t^t + d^u))''"') C ui'»^ /ui'j'l 

p(Ao,ii)<c 
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Then we obtain the refinement of the filtration as follows: Let c be any real number. We take the integer 

k satisfying k — I < c < k. Let TTfe denote the naturally defined projection uj,^°^ — > ^i^"^ /^k^i ■ Then we put 
Uc''^°^ := n'^^lFc). In the following, we put as follows for any real number c G ii: 

For any real number c, we put as follows: 



/C(^,c,Ao) := {m e i|p(Ao,u) = c}, his) := Yi (s + e(A,u)) 

«e/C(yl,c,Ao) 



/(«) 



Then 5c(tSt) acts trivially on Gr^ (M). 

Lemma 14.3 We have the decomposition on a neighbourhood of \q: 

Grf'^'Ol)^ E(-e(A,u)). (283) 

iie!C{A,c,\o) 

Here £(— e(A, u)) denotes the kernel of (tdt + 2(A,m))^ for any sufficiently large integer N. 

Proof Let Ui {i — 1,2) be elements of IC{A,c, Xq). Note we have e(Ao,Mi) 7^ e(Ao,M2) if ui ^ U2- Then the 
decomposition H283I) immediately follows. I 



We put as follows: 



:=E(-e(A,^)). 



For A e Ca, the function (px ■ K.{A, c, Aq) — > R is defined by u 1 — > p(A, u). 

Lemma 14.4 Assume |A — AqI is sufficiently small. For any c,c' Cz R such that c ^ c' , we have the following: 

0a(/C(A,c,Ao)) n0A(/C(A,c',Ao)) -0. 

Proof Since A is finite, the set {c G i?| /C(A, c, Aq) 7^ 0} is a discrete and periodic subset of R. Then the 
lemma immediately follows. I 

Lemma 14.5 Assume that M is specializable for (Xq, A, Xq). If |Ai — Ao| is sufficiently small, then M. is 
specializahle for {Xq,A,Xi). If there exists the V -filtration at Xq such that Gr^ ° is strict, then there 

exists the V -filtration U^^' at Ai such that Gr is strict. 

Proof For any real number d £ R, we put as follows: 

S{d) := {ce R\3ue IC{A,c,Xo), p(Ai,u) = d}. 

Since |Ai — Ao| is small, we have |5((i)| < 1. First, let us consider the case S{d) = {c}. Let TTc : U^^"^ — > Grf 
be the projection, and we put as follows: 



ueK.{A,c,\o), 
p{Xi,u)<d 

Let us consider the case S{d) — 0. In that case, we put do := max{d' < d \ S{d') ^ 0}, and we put U^^^^ :— ujj^^^ . 
Then it is easy to check that U^'^^'^ is the filtration we desired. I 

Remark 14.2 In the proof, the construction of U'--^^ ^ from [/(-^f) is also given. I 
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14.1.3 Lemmas for uniqueness 

Lemma 14.6 Assume thatM is specializable for {Xo,A, Xo,U^^«\ f) and {Xq, A' , Xo,U' f) . A ssume the 
strictness of Gr^' ^^°\m). Then U^^°^ C U'J^"^ for any a e R. 

Proof In this proof, wc omit to denote (Aq). We straightforwardly follow the argument given in the proof of 
(2) Lemma 3.3.4. in (42j. 

Since U and U' are good, there exists I > such that [/^_; C f/c C U'^^i for any c. Pick m G UcM, and we 
take d as m E U'^ — t^<d- Note that d < c + I. 

There exists a finite subset S C A satisfying the following: 

• For any element u S, the inequality p(Ao,u) < c holds. 

• We put Buis) := Uuesi-' + ^A, u))^'^"^ Then m • BuitBt) £ U<d-i C C/^^. 
On the other hand, we put as follows: 



u&KiA' ,d,\o) 



f'H 



Then we have m • B[j{tdt) e U'^^. 

Assume c < d, and we will derive a contradiction. Since we have p(Ao, u) = d for any element u G K,{A' , d, Aq), 
we have {e(A, w) | w G 5'} n {e(A, w) | w G /C(A', Aq, d)} = 0, where we regard e(A, u) as functions of A. Thus we 
have g.cA.{Bjj T Bjj') G C[A] — {0}. Hence there exists an element g{\) G C[A] — {0} such that m ■ g{\) G J7^^. 
Due to the strictness of Gr^ {-M), we obtain m G U'^^, which contradicts our choice of d. Hence c > d. It 
implies Uc C U'^. I 

Lemma 14.7 Assume that M is specializable for {Xq, A, Ao, U'^^°\ f) and (Xq, A', Ao, U'''^"\ /'). Assume the 

strictness o/Gr^ " (A^) and Gi^ " {M). Then we have 
then A is contained in A' . 

Proof By using Lemma [14.61 we obtain f/'^"-' = U'^^"\ Moreover, we obtain the two decomposition: 

GrcM= E(-e(A,u))= E(-e(A,u)). 

ueK{A,c,\o) «e/C(A',c,Ao) 

Thus we obtain the second claim. I 

The second claim in Lemma ll 4 . 71 implies that we can take the unique minimal A if we impose the strictness 
to Gt^''"\m). 

Lemma 14.8 Assume the following: 

• M IS specializable for {Xq, A, Xq,U^^°\ f) and (Xq, Aq, C/'(^"\ /')■ 

• The map e(Ao) : AU A' — > C is injective. 

Then we have U'-^°'> = C/'(^°). 

Moreover, if we have f{u) ^ for any u G A, then we have A C A' . 

Proof We omit to denote (Aq). We put A" ~ A' UA. The argument is essentially same as the proof of Lemma 
114.61 Let us pick a section g G Uc- We have the real number d determined by the condition g E U'^ — t^<d- Then 
we have the following: 

g-bi{t-dt) bi{s):= H (s + e(A,ii)). (284) 

ueK{A' ,Xa,d) 
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Since there exists a positive integer I such that Uc-i C U'_^^, there exists a finite subset S C {u £ A \ p(Ao,u) < 
c}, such that the following holds: 

g ■ hit ■ dt) e U'^a, b2{s):=Y[{s + z{X,u)). (285) 

ues 

Assume c < d, and we will derive a contradiction. We have S n IC{A' , Xq, d) = 0. Then we obtain the following, 
due to the injectivity assumption: 

{-e(Ao, u) I u e S*} n {-e(Ao, u) | u e K{A' , Ao, d)} = 0. (286) 

It implies g.c.d.(5i(s), 62(5)) — 1- Then we obtain / e U'^^ from 12841) and H285|) . but it contradicts our choice 
of d. Thus we obtain c> d. By symmetry wc obtain c = d, and thus U ~ U' . 

By the same argument as the proof of Lemma [14. 71 we obtain the second claim. I 

14.1.4 A lemma for strict compatibility of the morphism and U^^°^ 

Proposition 14.1 Let M and U be specializable for {Xq, A, Xo,U^^°^M), /m) and {Xa, A' , Xo,U'^^"^J\f), f^) 
respectively. Let (p : Ai — > M be a morphism ofTZ-modules. Assume Gr^ (A/") is strict. 

L (I){U^^°\m)) is contained m U^^°\Af). 

2. Assume that Gt'^^ °' (Ai) is strict, and that the induced morphism Gr^'^ °'(0) • Gr^' °\A4) — > Gr^' °' {■^) 
is strict, i.e., Cok(Gr^* "'(</')) "is strict. Then is strict with respect to the filtrations U^^°''{Ai) and 
U'-^«\Af), namely, we have C/?"^ (A^) n Im((/.) = (/.(C/i^"' (A/")) . 

Proof Let us consider the image lm(0). The good T^-filtration C/'^'^''^ (A4) induces the good V"-filtration U^^^ 
on lm{ip) via the surjection M — > lm(0). It satisfies the conditions in Definition 114.31 for [Xq, A, Ao). 

The good F-filtration U^'^°^{Af) induces the good ^-filtration U'^^^ on Im((/)) via the inclusion Im((/)) C JV. 

It satisfies the conditions in Definition 1 1 4 . 31 for (Xq, A' , Xq). Moreover Gr^' \lm{(j))) is strict. Hence we obtain 
Uc^^ C Uc'^\ due to Lemma [14.61 It implies that the morphism (j) preserves the filtration. Thus we obtain the 
first claim of Proposition ^O] 

To show the second claim of Proposition ll4.1l let us consider the induced morphism i/i' : uj^^"^ /ui^°\A4) — > 

Lemma 14.9 The morphism (j)' is strict and we have the following: 

lm(0') n [U^^°^ /U^^°\N)) = 4>' [U^v°^ /U^^:\m)) . (287) 

Proof We note that there exists an open dense subset Y C A(Ao,eo) such that the restrictions of f/^^^ and 
c/(i) to r X A are same, which is due to Lemma [14.81 Thus the equality (|287|l holds on Y x Ao. Because 
Gr^^ °'(A4)and Gr^' "'(AA) are strict, and because the morphisms Gr*^ " {(p) is strict, we can derive that the 
equahty (|287|l holds on Ao(Ao,eo)- I 

Corollary 14.1 Let c and d be real numbers such that c < d. Let h be an element of uI^°\m) such that 
(pih) e ui^"\N). Then there exists an element hi £ U^^"\M) such that (j){h - hi) £ U^^°\Af). 

Proof It immediately follows from Lemma [14.91 I 



Since the I^-filtrations JJ^*-' (i = 1,2) on Im((/)) are good, there exists a positive number Iq such that 
g£U^^l°l{M) such thi,tg = cl){g). 



U^'^ C for any real number c. It implies the following: For any element g £ , there exists an element 



Lemma 14.10 There exists an element gi £ Uc^°\M) such that (j>{g — gi) is contained in uj:^°^^^_j^{Af) 
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Proof Due to Corollary 114. II we have an element 52 G Uc^"\M-) such that 0(g — 32) € ui^"\M). By usmg 

Corollary 114.11 inductively, we obtain the element desired. Note that the set {d G i? | Gr^* (A^) 7^ O} U {d G 

R I Gr^*'"' (Af) ^ 0} is discrete in R. I 

Let us return to the proof of Proposition 114. II Since (j){g — gi) is contained in ?7^^^\^_]^, we can pick an 

element 53 € uj:t°iiM.) such that (/'(ga) = — ffi)- Then the element + is contained in Uc'^°\M.), and 
it satisfies the following: 

0(53 = 0(5) = .9- 

Thus g is contained in C/i^\ namely we obtain ^ ^ means the strictness of cj) with respect to the 
filtrations C/'^^"-' (Al) and U'^^"\j\f). Therefore the proof of Proposition imi is accomplished. I 



14.1.5 Vt^t^ and i^t.u 



Definition 14.4 When M is specializable for (Xq, A, Aq, U^'^°\ /) such that Gr^ is strict, we put as follows: 

4^:Hm) :=<r'(A4)cGrp^(t«)- 
It is well defined due to _Lemma ll4.6L Clearly, it is strict. I 

We have the nilpotent map tdt + e(A,u) on 'iIjI^°\m). 
Lemma 14.11 We have the decomposition: 

Grr"\M)= 4'u\m). (288) 
«eK;(A,Ao,c) 

Proof It is just a reformulation of (|283|l . I 

Lemma 14.12 Assume that A(Ai,ei) C A(Ao,eo)- We have the following: 

4t'^-^|A(A,..,) = 4^:^M. (289) 

Proof The construction of U^^^^ from [/(-^o) is given in the proof of Lemma [14. 51 Then H289|) can be checked 
easily by using the uniqueness of the ^-filtration U^^^'' such that Gr'^' ^' is strict. I 

Lemma 14.13 Assume the following: 

• M is specializable for (Xq, A(Ao), Aq, t/(^o), /(^o)) for any Xq e Cx- 

„ 77(^0) > ^ 

• Cr IS strict for any aq G Ca- 

• /^^"H") 7^ for any u G A(Ao). 
Then the following holds: 

1. If U^^°^ is defined over A(Ao,eo) and U^^^^ is defined over A(Ai,ei). Then we have U^^°^ — U'^^'-^ on 
A(Ao,eo)n A(Ai,ei). 

2. ^(Ao) does not depend on Aq G Ca- 

Proof It immediately follows from Lemma [14.71 I 

Definition 14.5 If the assumption of Lemma 114.131 its satisfied, the TZ-module M is called specializable along 
Xq. In that case, the set A is denoted by ICMS{Ai, Xq) or ICMS{M, t). The set A is denoted by lCAiS{M, X^) 
orK.MS{M,t). I 
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Remark 14.3 Note that the strictness o/ Gr'^' (Aq G C) is contained in DeRnition \14:.r>\ I 

Definition 14.6 Assume A4 is specializable along Xq- Then {ip^^^M | Aq G C} determines the globally defined 
TZxQ-Tnodule, due to Lemma ll4.12l We denote it by tpt,u-M. I 

Let A4 and Af be strictly specializable along Xq. Let cj) : A4 — > A/" be a niorphisni of 7?.- modules. 
Lemma 14.14 The morphism 4> preserves the V -filtrations C/^^") \^ Jqj. ^j^y \^ g 

Proof It immediately follows from the first claim in ProDOsition ll4.1l I 

Then we obtain the induced morphism Gr*^' "'('/') ■ Gr'^' "\A4) — > Gr*^' '''(-^)- 

Lemma 14.15 It induces the morphisms : ^/j't^°\M) — > tpi^,"\Af). They can be glued, and we obtain 

the morphism : 4't,u{M) > V't,«(A/'). 

Proof Since the decomposition (|288|l is obtained as a generalized eigen decomposition, the first claim is clear. 
The second claim is also clear from the construction of U'^'^'-^ from t/*^'^"^ given in Lemma ri4.5l I 

Let 6o denote the element {1,0) ^ Rx C. Then we have the naturally induced morphisms: 

t:4^^M^4^lsM. 



In particular, we put as follows: 



can = g, : VHo-^ ^^i'o"^-^: 

var = t : V'lo'^X — > ^^^-l^M. 

If M is specializable along Xo, then we have t : ipt.u-M. — > ^t,u-SoM- and 3* : ^pt,u-M — > Vt.w+^o-^- 
particular, we have can : ^pt^^So-M — > ipt.o-M and var : ipt,a-M — > ipt,-SoM- 

14.1.6 Strictly specializable 

Definition 14.7 An TZ-module M. is called strictly specializable along Xq, if the following holds: 

1. It is specializable along Xq. 

2. For any Aq G C \ and for any c <Q, the morphism t : Uc^°'^A4 — > U^^°iA4 is isomorphic. 

3. For any Aq G Ca and for any c > —1, the morphism St : Gr^ M — > Gr^_|_]^ Ai is isomorphic. I 
Definition 14.8 

• Let Ai and Af be strictly specializable along Xq . A morphism (f> : AA > Af is called strictly specializable 

if ^H.u{<tf) '■ ^t.uAA — > ^t,uAf is strict, i.e., the cokernel Cok('i/;f.„(0)) is strict. 

• We have the category with strictly specializable TZ-modules along Xq and strictly specializable morphisms. 
We denote it by S^{X,t). Note that Xo = {t = 0}. 

• Let f be a holomorphic function on X. An TZ-module AA. is called strictly specializable along f ifif^AA is 
strictly specializable. I 

Here if denotes the naturally defined inclusion X — > X x C. 

Proposition 14.2 Assume AA is strictly specializable along Xq. 

1. It we have a direct sum decomposition AA = AAi AA2, then AAi (i = 1, 2) are strictly specializable. 
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2. Assume that M is supported in Xq. Then we have U^^q^ M = for any Aq G Ca- We also have ipt.u-M = 
if u does not contained in Z> o x {0}. 

3. The following conditions are equivalent. 

• var : V't.o-^ — > ''Pt,-Sa-M is injective. 

• Let M' be a submodule of M such that the support of M' is contained in Xq. Then A4 = M' or 0. 

• Let A4' be a submodule of A4 such that the support of M' is contained in Xq. Assume that Ai' G 
S'^{X,t). ThenM' = M or 0. 

4-. Assume can : il)t^-SoM^ — > iptfi-M is surjective. Let M." G S^{X,t) be a quotient of M. such that the 
support of M" is contained in Xq. Then A4" = 0. 

5. The following conditions are equivalent. 

• tpt.o-M = Imcan© Ker var. 

• We have the decomposition M = M.' M" , where the support of M" is contained in Xq and Ai' 
has neither submodules or quotients contained in S'^{X,t), whose support is contained in Xq. 

Proof The proof of the claims 1. 3. 4, 5. are same as those the proof of Proposition 3.3.9. in ^^l- Let us see 
the claim 2. 

(i) Since the multiplication t- is injective on u!^q \ we obtain U^^Q^ = 0. In particular, ^J^^^^M = if 
p(Ao,it)<0. 

(ii) Assume that p(Ao, u) > is not integer. We can take I G Z>o such that —1 < p(Ao, u) — ^ < 0. Then we 
obtain the surjection: 

Thus ipi^u^M = in this case. 

(iii) Assume u ^ Z>o x {0}, and p(Ao, u) = 0. Note that e(Ao, u) ^ 0. Then the composite of the morphisms 

is isomorphic. Then we obtain tlj'j:\"^ A4 in this case. 

(iv) If u ^ Z>o X {0} and p(Ao, u) > 0, then it can be reduced to the case (iii) by the argument in (ii). 
Then we obtain VqM = Vt.o"^-^ = Ker(i : M — > M). Since 3( : ip^'^Q^ — > V't'fe'io isomorphic, we obtain 

M = i+4fi^M. I 

Let Sx^{X,t) denote the subcategory of S'^{X,t), whose objects have the supports contained in Xq. 
Corollary 14.2 We have the equivalence 5^^(A, t) ~ (strict 7?.;to -modules) . I 
Definition 14.9 

• M is strictly S -decomposable along Xq, if it is strictly specializable along Xq and ipt.o — Im(can)©Ker(var) . 

• Ai is S -decomposable at P, if for any holomorphic function f , and if^Ad is strictly S -decomposable at 
ix,0). 

• Ai is strictly S -decomposable if Ai is strictly S -decomposable at any x G X . I 

Lemma 14.16 Let Ai and Ai' be TZ-modules, which are strictly S -decomposable along Xq. Let f : Ai' — > Ai 
be a morphism. Assume the following: 



For any Aq G C\, there exists a number /i(Aq) < such that the induced morphism ^fl^x^^iiM' 



'^hiXa)^^^ is isomorphic. 
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• We have -(/;*, o(-^) = Ini(can) and -0t,o(-M') = Im(can). 
Then f is isomorphic around a neighbourhood of Xq. 

Proof We have only to show that vIi^°\A4') — > V'^^'^"' (A^) is isomorphic for any h and for any Xq. 

In the case h < h{Xo), the coincidence vI^"\m') — > vI^°\m) foUows from l^iJ;J)(7W') ~ and 
the uniqueness of the filtration whose associated graded module is strict. 

In the case h{Xo) < h < 0, we have a large integer N such that h — N < h{Xo). We have the following 
commutative diagramm: 



Since the both of the vertical arrows and the lower horizontal arrow are isomorphic, the upper vertical arrow is 
also isomorphic. 

In particular, we know V^q°\m') ~ V^a°\M). 

Since A4 and A4' are strictly ^-decomposable, and since we have ipt.o = Im(can) for both of Ai and A4' , they 
are generated by V^^°\ Thus we obtain the surjectivity of the morphism /. Since we have v!.^„"\KcTf) = 0, 
the support of Ker(/) is contained in Xq. Then we obtain Ker(/) = due to Proposition ll4.2l I 

Corollary 14.3 Let M and M' be TZ-modules, which are strictly S -decomposable along Xq, and 'iptfi{M) = 

Im(can) and iptfii-M') — Im(can) hold. Let f : M' > M be a morphism. Assume that the support of the 

cokernel of f is contained in Xq. Then f is isomorphic. 

Proof For any Ao, there exists a sufficiently negative number ft.(Ao) such that V^^^^^'^j^ Cok(/) = 0. It means 
^l{x!,)i-^') - ^i?Ao)(-^)- ^^"^^ ^PP^y Lemma I 

14.1.7 ^(^°\M) and ii{M) 

Let A4 be an 7?. ;f -module, which is strictly specializable along Xq. 

Definition 14.10 Let u = (a, a) be an element of ICMS{A4,t) such that u ^ Z>o x {0}. The TZxo-module 

ijjl^°\A4) is defined as follows: Let us pick an integer b such that p(Ao, u — b ■ 5q) = p(Ao, u) — < 0. Then we 

put^i^:\M):=4^l,.s,{M). 

It is well defined in the following sense: For any non-negative integer N , we have the canonical isomorphism: 

fN . ^ / (Ao) 



Let u be an element of JCA4S{A4,t). Let us consider the following set: 

S{u) := {A e C* |36 e Z, s.t. e(A,u - 6-^o) = 0, p{XQ,u~b-So) > O}. 

Lemma 14.17 The set S{u) is discrete in C\. 
Proof The set S{u) is contained in the following set: 

|J{A|e(A,ii-6,5o) = 0}. 

bez 

Then the discreteness of S{u) C\ C* in C* can be shown by an argument similar to the proof of Lemma 1^.651 
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In a neighbourhood U oi X = 0, S{u) OU is contained in the following finite set: 

U {A|e(A,u-6<5o) = 0}. 

0<6<p(0,«) + l 

Then we obtain the discreteness of S{u) in C\. I 
Lemma 14.18 Let Xq be an element of C* — S. Then we have the canonical isomorphism — V't'^T^- 

Proof Since Aq is an element of C* , the eigenvalues of the endomorphism s = t-df cannot be 0. It implies that 
the morphisms t : V't — ^ '^t\°-So isomorphic for any u. Thus we have the isomorphism : — > 
gives the isomorphism desired. I 

We have the following straightforward corollary of Lemma [14. 181 

Corollary 14.4 Let u be an element of K,M.S{Ai,t). Let Aq and Ai be a point. Assume that A(Ao,eo) H 
A(Ai,ei) C C — S{u). Then we have the canonical isomorphism ~ I 

Definition 14.11 The TZxo-module is defined by V't,n(-^)|A(Ao,eo) V't,«''(-^)- 

It is well defined due to Corollarv MAAl I 

Lemma 14.19 We have the canonical inclusion tpt^u'^ — * V't'^"''- 

Proof Recall that we have assumed u ^ Z>o x {0}. Then the induced morphism t : V't'^"'' — * ^t'u-So 
injective. Thus we have the injection : ip[^°'' — > ''Pt'u-N-Sa- gives the desired inclusion. I 

Corollary 14.5 We have the canonical inclusion '4't,u{-M) s- tpt,u{-M). I 

14.2 Specialization of the pairing of Sabbah 

We recall the specialization of sesqui-linear pairing introduced by Sabbah, with minor generalization. We 
recommend the reader to read the sections 1.5-1.7 and the section 3.5-3.7 of We consider the left 7?.- 

modules in this subsection. 

14.2.1 n and ^-module 

We put 9j — A^^ • di, and TZx ■= Oxft[(^i], where = x C* . We use the map a : C* — > C* given by 
a(A) = -A"\ _ 

Let [/ be a subset of C^. Let be a left 7?.- module over X x U. Then the left 7?.- module structure on 
a*M on X^ x a{U) is given. Let / be a section of Ox'^■Kcr{u)^ ^-nd w be a section of a*{M.). 



f mv -.^ a* (/) ■ V, Q^uv:=di- v. 

Note the following relation: 



g,; . (/ . z;) = . (a* if) ■v)^B,- (a* if) ■ v) ^ a*{f) ■ ■ v + {Xd,a*{f)) ■ v 



= f . (5, .v) + c7* (-A-1 • dj) -v^ f.id,.v)+a* (g,(/)) ■v^f*id,*v) + (5,(/)) . v. (290) 

Thus we obtain the well defined left 7?.-module structure on a*M. We often use the notation M instead of 
a*M. 

Notation We use the following notation: Let ttjj : X x U — > X denote the projection. Then we put 
Mu '!Tu*M, and Mu ttu *<y*M. 
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14.2.2 Preliminary I 

Let Aq be a point of C\. In this subsubsection, U denotes an open subset A(Ao,eo) for some small positive 
number ep. Let us consider the case X = Xq x C. Let t be the coordinate of C. Let Ai' and A4" be objects of 
S'^{X,t). Let C(7 : M[j — > A^'V — > be a sesqui-linear pairing. We recall the construction of Sabbah to 
obtain the specialization along t: 



Let Wo be an open subset of Xq. Let m be a section of and /x be a section of A^'j^ on W = Wq x Af. 
Let us pick a C°° (n — 1, n — l)-form (j) on Wq whose support is compact, and a C°°-function x on At such that 
X = 1 around the origin O £ A and that the support of x is compact. 

For any integer fc g Z, we put as follows: 



, (C^K/i), KI'^i'-xW-0A^diAdt), (fc>0), 

-^C(m,/i).0(*) , 

{C{m,fi), \t\^'m ■x{t)-c^/\^dtAdt), (fc<0). 



Then X^j-''^ ^-j ^(s) is a n L/)-valued holomorphic function defined on the half plane {s G C | Re(s) > 
CTo — 2^^|/c|}, where ctq denotes some real number. 

Lemma 14.20 In the case k > 0, we have the following: 

\-{s + k + X-h{\, u)) ■ = ^cl'^.u + (291) 

Here we put m! :— (— Sjt + e(A, u)) ■ m, and F denotes an entire Junction of the variable s. 
Proof Let us consider the following: 

U-^tt + t{\u))-C{m,fi), \t\'^H^4)-x{t)~dthdt) ^(Cim,fl), {tdt + z{X,u)) ■\t\'^''t''(j>-x{t}^dtAdt\. (292) 

The left hand side of H292|l can be rewritten as follows: 

L.H.S. = (c((-gti + e(A,M)) -m,^), \t\^H^(\) ■ x[t)^dt hdt) = (c{m',Jl), \t\^H'' ■ (t> ■ x{t)^dt h dt) . 

\ 27r / \ at: I 

The right hand side of (|292|l can be rewritten as follows: 



R.H.S. = (C{m, fl), {{tdt + e(A, u)) ■ \t\^'t'') ■ • x{t) ■ ^dt A dt'j 

+ (C{m, fi), l^p'^i'^'+i •<?!)• A • dtxit) ■ T^dt A dt). (293) 

Since we have dtx{t) — around t — 0, the second term in (|293|l is entire. The first term in H293() is as 
follows: 

((s + fc) • A + e(A, u)) ■ lc{m, fl), \t\^' ■ t'' ■ (f> ■ x{t)^dt A dtj . 
Then H291|l follows immediately. I 
Lemma 14.21 In the case k > 0, we have the following equality: 

• (-^ + ^ + ^) • ^kl,u(^) - ^^^.'U + (294) 
Here we put jj! = [Stt + e(A, u)) ■ fi, and F denotes an entire function of s. 



255 



Proof Similarly we consider the following: 

((-5J+a*(e(A,7.))) -CK/x), \t\^-t'' ■cl)-x{t)~dt A dt) 

= (C{m,n), imt + n*{t{X,u))) ■ \t\^H''-^-x{t)^dt A dt). (295) 

The left hand side of H295|) is as follows: 



L.H.S.- (C(m, (-gti + e(A,u))-/i), {tl^H" ■(l3-x{t)—dt A dt 



The right hand side of (|295|l is as follows: 

R.H.S. = (^C{m,fl), {{mt + cr* {7(Xu))) ■ lip^'P) ■(l)-x{t) ■ ^dt A dtj 

- X-^(c{m,fl), \t\'^'t''+^ ■(t)-dtx{t)-^dtAdt). (296) 
The second term of ()29f)(l is entire. To see the first term of (jSMJ, note the following: 



{mt + a*{z{\,u))) ■ |t|2^? = (-A-1 •(s + fc)+a*(e(A,M))) • jip^P 
Here we have a'*(A) = — A^^. Thus it is same as the following: 



Here we have used the following equality: 



e(A,u)\ _ , , _ . e(A,u) 

^ ^ ' = a • (-A) - a - a • (-A ^) = -a-A-a + a- A = 1 ■ 



" • A 

Then H294|l follows immediately. I 
14.2.3 Preliminary II 

Let m be an element of ui'^°^ M. such that ^ ndm) € V'Im"^ via the projection tTc : Uc'^"^A4 — > Gr^^ °' M. 
Let bm{s) be the Bernstein polynomial of m at Aq, i.e. bm{—dt • 0™ ^ V-iTZ ■ m. Then 6m (s) is of the following 
form: 

6™(.) = (,s + e(A,«o))''^"''^ ■ n + e(A,«))^("\ 

tiGSo 

Here 5*0 denotes a finite subset of i? x C such that p(Ao, w) < c for any u ^ Sq. Then we put as follows for any 
positive integer a: 

a 
i/=0 

Lemma 14.22 There exists a finite subset S'i((t) d R x C such that the following holds: 

• Bl:\s)^UueSA<r)i-^ + <^^^)y'^^^- 

• For any u G 5*1(17), we have p(Ao,u) < c. //p(Ao,u) = c, </ien u = uq. 
Moreover, there exists a positive number C such that v' [u) < C for any u G IJ^ 5*1 (cr). 

Proof It is clear from our construction. I 
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Lemma 14.23 We have the following equality: 

( n ^■i' + k + ^-'-<\u)y'^"^)-ll,%-^Js)=I^^^^^^^ (297) 

tiSSi (<t) 

Here m! — Bm\Stt) ■ m. The first term in the right hand side is holomorphic on the half plane {s G 
C \ Re(s) >cro-cr-2"i|fc|}. 

Proof The equality 1297|) follows from Lemma fl4. 201 By the construction of Bm\ we have the following for 
some P G VoiUx): 

B^„l\-dtt) ■m = t''P-m. 

Hence l'^^^^^, ^ in Lemma [14.231 is holomorphic on the half plane |s G C | Re(s) > cto — cr — 2~-'^|A:|}. I 

Let Z{f) denote the zero set of a holomorphic function /. 
Lemma 14.24 We regard ^(s) as a 'function' of (s, A) G x U . 

• I^^jyj^ p-j is meromorphic on C s x U . 

(k) 

• There exists a discrete subset S2 of R x C such that the pole of 1^^^ ^ is contained in the following: 

U Z{s + k + \-h{\,u)). 

The order of the poles are bounded. For any element u G S2, we have p{\q,u) < c. //p(Ao,u) — c, then 

u = Uq. 

Proof It immediately follows from Lemma [14.221 and Lemma [14.231 I 
14.2.4 Preliminary III 

Let ^ be an element of U^J''^^°''^M such that 7^ ndifi) G V'l^'i^"-^ via the projection [/^'"^^""x — > 
Gr^* ' Ai. Let 6^ be a Bernstein polynomial of /i at (j(Ao). Then it is of the following form: 

= Gs + e(A,ui))^("^^ n(- + ^(^'"))''^"^- 

Here S3 is a subset of x C For any element u G 5*3, we have p(— ct(Ao),u) < d. Then we put as follows for 
any positive integer a: 

a 

Bl:\s) ■.^Hb.is + j.X). 

iy=0 

The following lemma is clear. 

Lemma 14.25 There exists a finite subset Si^a) C R x C satisfying the following: 

• For any element u G Si{(j), we have p((t(Ao),m) < d. If p(a{Xo),u) — d, then u = ui. 

Moreover, there exists a positive number C such that v' [u) < C for any elements u G IJ^^ 6*4 (cr). I 

Lemma 14.26 nM(ESi(~'^^^ • (s + fc + A^-'^e(A, u))'' ^"^) • l^i^p^ ^(s) is holomorphic on the half plane |s G 
C \ Re(s) > (To - cr- 2-i|fc|}. 
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Proof It can be shown by an argument similar to the proof of Lemma [14.231 I 

Corollary 14.6 Iq^^^^ ^ is meromorphic on C x U . There exists a discrete subset S5 CZ R x C such that the 
pole oj T^fj^ ^ is contained in IJ^g^^ Z(^s + k + A^^e(A,M)). The orders of the poles are bounded. For any 
u € 5*5, we have p(cr(Ao), u) < d. //p(ct(Ao), u) = d, then u ^ uq. 

Proof Similar to Lemma ri4.24l I 
14.2.5 The construction of the specialization 'ipl'^^^C 

Let [m] be a section of i/'t «°o^-^' on Wq x U, and m be a section of M' on Wq x At x U such that 7rc(m) = [m]. 
Here we put c — p(Ao,uo) and tTc denotes the projection Uc'^°''A4' — > Gr^* A4' , as in the subsubsection 
114.2.31 Let [^J] be a section of i/'i^o^°'^A^" on Wq x a{U), and /i be a section of M" on Wq x A* x a{U) such 

that 7rd(/i) = [^]. Here we put d = p(o-(Ao),uo) and tt^ denotes the projection U^^'^"^^ M." — > Gr^* ' °" M" 
as in the subsubsection [Tl . 2 . 41 
Then we put as follows: 



(4t''ic(H, m). ^) ■■= Res^(s+e(A,«o))(4'(™,M),0(^))- (298) 
Here the residue at Z(s+e(A, uq)) means the coefficient of (s+e(A, mo))~^ for the development J2 ar(s+e(A, ito))*- 



Recall that we have a discrete subset S of R x C such that the poles of J^} -x As) is contained in 



[j^^,Z{s + X-'-e{X,u)). 
Lemma 14.27 We may assume e(Ao,u) 7^ e(Ao,uo) for any u ^ S — {uq}. 
Proof We have the following equality in general: 

p(Ao, u) + p(o-(Ao),u) = a + 2Re(Ao ■ a) + a + 2Re(-AQ ^ • a) = 2Re^a + Xq ■ a - X^^ ■ 

= 2Re(Ao"^ • e(Ao,u)). (299) 

Assume that e(Ao,w) = e(Ao,Mo). Then we obtain the equality from (|299|) : 

p(Ao, u) + p(cr(Ao), u) p(Ao, uo) + p(cr(Ao), uo). (300) 

In the case p(Ao,u) > p(Ao,Mo), we can exclude u from S because of Lemma [14.24I In the case p(Ao,m) < 
p(Ao, uo), we have p(cr(Ao), u) > p((t(Ao), uq) due to the equality (|300|l . Then we can exclude u due to Corollary 

Lemma 14.28 The right hand side of H298|l gives a holomorphic function on a neighbourhood of Xq in U. 
Proof It immediately follows from Lemma [14.271 I 
Lemma 14.29 H298() is well defined. 

Proof Let mi denote another lift of [m]. Then the non-trivial pole of X^^''^^^^ ^ is contained in the following: 

y Z(,s + e(A,u)). 

p(Ao,ti)<c 

Thus the residue at Z{s + e(A, uq)) is 0. Hence H298f) is independent of a choice of the lift of [m]. Similarly, it 
can be shown that H298|) is independent of a choice of the lift of [/i] . I 

Thus we obtain the specialization morphism 

We put A'' = — Sft + e(A, uq), which induces the nilpotent map on V't'uo^-^ ^^d M. 
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Lemma 14.30 We have the following equality: 

4^^,C{N[m], irA) = {iXf ■ 4^^C{[m],N[fl]). 
Proof By definition, wc have the following: 

{4!:M^H, m), 0) = Resz(.+e(A,«o)) {c{Nm,}l), \tf^ ■ <i> ■ x^dt A di 
We have the following equality: 

C{Nm,fl), • cj> ■ x^dt A dt) = (c{m,Ji), (iS* + e(A,«)) • ■cj>-x)^dtA di 

C{m, p), {{tdt + e(A, u))\tf') ■ ^ • x-^dt A dt) + an entire function. (301) 
On the other hand, wo have the following: 

(<«oC'(N,A^M), <P) = Resz(,+e(A,„o)) {c{m,Nfl), \t\^^(l>.x~dt A di 
We have the following equalities: 

C{m,Njx), \t\'''(j)-x^dt A di) = (c{m, (-3** + e(A, uo)) • m), \tf'(l>x^dtAdi 

C{m,p), (-gtf+a*(7(A;^)) • \t\''^-x~dtAdi 



C{m,jl), ((-3tt + a*(e(A,uo))) • •^•x^^-c?* A di) + an entire function. (302) 
We have the following relation: 

{t^t + e(A, u)) ■ = (sA + e(A, u)) ■ = A • (s + A'^ • e(A, u)) ■ \t\''\ 
We also have the following: 

(tSt + ^(e(A, u))) ■ = (s • a* A + a* (^()^)) ■ \t\^' = -A'^ • \t\^' ■ {s + a* (A-i • e(A, ^i))) 

= -A-i • \t\^' ■ {s + A-i • e(A, u)) (303) 

Thus we obtain the relation desired. I 
14.2.6 The induced pairing on 'iPI^°\m) 

The pairing on ^pt^u{-M) is not so good, if u is not contained in il x {0} C Rx C. We modify it to construct 
the induced pairing: 

Lemma 14.31 Let m be a section of'^\^°\M) and ji he a section of il)'f^^°^\M.) . Then we have the equality: 

<«-.5oC([i • = 4'::^C{[m]M)- (304) 

Proof We have the following equality: 

^SL,F]I),v,(*) = (^(^ • "^'^)' ^ 1*1'' • ^(*) • i^'^^ ^ ^0 = (^("^'M), ^ A . x{t) ■ ^dt A dt) 



= ^cU,),^i^ + ^)- (305) 



259 



Then the formula (|304|l immediately follows. I 

Let m be a section of %j:\^°\M), and /i be a section of . We pick a sufficiently large integer 

N and rai e '^^f'u-NSo^^^ /^i ^ ^t'u-jvio corresponding to m and /i respectively. Then the pairing 
i;'^^'>^C{m,fi) is defined to be ?/;(^°)C(mi,7ir). 

Corollary 14.7 is well defined. 

Proof It immediately follows from the definition of and Lemma [14.311 I 

14.2.7 The induced pairings ipt,uC and tpt.uC 
Corollary 14.8 We obtain the induced pairings: 



ijt,uC : iJtAM')A ® MM") A ^^xo- 
Proof It follows from Lemma ri4.29l and Corollarv ll4.7l 
Corollary 14.9 We have the following relations: 

Here we put N := — 3ti + e(A, u). 

Proof It immediately follows from Lemma [14.301 

Corollary 14.10 We have the induced pairing: 



Here W denotes the weight filtration induced by N in Corollarv \14:.9l and Pk Gr^ denote the primitive part of 
the associated graded modules. 

Proof It immediately follows from Corollarv ll4.9l I 

Corollary 14.11 We have the specialization of a TZ-triple {Ai',Ai",C), where M' and M" are strictly spe- 
cializable. I 

14.2.8 Uniqueness of the pairing 



Let Z be a closed irreducible subset of X. Let M' and M" be strictly specializable 7?.-modules, whose supports 
are Z. We assume that the morphisms can for A4' and Ai" are surjective. Let Aq be a point of C* , and let U 
be an open subset A(Ao, cq) for some sufficiently small eg > 0. Let Cq : M"cy{u) — * — 1' 2) be 

sesqui-linear pairings. 

Let Z' C Z be a Zariski open subset. 



Lemma 14.32 Assume that Ao is generic with respect to ICMS{M' ,t)U ICA4S{A4" ,t)U {(0,0)} . Assume that 
we have Ci ~ C2 on Z' . Then we have Ci = C2 on Z . 

Proof We follow the argument of Sabbah (Proposition 3.6 in ^j). Since it is a local property, we may assume 
that there exits a holomorphic function / such that f~^{Q)(^Z D Z — Z' . We have only to show the coincidence 
of the pairings: 

if+Ca : if+M'u<^if+M\ -^mSc, (a = 1,2). 
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Thus we may assume that X = Xq x C and / = t is the coordinate of C. 

Let m' and m" be sections of 7W[;[St] and ■A4^([/)[9t] respectively. We put A{m',m") :— Ci(m', to") — 
C2(to',to"). Since the support of A{m' ,m") is contained in Xq, we have the foUowing development: 

A{m',m")= J2 Va,b-^t-t-Sxo- 

a-^b<p 

Here rja.b denotes the H{U n A)-valued distributions on Xq. We have only to show rja^b = for any a and b. 

Let us consider the case to' G V^q"^ {M'). We have a finite subset S C ICMS{M,0, t) such that the following 
holds: 

• p(Ao,u) < for any element u Cz S. 

• We put B{x) :— Hugs ~^ ^('^' ^)) • Then we have B{—dtt) -m! — P ■ t'P'^^ ■ to'. Here P denotes an element 
of Vb7^xxc• 

Then we have the following vanishing: 

B{~^tt) ■ A{m', m") = P ■ tP+^ ■ A{m' , m") = 0. 

Note that we have the following: 

{-dtt + e(A, u)) ■ ■ Sxo = {aX + e(A, u)) ■ 9^ • Sx,, = e(A, u + a ■ So) ■ Bt ■ Sx„. 

Note we have p(Ao, u — aSn) < 0. Then we have aAo + e(Ao, u) ^ due to the genericness of Aq. Thus we obtain 
Vafi = in the case to' g V^q°\M'). Since M' is generated by V^q°^M' around Ao, the general case can be 

reduced to the case to' G I/Iq^^CA^')- ' 
Proposition 14.3 Assume that we have Ci — C2 on Z' . Then we have Ci = C2 on Z. 

Proof Let 4> he a, test function. Since Ci(rn' ,m"){(j>) are holomorphic functions on A, we have only to show 
that the coincidence on a neighbourhood of a generic A. Thus the proposition follows from Lemma [14.321 I 

15 Prolongation of 7?--module S 

We put X = A" and D = Di. Let {E, Oe, Q, h) be a tame harmonic bundle over X — D. The sheaf £ with 
A-connection D can be naturally regarded as the left 7?,;t-D-module. By tensoring /\"rix-_D, we obtain the 
right T^-A'-x'-module. In this section, we use the right 7?.-module structure, if we do not mention. For simplicity, 
we omit to denote '(g) /\" VIx-d^- The author hopes that there arc no confusion. 

15.1 Naive prolongment ^8 and the filtrations 
15.1.1 Definition 

Let Ao be a point of C\. Pick b R' such that bi ^ Var{£'^° , i) for each i. 

(CI) Let eo be a sufRciently small positive number such that we have b£ on A'(Ao, eo)- 

We have the natural inclusion j : X — D — > X , which induces j : X — T) — > X . We have the subsheaf 
□f(Ao) of j*£|;t(Ao,eo) given as follows: 

00 / _ 

a— 1 i—1 

The following lemma is easy to see. 
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Lemma 15.1 

• is characterized as follows: 

I 

r(t/,°£(^«)) = {/ € T{U,j,£), I I/I < Ci • n \z,r^\ (3Ci,C2 > 0)}, {U C X{Xo,eo)). 

i=l 

• Let b' and eg be other choices. We pick < eg < min(eg,eQ). Then we obtain two sheaves (6, eg) 
and '-'f*^^"-' (b', eg). Then we have the following: 

°f ('''Hb,^0)|A(Ao,.i') = °f^'°nb',e[,)|A(Ao,4')- 

I 

In the following, we omit to denote b and eg. 

Corollary 15.1 Pick Ai G A(Ag,eo), and ei such that A(Ai,ei) C A(Ao,eg). Then we have the following: 

□ c(^o) _n<7(Ai) 

^IA(Ai.ei) - ^ 

Proof It follows from Lemma FlS.ll I 
Definition 15.1 We define the sheaf ^£ by the following condition: 

'fc|A(Ao,eo) - ^ ■ 

It is well defined, due to Corollaru \l^.l\ I 

If eg is sufficiently small, we may assume that the following condition is satisfied: 

(C2) We put 0^1]-.= minljj{|a - b\ \ a,b e 'Par{£^° ,i),a ^ b]. We pick rji < i^^rj. Then for any 
u e ICMS{£^ ,i) and for any A e A(Ag, eg), the inequality |p(A, u) — p(Ag, u)\ < r]i holds. 

Note the following elementary lemma. 

Lemma 15.2 Let eg be a positive number satisfying the condition (C2). For any element u G KAiS{£^ , i) such 
that t(Ag, u) G ICA4S(b£'^" , i), and for any A G A(Ag, eg), we have the following: 

p(Ag,u) < =^ P(A,m) < 0, 
p(Ag,u) > P(A,m) > 0. 

Proof Obvious. I 

Let eg be a positive number satisfying the condition (C2). Then we have the parabolic structure = 
(^Fi^"' I - 1 < c < 6,) of b£- We shall define the subsheaf °£^^°^ as follows: 

1. For c = (ci) G ii' such that Ci G V ar {^b£^° , i) , we put as follows: 

:={/G5f e^Fif"'}. 
Lemma 15.3 We have ^f*-"^") = c+riis£- In particular, it is locally free on A(Ag,eg). 

Proof It is clear from our choice of eg and rji . I 
In particular, we obtain the parabolic filtration ^F^'^"^ and the decomposition ^E'^"-' of ^£''^°\ 
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2. For c e nl=i[''j ~ 1) ^i]' put = (^i)) ~ maxja; e Var{b£^^°\i) | a; < Cj}, and we put as follows: 

3. For general c£ R!' we take n Gl} such that c — n = c' £ 111=1 ~ 1' ^»]> ^'^'1 then we put as follows: 



o) 

'i=l 

Remeirk 15.1 As before, the subsheaf^£'^^°^ is given independently of choices of b and cq. I 
Lemma 15.4 We have the following: 

c <^|A(Ai,ei) — d<^ 

Here we put d = (di) and di = max 

Proof It immediately follows from our construction. I 

Since f is a right 7?.Ar-D-module (see the remark in the first part of this section), is a 7?.Ar-module. The 
following lemma is clear. 

Lemma 15.5 ^£ is the TZx-submodule of j^S. We have the following implication: 



15.1.2 The filtrations 'V^^°^ of 



We put 5 := (1, . . . , 1). For 6 e i? , we put as follows on A(Ao, eo): 

For any I G I and for any c G , we put as follows: 

q,(b)=c 

The following equality is clear: 

Let 7U J = Z be a decomposition. Let c and d be elements of and R'^ respectively. On the vector bundle 
, we have the induced filtrations ^V'^^"-' (j € J). The following lemma is easy to see. 

Lemma 15.6 Let b' be an element of R^ such that b' < b. We have the natural isomorphism: 

Proof It can be reduced to the compatibility of the parabolic filtrations. I 

Let i be an element of /. The actions of Zi and 3^ induce the morphisms: 

Zi : ' Gr^''"' {°£) ' Gr^^J (°f ) , 

(306) 

Si : ' Grf ^V^^'^ {°£) ' Gr^^J' ^V^^"^ {°£) , 
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Lemma 15.7 

• The induces morphism Zi in (I305|) is isomorphic. It is strict with respect to the filtrations ^vj^""^ [j G J). 

• The induced morphism 3^ in (|3U6|) is strict with respect to the filtrations ^vj^"'' {j G J). 

Proof The first claim is clear. The second claim can be reduced to the strictness of the residue ReSi(I])) with 
respect to the parabolic filtrations ^^F^-^o' (j g J). The generalized eigen decompositions of the residues ReSj(D) 
(j G J) gives the splitting of ^i^^'^"^ (j G J) on the open dense subset of generic points in A(Ao,eo). Hence we 
can show the strictness of ReSi(D) with respect to the filtrations ^ F {j G J) by using Proposition 15. 21 I 

15.1.3 The right action of Zidi 

Let / be a subset of I, and J = I — I. Let c and d be elements of and R"^ respectively. On Vj{Xo, eo), we 
have the sheaf ' Grf""' ^vj'"^ . 

Lemma 15.8 We have the natural isomorphism Gr^* ''V^^"^ [^£) ~ ^ G'^c+s! {^+d+6^\'Di) ■ particular, 
/Qj.v<^o' jy-jAo)^n^^ ^ ^g^^^^ ^^^^^g over I?/(Ao,eo). 

Proof It is clear from our construction of the filtration ^V"^"^"^. I 
The right actions of ZiBi {i G /) on ^£ induces the endomorphisms of Gr^* '■'V^'^"'' . (See Lemma 

Lemma 15.9 The endomorphism induced by Zi ■ 3^ is same as — ReSi(D) — A, under the isomorphism in Lemma 

Proof The right action of Zi ■ 3i corresponds to the left action of — 9i • Zi = —zi ■ 9i — A. Then the claim 
immediately follows. I 

Lemma 15.10 The eigen functions of the right action of ZiBi (i G /) on ^ Gr^* ■■'V^^"\^S) are as follows: 

{-e(A,M) I u G K.MS{£°,i), p(Ao,u) = c^}. 

Proof Hence the eigenvalue of the right action of z,j9i is described as ~t{X,u) — A for u G ICMS{£'^ ,i) such 
that p(A, u) ^ Ci + 1. Thus it is described as — e(A, u) for some u G ICA4S {£''', i) such that p(A, u) = c,;. I 

hi the following, we put as follows: 

IC{£,Xo,i,c) {u G ICMSiS" ,i) \p{Xo,u) ^ c}, 

IC{£,Xo,I,c) {u G JCMS{£°,I)\p{Xo,u) = c}. 

15.1.4 ^f{b,d) and some properties 

We put as follows: 

^^fa"^''V^^°\°£) := ^E(-e(A,i6)). 

Then we have the decomposition: 

I Gr^"' ■'Vj'"\''£) - ^E(-e(A,«))= 

u^JC{£ ,Xo,I ,c) tAG/C(£',Ao,/,c) 

Lemma 15.11 We have the following induced morphisms for i ^ I: 

Here Sq^i denotes the element of (i? x C)^ determined by (7^(^0,1) = (IjO) and qj{So^i) = (0,0) (j ^ i). 
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Proof It follows from the relations {zi ■ Sj) ■ Zi = Zi ■ [zi ■ Bi) + X ■ Zi and {zi ■ Sj) • Sj = Sj • {zi • Sj) — A • Sj. I 

Let b = {bi\i G I) he an element of . The elements a = {ai\i G I) G -R<o ^^'^ n = {ni\i G I) G Z>g 
are taken as follows: If bi > 0, the numbers and Ui are determined by the conditions — 1 < Oj < and 
Hi := hi — ai- If bi < 0, we put 6^ and 0. If p(Ao, m) = b, we obtain the morphism: 

i 

Here we put u' =u — rij • 5o,i- The image of the morphism is denoted by ^T^^°\u, d). By our construction, 
we have the surjection, in the case p(Ao, Ui) > —1: 

Si : d) ^r(^«)(M + So,^,d). 

The multiplication of Zi induces the morphism ^f(-^°\u, d) — > ' G^X-sl ''^i^"^ (°^)- 
Lemma 15.12 The image is contained in ^T^^°\u — So,i,d). 

Proof We decompose u = u' + ''^i^o,i as above. In the case rij = 0, the claim is clear. In the case rij > 0, 
the claim follows from the relation d^*Zi = [zidi + A • nj)3"'~^. I 

The following lemma is clear. 

Lemma 15.13 The morphism Zi : ^T{u,d) — > ^T{u — So^i,d) is injective. It is isomorphic in the following 
cases: 

• p(Ao,Ui) < 0. 

• p(Ao,Uj) = and Ui ^ (0,0). 

• p(Ao,Wi) > and e{Xo,Ui) ^0. I 

The unique eigenvalue of the right action of ^jS, on ^T^^°\u,d) is — e(A, Wj), by our construction. 
Lemma 15.14 The morphism Sj : ^T^^°\u,d) — > ^T^^°\u + 5o,i, d) is injective unless Ui = (—1,0). 
Proof Let us consider the following morphisms: 

^f(^°Hu,d) ^f(^<^\u + Saa,d) ■fr(^«)(M,d). 

The composite is the right action of diZi = ZiQi + A. The cigcnfunction of diZi on ^T^^"''{u,d) is given by 
e(A, Ui) + A. In the case Ui ^ (—1, 0), we have — e(A, u^) + A = —a + (a + 1)A + aA^ ^ 0. Hence the composite 
Sj^i is injective, and thus is injective. I 

The following lemma can be shown similarly. 
Lemma 15.15 The induced morphism Sj is isomorphic in the following cases: 

• p(Ao,Mj) > -1. 

• p(Ao,Ui) = -1 and m ^ (-1,0). 

• p(Ao, Ui) < — 1 and — e(Ao, m) + A 0. I 
Lemma 15.16 The sheaf 'f'-^'>\u,d) is a locally free ODj(^Xg^^^jy module. 
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Proof We may assume J = fc for some k < I. We put J 1 — fc- Due to Lemma [15.141 we may assume 
that Ui = (0,0) (i < m) and p(Ao,Ui) < {m < i < k) for some m < k. We put u' := u — ^a.i- Then 

^T^-^°^{u,d) is the image of the morphism: 

m 

n S» : (°£:) k^iyjy^^"') (°£) . (307) 

i=l 

On -■(/iu'^''^''l/(-*"')('-'£^), we have the nilpotent endomorphisms Afi := ReSj(ro) + A (i € m). It is clear that the 
image of the morphism H307|l is same as the image of Oi^Li-^i- Then it is locally free due to the limiting mixed 
twistor theorem. (See Lemma ri2.34|) . I 

For b e and d e R-^' , we put as follows: 

^f(^°)(b,d) := ^f(^°)(M,d). 

ueK(£,XoJ,b) 

Corollary 15.2 The sheaf ^f(^«)(b,d) is a locally free Oxij(\a^ca)-TTiodule. The surjective morphism 3^ : 
^f''^°'^{b,d) — > ^f^^°^{b + 5i,d) is isomorphic in the case h > -1. 

In the case b £ H<o, we have ^f^^°\b,d) ~ ^ Gr^*^"' vj^"^ (°£) . I 

15.1.5 A lemma 

Let k and m be integers such that 1 < m < fc < /. Let c be an element of i?*^ such that Ci — G {1 < i < m — 1), 
Cm — —1 and Ci < Q {m < i < k). We put J '■— I — k, and let d be an element of R'^ . For any subset K C k, 
we put K' :— I — K. We have the projection: 

The following lemma will be used in the proof of Lemma ll5.34l 
Lemma 15.17 Let s be a section of the following locally free sheaf on T>i: 

Ker(^f (-^"^c, d) ^ (^''^(c + d)j . (308) 

Then we can take a section g £ -V^^'^ {^£) satisfying the following: 

. nk{g) - s £ ^f(^")(c,d) C ^Gr^''"' ^t/j'"^ (°£) . 
• For any subset K <Z k, we have the following: 

Ker(Res„,(©)) n Im(n,e/f,,<™-i(Res,(B) + A)), (m £ K), 
T^Kigiv^) e { (309) 
Im(n,eK,.<™-i(Res.(©) + A)), (m^K). 

Here the right hand side of (|309|) denote the subbundles of ^ Gr^^°Jj ^ ^"(c+d) (^'^) • 
Proof Before entering the proof, we give a few remarks. 

1. The subbimdle of ^Gr^'^°' ^ Gr^'''"' is same as Ker(Res™(D)) n Im(n"7^(ReSi(D) + A)). 

2. By tcnsoring the model bundle of rank 1, we can reduce the problem to the case Ci = (z < to), = — 1 
(m < i < fc). Hence we consider only the case in the following. 



266 



For the proof of Lemma f 15. 171 we need some preparation. Let us take a frame v of -Vc+d(!^^)' which is 
compatible with F'^^°'> and E^^"). Since we have -V^laC^) = c+d+6,^^^°^ by definition, we have the following: 

0<^deg^*"''(t;,) < 1, (l<J<m), 

-1< Jdeg^'^°'(w.) < 0, (m<j<k). 
Let us take positive integer bj {j € fc). Then we obtain the integers nj{vi) determined as follows: 

< -nj{vi) + bj ■ 3 deg^*^"' {vi) < 1, (1 < j < m) 
-1 < -nj{v,) + b.j ■ 3 deg^'""K) < 0, (to < J < k). 

Note the following: 

0<n,{v^) <b,~l, {l<i<m), 

-bj + 1 < nj{vi) < 0, {m < j < k). 

If bj is sufficiently large, we have nj{vi) ^ nj{vp) in the case ^ deg^ " (ui) ^ ^ deg^' °\vp). 
Let us consider the morphism Tpi, : X — > X given by the correspondence: 

(^1 7 ■ ■ ■ 7 ^n) ' *■ (^1 7 ■ ■ ■ I ^fe 7 7 ■ ■ ■ 7 ^n)- 

We put Vi :— %lj^^^{vi) ■ Y\- ^J^^^'-*, and v := {vi). Then v gives the frame of -V^^^^^ (^V-'b 7 which is compatible 
with E(^«) and F'~^°\ 

Recall that we have the natural HiLi Mfci'^-ction on X (see the subsection 12 . 31 for the notation). Let oji be 
the generator of /ib^ , and then the action is given by LUi ■ (zi, . . . , z„) = (zi, . . . , Zi_i, w.; • z^, z^+i, . . . , z„) . The 

action is naturally lifted to the action on -V^c+d ('^^fT^'^) ■ 
On the divisor I?i(Ao, £0)7 we have the decomposition: 

aeS(i) 

Here oJi acts as ujf on and we put as follows: 

( {a G Z I < a < fe; - 1}, (l<i<TO), 
S{i) := <^ 

[ {a e Z I - 6, + 1 < a < 0}, {m<i<k). 

The tuple of the decompositions (*C/ | i G fc) is compatible. 
We put as follows: 

[ ^i-17 (1<«<to), 
Til := I 

[0 (m < i < k). 

We obtain the element tlk {n-i | i € i^) G Z^'. We have the vector bundle ^Un^ '■= {~\keK ^^^k \ Vk- Then 
the frames v and v induces the isomorphism: 

v£,t^,,(°£). oio) 

On the right hand side of (|310|l . we have the nilpotent endomorphisms ReSi(]D)) + \ (i £ K^i < m). On the 
left hand side, the corresponding morphism Fi is given by b^'^ ■ (RcSi(V'bD) + A). In the case m € K , we also 
have the nilpotent endomorphism ReSm(D) on the right hand side of H^lUf) . The corresponding morphism F^ 
is given by fo-^ • Res„(i/'bD). 
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In particular, we have the isomorphism -Un^ — -Gr^ ° '^V^ [^S). Let s denote the section of -Un^ 
corresponding to s. 

Then s is contained in the following: 

Ker(F^|pJnlm( 

i<m — 1 

Lemma 15.18 We can take an equivariant section g G i+dl^^fT^'^) ^^^^ ^^'^^ 9\T>k ~ ^ '^'^^ ^^"^^ following 
holds: 

( Ker(F,„) n Im(n,<„_i,,eK F^) n "Ur.^ {m € K) 
9\Vk G \ 

[ Ini(n,:<™-i.e J H ^C/„,. (m ^ /C). 

JJere we put tlk '■= (jik \ k € . 

Proof It follows from Lemma ITHl I 

We put gi '.= g ■ Y[7=i -^i""'' which may be assumed invariant under the action of /15. Then we have the 
section g of -Vc+di'^S), such that gi — ipi,^g- Due to the isomorphism (|310|l . it can be checked that the section 
g has the desired properties. Thus the proof of Lemma ll5.17l is accomplished. I 

15.2 Prolongment (2 

15.2.1 Preliminary for the construction of £ 

Let b be an element of RK We have the vector bundle ^£'''''^°\vi{\o,>^o) '^^^^ T^ii^o, eo) (* = Ij ■ • ■ , 0- We often 
denote 2?i(Ao, cq) by Vi for simplicity of notation. We have the action of the residue Rcs,;(D) on \Vi(,\o,<^o)- 
Note that the right action of —Zm ■ 3m induces the endomorphism ReSi(ID) + A on ^£^" \Vi{Xo,eo)- 
We put as follows (see the siibsubsect ion 12 . 6 !^ for E,,): 

'E(^«)(°£(^«V^(,„,,„),/3) :=E,(Res,(B),/3). 

Then we have the decomposition: 

I 

Let us consider the case b = d = (1, . . . , 1). We have the decomposition = 'Eq'*'"'' *E^'^°''. Here we 

put as follows: 

On 'E^^"\ the morphism ReSi(D) + A is invertible. We denote the inverse by (ReSi(B) + A)"^ We have the 
filtration '■F^^"^ on 'E^'^"'' (j = 0, 1). We have the following naturally defined projections: 

TT, : °f (^") — ^ ^ Grf ''Et^"), < : °£<^'"\v. ^ '^['°^ ■ 

We put as follows: 

/Co :={/e?£(^")|7r,(/|pJ = ii<l)}. 
We put as follows, for any integer m > 1: 

/C,„:={/e/Co|^,'(/|P.) = 0(i<m)}. 
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Let V = (vj) be a frame of ^£^'^°'> compatible with 'E^-^°'> and F^^°K For each Vj, we put as follows: 

Smivj) := So{v^) U{i\t<m, Meg^*'"' (i;,) ^ -Ao}. 

We put as follows: 

Lemma 15.19 Vm is a frame oflCm- In particular, ICm is locally free. 

Proof It immediately follows from the definition of /C,„ . I 

We have /Co D /Ci D • • • D /C,. We also have /C/ c 
Lemma 15.20 For any section f G /Cm— i? there exists g G A^m such that f f](^m ^ 

Proof We can regard / as a section of The restriction f\v,„ G ^£\v^ is decomposed as f\v^ = /o + /i, 
where fj E '"eJ^"' {j = 0, 1) such that 7r„(/o) = in Grf (™Eo). 

For any i < m, the restriction fi i x>inVm is contained in ''E[,'^°^^^^^^n™E|^"^^^p^^, and we have tt^ (/i i -p .n-D,„ ) = 

Oin''Grf''''(%)|i,,ni5™- 

We put := (ReSm(D) + A) /i e "'Ei. Then for any i < m, we have gi | PinP^ G *Eo|-D.n-D„, n'^EiiPinf^ 

and 7rj(5ri|x),n-D,„) = in * Gr^' °VlEo)|-D.n-D„- 

We can pick g G /C,„_i such that 5|x)„, = .9i- We put g :— —g ■ z,„ G ^m-i{—'Dm) C /Cm- Then we have 
f ~ 9 ' 3m G /Cm-i, and we have the following: 

(/ - • 9m)|X),„ = /|X)„ - (5 • (-^m • Sm))|x,,„ = /o + /l - (RcSm(B) + A) • .gi = /q. 

Hence / — 9m5 G /Cm- I 

Corollary 15.3 -For any section f G /Co, there exist sections gi, . . . , gi E ICi and fo G /C; sitc/i i/iai the following 
holds: 

I m 

f= gm-Yl^j + fo- 

Proof We have only to use Lemma [15.201 inductivclv. I 
15.2.2 The definition of the prolongment € 

Let eo > be as in (C2). The subsheaf C^'^f) Qf Og{\o) [g obtained, which we will explain in the following. We 
put as follows, for any element b G i2<o' 



Then we put as follows: 



The sheaf is the 7^-submodulc of °f (^0) generated by V^o°^(£(^«). 
Lemma 15.21 For Ai G A(Ao,eo), we have the following: 

fiM _ rt:(Ai) 

*^|A(Ai,ei) - 
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Proof Due to the condition (C2) on eq and Lemma [T^ we obtain -V"^o"^'S|A(Ai ei) ^ -V^o'^(B^^'\ It implies 
the imphcation ^\^^\^ C 

Let us see V^o'^(£(^i) c Due to the condition (C2) on eq, we have V^q'^iS^^i) C /Co| A(Ai,ei)- 

Hence any sections / e -V^g^'(£('^i) is described as foUows, due to CoroUarv ll5.3l 

/ - /o + E 5™ • n (/O'ff™ e Mo"^e[A(i,.,))- 

m— 1 j—m 

Thus we obtain / e S^^'l^ I 

■> |A(Ai,ei) 

Corollary 15.4 We obtain the global TZx -module £. It is strict. I 

15.2.3 The filtrations 'F'^") of (£ 

For b e R\ we put as follows: 



For any subset / C we put as follows: 



c<0,nGZ>o 



(b)=o 

In particular, is denoted by 'Vj^"^<t. 

15.2.4 Remark 

Let {E, dE,h,6) be a tame harmonic bundle over 

^-ULi A- Let (£;', (9e', /i', 6*') be the restriction {E, ds, h, 0) 
to — Ur=i Then we obtain the two 7?.-modules (B{E) and £(£") on X. They can be regarded as the subsheaf 
of where i denote the inclusion X - Ij'^^ A C X. It is easy to see that we have ^V'^o°^e(£') = 'wj.Q'^ iB{E' ) 
for any Aq, which implies €(£') = €(£"). Hence we may assume / = n, if we need it. 

15.2.5 ^r*^^"'(c, d) and the easy properties 

Let us pick a decomposition I U J ^ I. For any elements c e and d e -R<0' P^t as follows: 



V^«)(c,d):- , , 



Here we put S -.^ {b e R'' \ qi{b) < c, q.j{b) < d}. 

Lemma 15.22 Let b = (61, . . . ,bi) be an element of R} . If we have &i + 1 > for some i ^ I, then we have 

-^b+sM) ^-V^^°\'^)-^t+-Vl,i^"\'^)- Here we put b' := (61, . . . , -e, 6,+i, . . . , 6/) for some positive number 
e. 

Proof The implication D is clear. We show the implication C. Let / be an element of -Vc^°^^ such that 
c+n < b + Si and c S i2<o- ^he case qi{n) > 1, we have / • B""** g -V^^°\ which implies / • 3" is contained 
in -V^^°^ - Si. In the case 5i(n) = 0, we have the following: 

gj(c + n) < qj{b), {j ^ i), q,{c) < 0. 
Thus / • 3" is contained in -Vl^j^°\ Therefore we are done. I 
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Corollary 15.5 Let c be an element of R} such that qi{c) + 1 > for some i € I. Let d G -R<o- Then the 
induced morphism 3^ : ^T'^^°\c, d) — > ^T^^"^ {c + Si,d) is surjective. I 

bmce we have the inclusion — > ^-V^^"\^£) for any b £ R , we have the naturally defined morphism 
Lemma 15.23 Im(/c,d) = 'f''^«\c,d). 

Proof In the case c < 0, the claim immediately follows from the definition of ^T^'^"^ and ^T^^o) ^ namely, both 

of them are same as ^ Gr^ ° Gr^ ° ■ 

We have the following commutative diagramm: 



Si 



Si 



(311) 



If qi{c) + 1 > 0, the left 3^ in the diagramm 13111) is surjective, due to Gorollarv ll5.5l As for the right 3i, we 
have Si(^T'^'^°)(c, d)) = ^T'^'^°'>(c + Si, d). Then it is easy to show the following implication: 

Hence the general case can be reduced to the case c < 0. I 
Remark 15.2 Later we see that f(^c.d) isomorphic fLemma \15.'S'6}il . I 

15.3 Comparison of ^T^^"\c, d) and ^f^^^^c, d) 
15.3.1 Preliminary 

For any subset L G I, let Si G i?' denote the element determined by the conditions qi{Si) = 1 (i G /) and 

m m— 1 

QiiSi) = {i ^ I). In particular, we put Sm '■= (1, . . . , 1, 0, . . . , 0) and S^ ■= (0^"'?To, 1, 0, . . . , 0). 

Let m be an integer such that 1 < m < I. Let b be an element of -R<o such that 6^ = for i < m. For any 
subset J C /, we denote qj{b) by bj. 

Let / be a subset of I. We put J I — I. We have the endomorphisms ReSi(I]))|p^ + A (i G /) of 

^ Gr^*^"' •^Vj^^"'^ . We put as follows, for / C / and m < 

We often omit to use the notation ^Qm instead of ^ Qm{-V^^°\^£)) , if there are no confusion. We have the 
generalized eigen decomposition for the tuple of the endomorphisms Res/ (B) — (Res^ (D) | j G /) : 

^Gr^''°' ■'V^^"\°£) = ^E(^«)(Rcs,(D),/3). (312) 

Let Afip denote the nilpotent part of the restriction ReSi(D) to ■^E(Rcs/(D), /3) . The decomposition H312|l 
induces the decomposition: 



fleC-f iel,i<m 
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Lemma 15.24 ^ Qm{-V^^"\°S)) is a vector suhhundle o/^Gr^'^"' 

Proof The conjugacy classes of the nilpotent maps Hig/ i<mpi=~\a I (>^,p) independent of (A, P), which 
follows from a limiting mixed twistor theorem. (See Lemma 1 1 2. ^{ 4(1 . Then the lemma follows. I 

Let m be an integer such that < to < L Let b be an element of -R<o such that hi = for i < m. For any 
subset / C TO, we put J -.^l-I. We have the projection ^/ : W^^°^(^£) — > ' Gr^'^"' •'vl^°^{p£). 
Then we put as follows, for d — X]i=m+i '^i ' (~1 — '^i < 0)- 

CmM {/ e I ^/(/) e 'Q™, V/ c to}. 

Lemma 15.25 For m > 1, we have the following equality for some positive number e: 

Proof Let us see the implication D. Clearly we have Cm-i,d-eS^ C Cm,d- Let / be a section of Cm-i,d-Sm- 
Since Cm-i,d-s^ is contained in -V^^'^'' we have / • Sm G -V^^'^"^ For any subset I C m such that 

TO ^ /, we have the following: 

We put f ■= f ■ and then we have (/ • 3m)|x)„ = — (Rcs„i(D) + \)f\v„^ ■ For a subset I <Z I such that m ^ I, 
we put /' = / U {to}. Note we have the following: 

^i'{f]v,)e''Q,n-i{^V^'"\''£)). 

Thus we obtain frji(^{f ■ Srn)\Vj,) £ ^ Qm{-V^^°\^£)) . Thus we obtain the implication D in 

Let us show the implication C in It will be accomplished after Lemma [15.321 For c — (ci, . . . , Cm) € 

Z!^Q, we have the morphism 0c : X — > X given by (zi, . . . , z„) i — > (zj\ . . . , Zm+i, ■ ■ • , ^n)- Let t> be a 
holomorphic frame of -Vj'''° , which is compatible with F''*'"^ and E'^^''^ 

Since we have = we have the positivity < bj{v^) := ^ deg^'^"' (u^) for j G to. We 

have the integers Nj{vi) G Z>o for any j G to, determined as follows: 

Q<c,-b,{v,)~N,{v,)<l. 

If Cj is sufficiently large, we have Nj{vi) ^ Nj{vk) in the case bj{vi) ^ bj{vk). 

Lemma 15.26 //■' deg"^' {vi) — 1, we have Nj{vi) = cj — 1. 

Proof Note < • 1 - (cj - 1) 1 < 1. I 

Let us pick eo > satisfying (C2) for (p^^E (the subsubsection [T5. 1 . 1|) . We put as follows: 

m 

i=i 

Then {> is a holomorphic frame of -V^^'''"'' (^(/"c ^5) , which is compatible with E^^^") and F'^'^°\ 

We have the /ic — 111=1 /^crS-ction on X as usual. The action is lifted to the action on -V^^°\^4>^^£). For 
j € TO, we have the weight decomposition: 



a=0 
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Here the action of on Wa is of weight a. If Cj is sufficiently large, we have the map ipj : {a \ Wa 7^ 0} — > 
V ar{^Si+d4>c^'^^°\ 3) , and the decomposition gives the splitting of the filtration J\f(-*"'); 

Vjia)<b 

(See the subsubsection I^TIT^ for such a splitting.) 

We put Ni — Ci ~ 1 {i G I), and we put Ni := {Ni \ i E I) e . Then the frames v and v induce the 
isomorphism, for / C m: 

lUr,, - n Vj,, ^ ' GrS"'°' -Vj^") . (314) 

We have the endomorphisms ReSi(D) + A on the right hand side of H314|l . On the other hand, we have the 
endomorphism ■ (Res(0*D + A)) on the left hand side. 

Lemma 15.27 Under the isomorphism 1)314(1 . the endomorphism ■ (Res((/)*D+A)) corresponds to ReSi(D) + 
A. 

Proof If Hv = V ■ J2i -^i • dzi/zi, then we have the following: 

(0-iD)t, = i-(Y^ r.'A, • Q • ^ + . A^ 

^ . Zi Zi 

Here A/i denote the diagonal matrices such that {J^i)jj ~ Ni{vj), and we put Ci — 1 for i > m+l, for simplicity. 
We put vi := {vi \ ^deg^* = Sj). Then we have the following: 



Resi(0^^11 



11)1)1 = vi ■ (c, ■ 4>^ ^ A|>c/«, + (ci - 1) • A^ 
Hence we obtain the following: 

(Res,((/)-iD) + c, ■ ((t,-^A\^Ur,^ + a). 

Thus we are done. I 

Let us consider a section / of Cm,d and consider the pull back <t>c^f- Recall we put Nj = Cj — \ for 
j = 1, . . . , TO. We put as follows: 

m 

Ni 



Then we obtain the section / G -VP''(P(t>l£). 
Lemma 15.28 

• We have f^x>i G 'i^j^"'' for any i > m. 

• We have fyp. e ^UMi for any i < m. 

Proof The first claim is clear. Note that our c is an element of Z™o- 
We have the description f — J2 fj ' ''^j ' then, we have the following: 

m 

1=1 

The second claim immediately follows from (I315|) . I 
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We take the subbundles ^Qm of ^Un, for I C m: 

'Qm Im([](Res,(0-iD) + A)) n 'Un,. 

We also take the vector subbundles ^ Rm of 'Unj for any subset I C m such that m £ I: 

'km ■■= Ini( W (Res,(0-iD) + A)) n 'Un,- 

i^I .'Km 

In the case m ^ I, we have the equivariant inclusion 'Qm C ' Rm and the naturally defined equivariant 
surjection: 

Res™ (0-1©) + A : ' R,n — ^ ^Qm- (316) 
We have f^-^j S 'Qm for any subset I C m, for we have 'Qm — 'Qm under the isomorphism 'Unj — 
^Gr^'"" ''V^^"\°£) given in EH- 

Lemma 15.29 For any subset I such that m £ I, we can pick the equivariant section gi G ' Rm, satisfying the 
following conditions: 

• (Res™((/.-iD) + X)-gi = f\v„ 9i\v,, = 9i', {I C I'). 

Proof In the case I — m, we have the surjection —Rm — > —Qm, thus we have only to take an appropriate 
lift. 

Assume that we have already picked gi' for any subsets I C. I\ and we will construct <?/. We would like to 
take a lift of f\x>j for the morphism H31t)|) . The data [gji \I' ^ I) gives an equivariant lift of f\dx>n where we 
put dVi :— (U/c/' ^/')- have only to extend it equivariantly. I 

Lemma 15.30 We may take an equivariant section g € -V'^ ('^^c'^) , satisfying the following: 

• g\Tii e 'Uni for I dm. 

• g\x>i — 9i for I G m such that m Cz I . 

• g satisfies the same transformation rule as f . 

Proof Note the following: If m ^ / C m, then we have giu{m] € 'Un^ \ ■D/u{m} • Then the lemma can be shown 
by an argument similar to the proof of Proposition 14.11 I 

Note that g ■ IlJLi z^^^ is equivariant and satisfying the same transformation as (f>^^ f ■ Thus we have some 
section g' £ £ such that 4)^^g' = g ■ Iljli ^J^^ ■ We put g = — 2„i • g' . 

Lemma 15.31 g e /3m i d (5,„- 

Proof For i > to, we have ' ABg{g) < di, which is clear from our construction. 

Since we have ™ deg{g') < 1, we have "'' deg{g) < 0. For / C to — 1 , we have the following, under the 
isomorphism given in H314|) : 

Hence we have 7r/(.g) = —T^i{g' ■ Zm) G ' Qm-i{-V^^"^ (^£)) . Thus we obtain the result. I 
Lemma 15.32 We have f — g ■ Sm G ^m-i,d-e Sm fof some e > 0. 
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Proof We have the following: 



(5 • 9m)|p,„ = (.9' • {-Zrn ' 3„i))^^^ = (Res„i(D) + A)g|p^ . 

Thus we have nj ((g • (5m — f)\Vi) =0 for I C m such that m G /, by our construction. In the case m ^ I, since 
3m preserves ^Qm-i, it is easy to see that TTi{f — g ■ (im) & Qm-i- Thus we are done. I 

The implication C in the claim of Lemma 115.251 immediately follows from Lemma 115.811 and Lemma 115.321 
Thus the proof of Lemma [15. 251 is accomplished. I 

Corollary 15.6 We have the following, for some positive number e: 

/Cm i£l 

Proof We have only to use Lemma [15.251 inductivelv. I 

15.3.2 The injectivity of fed 

Recall that /c,d is surjective fLemma ll5.23ll . 

Lemma 15.33 The morphism fc^d is injective. As a result it gives the isomorphism: 

Proof First we note that fc,d for c < is isomorphic by definition. 
We have the following commutative diagramm due to Lemma ll5.23l 



(317) 



Let us assume qi{c) + 1 > 0. Then the right 9^ in the diagramm H317|l is isomorphic, fCorollarv ll5.2|) . and the 
left (5i is surjective fCorollarv ll5.5|l . Moreover, we have already known /c,d and fc+Si,d are surjective, due to 
Lemma ll5.23l Hence, under the assumption 9i(c) + 1 > 0, if fc,d is isomorphic, then fc+Si,d and the left 9^ in 
the diagramm H317(l is isomorphic. 

Thus we have only to show the injectivity of /c,d in the case Cj < for any j. For such c, we put 
m(c) := #{i I Ci = 0}, and we use an induction on m{c). 

If m(c) — 0, then we obtain c < 0, and thus /c,d is isomorphic. Assume that we have already known the 
injectivity of fc,d for rn{c) < to — 1, and then we may derive the injectivity of /c,d for m(c) — to. 

We may assume that I — k. We put J := I — I. Let c be an element of i2<o such that a = (i < m — 1), 
Cm — —1, and Ci < (to < i < k). Let d be an element of R'^ . Due to the hypothesis of the induction, /c^d is 
isomorphic. Once we prove that fc+Sm.d is isomorphic, then the induction can proceed. 

Hence Lemma fl5. 331 is reduced to the following lemma. 

Lemma 15.34 Under the isomorphism fc,d, we have the following: 

Ker(-9„ :^f(^'')(c,d) ^^f(^«)(c + ^„„d)) = Ker(-g,„ : ^t(^")(c, d) ^ ^t(^")(c + ^,„, d)) . (318) 

Proof The implication D is clear from the commutative diagramm (|317() . Let us show the implication C. Let 
s be a section of the left hand side of H318() . Let take a section g of -V^'^'^^ (^£) as in Lemma [15. 171 The section 
g induces the section of ^T'^^°\c, d), which is the inverse image f^^{s). Hence we have only to show that the 
element g ■ 9„i induces the trivial element of ^T'-^^^c + 6m, d). 
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We put c' := c + Sm- Then g ■ 9,„ is a section oi -V^,^^^^(^ S) . For any subset / C m, we have the projection 

T^i ■ -^ci+di^^) — * ^ GrJ'' '^^q'^{l'+d)i^^) ^ ™ subsubscct ion 115. By our choice of g, we have the 
foUowing, in the case I <Z m: 



*/(-(3-9m)|p,) e Imf J] (Res,(B) + A) 



i<.m~ 1 

Moreover, ) i-n ) in the case m € I d m. 

We put d' := (cm+i, ■ • ■ , Cfc, d^+i, . . . ,di) G Br"—. Then we obtain g • S,„ G 'C„i_i^d'_e.5,^ . Due to CoroUary 
115.61 we obtain the foUowing: 

JC m-l ie/ 

Here we put -.^ m- I. Note £o,d'-..5,c-6, • 9/ C ^V;^+^((£). Hence we obtain g ■ g„, e -Kl+al+d-e^™ ('S) , 
which means the vanishing g ■ dm = in -T^"**"^ (c, d). Therefore we obtain the imphcation C in (|318|l . Thus we 
obtain Lemma Fl 5 . 341 and Lemma [15. 331 I 

15.3.3 and 

In particular, we have the isomor phism ^r(^o)(c) ~ (^o)(c) for any c G RK For any u g n'=i ^(^i '^Oi *i q); 
we put as follows: 

We have another characterization. The action of ntieK;(£ a i a) {^i ' + ^(A, u))^ on -Gr^' (€) is if A'' is 
sufficiently large. Hence we obtain the following: 



We have the decomposition: 



AT 

(=1 



For any tt G /C(£, A, ?, q), we take a sufficiently large integer N such that p(Ao,Ui) — A^<5o < for any 

i. We put '■= -ipu-N-So I (2). Here ^o,; denote the element (^o, ■ • ■ , ^o) G (C x fi)'. It is well defined in 

the sense that we have the canonical isomorphism Y[i ~^ : ^u-n-Sq i {^) ■— H^u-N'-Sg i (S) for two choices 
N and N'. 

Recall that we have the coherent sheaves -Gu{E) {u G ICA4S{£'^,1)) on C\ (the subsubsection |^^Tj . We 
have , (E) ~ by definition, when p(Ao, tt) < 0. Since we have the canonical isomorphism Yii : 

'^gL^°\E) — > ^-g^,-N■SoAE), we obtain the isomorphism ~ ^gi^''\E) for any u G l\^ ^{^^ \ h c^). 

We have the nilpotent part A/i of the residue ReSi(D) on -fj^* (E). On the other hand, we have the nilpotent 
part Afi of -z, • 9^ on 

Lemma 15.35 The isomorphism preserves the nilpotent morphisms Mi. 

Proof The ReSi(D) corresponds to the left action of Zi ■ di = di ■ Zi — A, which corresponds to the right action 
of —Zi • Si — A. I 
In particular, we obtain the following. 

Lemma 15.36 

• When A(Ai,ei) C A(Ao,eo), we have the canonical isomorphism -ip^''\<t)\x{\i,ei) \X(\i.ti)- 

• Hence we obtain the globally defined TZ-module --!/;„(€) on Di. 

• We have the isomorphism -gu+Sg i 

{E) ~ Vix(S)- It preserves the nilpotent parts o/Res(©) and -Zi • 9^. I 
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15.4 Relation of the filtrations of <B 

15.4.1 Preliminary 

For b e , we put as follows: 

S{b) := {c€ \ c<b}, 
S°{b) := {ceS{b)\cT^b}. 

Definition 15.2 Let S C R^ D ICM.S{£^° , I) be a finite subset. It is called primitive, if the following holds: 
• For any b,b' G S such that b ^ b' , we have b ^ S{b'). I 
For a finite subset S C R^ f] ICMS{£'^" , I), wc put as follows: 

S{S):=\JSib), S'iS):=\JS°{b). 
bes bes 

The following lemma can be checked elementarily. 

Lemma 15.37 Let S <ZlJ and n ^1,^ such that n ^ S{S). Then there does not exist the following decompo- 
sition: 

iel beS iGl 

Here ft, {b e S) denote holomorphic functions on . I 

15.4.2 The filtrations ^Vs,d(£) 
For d e -R^o^, we put as follows: 

bes bes(s) beso{s) 

Similarly we put as follows, for any d e 

bes beS'{S) 
Lemma 15.38 There exists a finite subset S', such that ^Vg^ai'^) = ^Vs',d{^) and ^V's^ai^S) = ^Vs',di°£)- 
Proof It follows from the discreteness of the set Var{£^° ,1). I 
We have the naturally defined morphism: 

If 5 consists of the unique clement c, we have the following by definition: 
Here wc put J := [ — I. 

Let / be a subset of L We put J := I — I. Let d be an clement of R\ Let i> be a frame of -V^'^"^ (^^) ' which is 
compatible with andE^^o). We put ^ deg^'^"' (wi) := ^ deg^'^"' andd(i;,) := deg^*^"' | j G /). 
For any element c G R^ , we have the element n{vi,c) e determined by the condition c—6 < n{vi,c)+d{vi) < 
c. When we put Vi := Vi ■ z~'^^'"*''^\ the tuple v := [vi) is a frame of -V^^°J (^£), which is compatible with F^^°^ 
and E(^'>). Here denotes 11^ ^T^^^''-'^). 
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Lemma 15.39 Let c he an element of and S be a subset of such that c ^ S{S). For any section 
f e 'V,M"n n 'Vs.di^S), we have f = tn ' Grf JV^^''\°£). 

Proof We put Vi := Vi ■ ^pj^gj^ -^g have the description f = ^ fi ■ Vi = ^ ft ■ • Vi, for holo- 

morphic functions fi on X{Xo, cq). Assume that / 7^ in ^ Gr^' '^Vd{^£), and we will derive a contradiction. 
Under the assumption, we have the following: 

V fa ■ ia) ^ 0. 

Then there exists ig such that d{vig) + n{vi„ , c) = c and fig | x'j(Ao.eo) 7^ 0- 

On the other hand, since we have / G ^Vs,d{^£) by our assumption, we have the description / = X^bes ff> 
for some sections /& e -Vb+d {^^) ■ For each fb, we have the description ft = ^ fb,i ■ z^"'^"' '''^ • Vi for holomorphic 
functions fb,i on A'(Ao,eo). 

As a result, we have the equality: 

4 . z~^i-'o ^ ^ /,_^^ . ^-"(".0 ^f) . (319) 
bes 

Lemma 15.40 

Proof Assume that n{vi„, c) S S(n{vig, 6)) for some b G S. Then we have the following: 

Thus we obtain c < b, which contradicts our assumption c ^ S{S) of Lemma |15.39I Hence we obtain Lemma 

[Toni I 

Thus the equality (|319() and Lemma Fl 5 . 3 71 contradicts . and the proof of Lemma ri5.39l is accomplished. I 
For a primitive subset S C Z> q, we have the natural surjection: 

e^Grr" ^ ^^H^. (320) 



Corollary 15.7 The morphism (|32(J|) is isomorphic. 



Proof We have only to show the injectivity of Let us consider sections £ ^Vf, "'-^V^ {b e 5) 

such that the summation g = ^bes h contained in ^Vb(^£)- For any element bi G S, we have /b^ = 
g — J2bes-{bi} fb- Hence there exists a finite subset S" such that bi ^5(5") and /b^ e ^Vbi,d(^^-) n^V5'^d(^£). 
Due to Lemma f 15. 391 we obtain fb^ = in ^ Gr^^* V^^"\'^ £) . It implies the injectivity of the morphism 
^M- ■ 

15.4.3 The comparison oi'-Vs{<B) and ^Vs(°f) 

For a primitive subset 5, we have the following naturally defined commutative diagramm: 



inject ivc 



sur / 



1' 4'' 



(321) 
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Lemma 15.41 The morphism g in (|321|) is injective, and the morphism f in (|321|l is isomorphic. We have 

Proof It immediately follows the diagramm (Enj. Note we have Im(g') = 0^^^ ^U. I 
Let 5 be a primitive subset of RK 

Proposition 15.1 We have ^Vs((£) = !-Vs{°£) D €. 

Proof The implication C is clear. Thus we have only to show the implication D. Let be a large number 
such that —N ■ 6 < b ior any element b G S. 

Let / be a section of € n -Vs {^£) ■ We have the following description: 

beT 

Here T denotes some primitive subset of R\ and /& are sections of -V^'^°^ ((B) . If T is contained in S{S), then / 
is contained in -Vs(€), and thus there are nothing to show. We will give an algorithm to replace the primitive 
subset T when T is not contained in S{S). 

In general, we put P{b) := {i £ l\bi > -N] for any element b e RK Then we put Tj := {6 e T | |P(6)| = 
j}. We divide Tj into T* U Tj' , where we put as follows: 

T; := {b e I b e S{S)], T/ :== Tj - T* . 



Lemma 15.42 We have Tq = T* . 

Proof It follows from our choice of N. I 
We divide Tj^ as follows: 

T/ = [] T/ , T/ := {b e T/ I P{b) = I}. 

ici_, 
\i\=j 

We have the naturally defined morphism tt/ : T^ — > Ri,_j^. We put Sf := 7r/(T/). For any element c €z Sf , 
we put T/(c) := TrJ^{c). The n we have the decomposition: 

/-E(Ea+E E E /")• 

j=i beT* \i\=j^^s'f beT/{c) 
Note that T C S{S) is equivalent to IJ^ — 0. Hence we put as follows, when T (f. S{S): 

mo(r) :==max{m|T^ ^$}. 

Let / be a subset of / such that \I\ = mo(T) and Sf For any element c G Sj ,we put |c| := J^ieii'^i'^-^) ^■ 
We put as follows: 

go(r):=max( |J {\c\\ceSf}). 

|/|=mo(T) 

We also put as follows: 

ro(T):=| U {ceS^\\c\^qo} . 

|/|=mo(T) 

Let take c E such that |c| = qo{T). We have the section: 

bGT/ (c) 

Here we put J :— l — I. 

We have the induced section [F^] of ^T(c, -A^ • 5j) = ^^^(c, -TV • 5j) C Gr^*^"' '^^i^-s , (°^) • 
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Lemma 15.43 Assume [Fc] =/= 0. Then we have some primitive subset Uq C i?<_jY and the decomposition 
[Fc] ~ '^deUo ^c,dj where Gc.d o.re sections of^T{c,d) C ^ Gr^' " "'V^'^"'' C^^) , such that the induced section 
[Ge,d] *s not tn ' Grf ' Gr^*'"' (°£) = ^Gr^+d ' (°£) . (Note Lemma ICT) 

Proof The filtrations (j e J) induces the ffltrations ^Y^^f) of ^ Gr^'^" Vi^.^^ ) . Since the 

induced morphisms 9^ (i G /) are strict with respect to the fihrations -'V''^"-' (j G J) (see Lemnia ri5.7|l . we have 
the foUowing equahties for any d < ~N ■ 6: 

Then the claim follows immediately. I 

Corollary 15.8 Assume [Fc\ in ^T{c,—N ■ 5). Then we have some primitive subset Uq C Jl<_jv '^'^'^ 
decomposition F^ — X^detfo -^c,d; where i^c,d is a section o/^vi^°'''vJ'^"'' (2;) suc/i i/iat t/ie induced section [i^c.d] 
js noi m^Gr^+J' '((£). 

Proof Due to Lemma [l5.43l we have the decomposition F(. — Yld^Uo ^'^''^ ^^'''^ [-^c,d] 7^ in - Gr^_|^J'' . 
Then we obtain the claim due to Lemma ll5.33l I 



Then we obtain the decomposition: 



beT-T^{c) <l£Uo 

Recall we have |/| = mo{T), which we denote by mo for simplicity. 

Lemma 15.44 For any d G Uq, there exists an element b G lJmo<m -^m,' such that c + d < b. 
Proof Let us consider the following two cases: 

Case 1. There exists an element b E T — (c) such that c + d < b. 
Case 2. There does not exist such element. 

In the case 1, we have c < qi{b). Hence we have b G Umo<m -^"i ^ ^ ^mo- -Due to our choice of mo, we have 
Umo<m ^™ = Umo<m ^m' ^uc to our choice of mo and c, we have the following: 

{6Gr™„-r/(c)|g,(b)>c}cr^„. 

Thus we obtain b G Umo<m -^m ™ t^iis case. 

Let us consider the case 2. Then we obtain F^-.d = in -Gr^_|. J'' ('-'£) due to Lemma fl5. 391 It contradicts 
our choice of Fc,d- Hence we can conclude that the case 2 does not happen. I 

Corollary 15.9 In the case [Fc] is not in ^T(c,d), we have some sections Hi, {b G U'^m) satisfying the 
following: 

• [Fo - EbHb] = m ^T(c, -TV • ^j). I 

We put Fc := Fc — J2b^b- For any element b E T* := [JT^, we put /b := f + Hb- For any element 
b eT (T* U r/(c)), we put /b := /b. Then we have the following decomposition: 

/= E f''+^- 

T-T]' (c) 



280 



Since the induced section [Fc] is in ^T{c, —N-6j), there is some primitive set Ui C i?' and the decomposition: 
Fc = J2b'eUi ^t>' such that the foUowing conditions hold for any element b' G Ui: 

qj{b')<~N-Sj, ^(fe, + 7V)<ro. 
We obtain the following decomposition: 

T-Tf-{c) b'eUi 

Then it is easy to obtain a decomposition J2beT' f'b ^ primitive subset T' C B} satisfying the following in 
the lexicographic order: 

(mo(T'),ro(T'),9o(r')) < (mo(T), ro(T), go(r)) . 

It is easy to see that the reduction procedure above can stop in finite times. Thus the proof of Proposition II 5. l1 
is accomplished. I 

Corollary 15.10 We have ^Vb£ = £ n Wbi^S) . I 
15.4.4 The distributivity of the filtrations (^F^^") | « G l) 

Corollary 15.11 We have ^V^^°\^) = ^V^^°^(^£) n (S. In particular, we have 'Vj^^°^((£) = ^^^^^"^(^f) n £. 

Proof For any section / e ^V;^^"^ (°5)ne, there exists an element c such that qi{c) b and / e iyi^"-* (°f)n(£. 

Hence / G and thus / e V;'^"^ (£). Thus we obtain the implication D. The inverse implication C 

can be shown similarly. I 

Corollary 15.12 We have ^V^^"\<t) = fl^e/ '^b^^^l^)- 

Proof If / e n»e/'V'/^^''^(^), then we obtain / e Pl.e/ 'V^f ^ ^- I* implies / G ■fV;'^"^(°£) n €. Thus 

we obtain / e ^l/f,^'*"''(£). It implies the implication D. The reverse implication is clear. I 

The following lemma can be shown similarly. 

Lemma 15.45 Let I be a subset of I such that i ^ I. Let S be a primitive subset o/Z>q. Then we have the 
foUowing: 

ces ces 

Proof We have only to use Proposition II 5. II I 
Corollary 15.13 We have the natural isomorphism: 

' Grl''°' ' Grf (€) ^ ^^^^^ Gr^^^^ (£). (322) 
Proof The left hand side of (|322|l is isomorphic to the following, by definition: 



L.H.S. 



i A ) / A ) g ^ J A ) / A ) ^ ^ 



The last term is the right hand side of (|322|l . Thus we are done 
Corollary 15.14 The TZ-module £ is coherent and holonomic. 
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Proof Let us consider the filtrations ''V^'^"^ of £ indexed by R> given as follows: 



''V^^"^ (a>-l) 



(a<-l). 

We also consider the filtrations of TZ indexed by Z>o, where is generated by the sections of TZ whose 
degree with respect to 9; are less than b. Clearly we have the relation: 

We obtain the ^ Gr^ (7^)-nlodule ^Gr^'^"' ((£). We have the following: 

iGr^<^°'(e)= ^Grr°'V^/^e:). 

IUj=!,aeRi, _i 

Hence it is coherent as a - Gr^(7^)-nlodule. By using a standard theory of filtered ring sheaves (see the appendices 
in [5] or |29p. we can show that C; is a coherent 7?.-niodule. Similarly, we can show that the characteristic variety 
of € is contained in {N^X [Jj N'^^X) x C, where NpX denotes the cotangent bundle of Y in X. Then we 
obtain that 2; is holonomic. I 

Let TZi denote the subsheaves of TZ generated by dj [j ^ i) as algebra. We have the natural action of TZi on 

Corollary 15.15 € is regular along Zi = 0, namely, ^Va''^°\(t) is coherent as an TZi-module. 

Proof It can be shown similarly to Corollarv ll5.14l I 

Lemma 15.46 Let lUJ = I be a decomposition. For any c G R' and de Rio, the TZ-module ^ Gr^^''"^ ''vj^"\e) 
is strict. 

Proof We have the injection ^Gr^'''"' ■^vj^"\€) — > ' Gi^^''"^ vj^°\'=^ £) . Then the claim immediately 
follows. I 

Lemma 15.47 Let lUJ = lbea decomposition. For any c G R^ andde R^ , the TZ-module ^ Gr^^^"^ ■^V^^°\'B) 
is strict. 

Proof In the case I — I, the claim follows from Lemma [15.461 We use a descending induction on |/|. We 
assume that the claim holds for any / such that |/| = to, and then we will show the claim for / such that 
|/| = TO — 1. We may assume that / — ni — 1 . 

We put M^{d) := {i £ J \ di < 0}. We use a descending induction on |A/_(d)|. In the case |Af_(d)| = | J|, 

Gr^' i V^^'''\iB) is strict due to Lemma [15.461 Assume we have proved the strictness holds in the 
case |Af_(d)| > m, and we will prove that the strictness holds in the case |M_(<i)| = to. Let pick an element 
j G J such that di > 0. We put ,]':=,]— {i} and /':=/□ {i}. Let tt : R^ — > R'' denote the projection. By 
the hypothesis of the induction on |/|, ^ Gr^ Kr(d)^(^) strict for any d £ R. By the hypothesis of the 
induction on |Af_(d)|, ^ Gr^^';,"' "'Kj-jv.? l*^) strict if N is sufficiently large. Thus we are done. I 

Corollary 15.16 ^ Gr^'^"' ((£) ts strict. 

Proof Since ^ Gr^* (€) is an inductive limit of ^ Gr^* '^Vd(£) {d G R-^^), the corollary immediately follows 
from Lemma 115.471 I 

Corollary 15.17 Gr^ (£ is strictly specializable along Di at Xq. I 
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Corollary 15.18 The TZ-module € is strictly S -decomposable along Di, and we have tpzi.oi^) = Ini(can). 

Proof We have already obtained strict specializability along Aq f Corollary I15.17|l . We have the following 
commutative diagramm; 

^■■1 1 1 
^..-6„(€) > *Gr!:r°'(e:) > Grr^"' ) ■ 

The horizontal arrows are injective, and the right vertical arrows are isomorphic. Hence we have Ker(var) = 0. 

Let / be a subset of I such that z e /. We put J -.^ I — I. Let c be any element of such that qi{c) = 0, 
and d be any element of -R<o- Then the natural morphism ^T{c— Si,d) — > ^T{c,d) is surjective. Then we 
can show that ' Gr^^ (£) — > * Gr^* ((£) is surjective, by an argument similar to the proof of Lemma [15.471 
Thus we obtain ?/'2i,o(2) — Im(can). I 

Recall that we have — ^/;„(2;) (the subsubsect ion [T3 . 3 . 3|l . 

Lemma 15.48 We have the isomorphism: 

Proof We have only to show that there exists the canonical isomorphism as follows, in the case p(Ao, m) < 0: 

Vi^o) (£) ^ (Vi^o) (. . . Vit"^ (e))) . (323) 

Both of H323|) are naturally isomorphic to ^-Qu+Sa i i^) ■ ' 

15.4.5 Primitive Decomposition of sections of ^£ and <B 

The following lemma can be shown elementarily. 

Lemma 15.49 Let f be a holomorphic function on A" x A™. There exists the unique primitive subset S C Z>q 
such that we have a holomorphic decomposition f = X^pes ' '^pi^i such that ap(0, w) ^ 0. I 

First let us consider the primitive sections of 

Definition 15.3 Let I be a subset of I. A section f e ^£ is called I -primitive, if f G ^V^^"\^£) and f ^ 
tn'Grt'°\°£). I 

The following lemmas are easy to see. 

Lemma 15.50 Let v = (vi) be a frame of^S, which is compatible with E^^°^ and F^^°\ For any Vi, for any 
element c £ 7/ and for any subset I C I, the section Vi ■ n'=i '^^ ' ('^(0) 7^ 0); I -primitive. I 

Lemma 15.51 Assume that f is I-primitive and ^deg^(/) = c. For any section g G ^V^^f), then f + g is 
I -primitive such that ^ deg^(/ -\- g) — c. I 

Lemma 15.52 Let f be a section. There exists a finite subset S C .R^ and a decomposition: f — '^f,f^g ft- 
Here ft is I-primitive such that ^ deg(/b) = b. 

Let max(S') denote the set of the maximal elements of S . Then there exist the I-primitive sections gb for 
b e S such that ^ dcg{gb) = b and f = I]bemax(s) 9b- I 

Definition 15.4 An I-primitive decomposition of f is a decomposition f — X^bes such that the following 
holds: 
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• The subset S C is primitive. 

• The sections fb are I -primitive such that ^ deg{fb) — b. I 
Lemma 15.53 For any section f of^S, there exists an I-primitive decomposition. 

Proof We have a development f = ^ fi ■ Vi, and we have a primitive decomposition of /i, as in Lemma [15. 491 
Then we obtain the decomposition / = X^beS' ^^^^ fb is /-primitive with ■'^deg(/b) = b. Then we have 

only to apply Lemma ll5.51l I 

Lemma 15.54 Let f = X)bes fb '^'^ I-primitive decomposition. Then the set S is canonically determined. 
For any 6 G 5, the section [/b] of ^ Gr^ (^^) canonically determined. 

Proof Assume we have two primitive decomposition of /: 

beS b'GS' 

Assume b € S and b ^ S' , and we will derive a contradiction. 

Let us consider A — {b' G S" | 6 < b'}. Assume A 7^ 0. Note that b' G A is not contained in 5*. From the 
equality above, there exists 5" such that b ^ S{S") and ft G ^Vs". It implies [fb'] = in ^ Gr^ ('-'£), and thus 
we have arrived at the contradiction. 

If A = 0, by a similar argument, we obtain [/b] = in Gr^(^£), thus we have arrived at the contradiction. 
Thus we obtain b G S". By symmetry, we obtain S — S' . 

We have the following: 

fb-fb= E ifb' - fb')- 

b'eS-{b} 

Thus we obtain [fb - /^] = in ^ Gr^(°£). I 
Definition 15.5 The set S above is denoted by ^Prim(/). For any element b G ^Prim(/), we put as follows: 

'Pbif) [fb]e' Grli^S). 

I 

The following lemma is easy to see. 
Lemma 15.55 / G ^Vs{°£) if and only if ^ Pnm{f) C S{S). I 

We have the natural inclusion l : £ — > For any section / G £, wc put ^ Prim(/) := ^Prim(t(/)), and 
we put as follows: 

' Prim(/) :- ' Prim(.(/)) G ' Gr^G:) C ' Gr^(°£). 
Lemma 15.56 / G 'Vs{(B) if and only if ' Pnm{f) C S{S). 

Proof It follows from CoroUarv 115.121 and Lemma [15. 5 51 I 
15.5 The characterization of € 

Proposition 15.2 Let ^ be a coherent TZ-module on X satisfying the following conditions: 

1. The restriction <B\x-v is isomorphic to £ . 

2. We have the injection £ > where l denotes the open immersion X — D — > X . 

3. The TZ-module (£ is holonomic. It is also regular and strictly S -decomposable along Zi = Q (i = 1, . . . , n). 
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4-. Let A G C* be generic with respect to IJj ICMS{^, i). Then the specialization £|;t'A is strictly S -decomposable 
along Zi = (i — I, . . . ,n). We also have tj}zi,o'^\x>- = Ini(can). 

5. Let be the V -filtration along z, = Q at X such that ' Gr^'^"' (C) is strict. We put ^V^^^ := 

nr=i *^<o°''- Then —V^^ is a coherent locally free O\x-fnodule, and £ is generated by — V^^q"''. 

Then we have the natural isomorphism £ ~ 2;. 

Proof First we remark that C; satisfies the conditions above. We have the isomorphism ^\x-v — £ — €\x-v, 
and we can regard 2; and l£ as the 7?,-submodules of , where t denotes the open immersion X — D — > X. 
We will show that they are same as the 7?.-submodules. 

Let A S C* be generic with respect to ICAiS{<S., Zi) U K.AiS{<t, Zi). Let tTj : X — > Di denote the natm'ally 

defined projection. We put Xi := n^^ (^Di — Uj^i ^ •= -^i ^ l-^}- Let us consider the restriction 

€^x>- and €^x^, which we denote by £^ and 2;^ respectively. 

Lemma 15.57 The D-modules C;^ and €^ are regular holonomic. They are prolongation of . 

Proof They are regular along Zi = 0. The restrictions to Xi \ Di are isomorphic to £\x \d - Then the claims 
immediately follow. I 

Let L be the local system corresponding for f \_d ■ Let T and T be the perverse sheaves corresponding 

to and €^ bmce and are strictly S'-decomposable, and since i^ztfi = Imcan for both of them, T 
and T are the intermediate extensions of L. Hence we have the isomorphism J- J- ^ extending the canonical 
isomorphism T\Xi\Di — ^ — ^\Xi\Di- Due to Riemann-Hilbert correspondence, we obtain the isomorphism 
^ ~ extending ^^^^^^ ~£^ ^^^ad.. 

Lemma 15.58 The KMS-spectrum ICMS{€, Zi) and ICAiS{^, Zi) are same. 

Proof Let A be any generic point. The V-filtration ^yf-*^) of £ and € along Zi — induce the Kashiwara- 
Malgrange filtrations V of 2;^ and along = 0. Let us consider the following sets: 

Sp{€tz,) ■.= {aeC\ Gr^(e,^) ^ O}, Sp{(B^) := {a e C \ Gr^(€,^) ^ O}. 

Then we have = for any generic A, due to the uniqueness property of the gradua- 

tion of Kashiwara-Malgrange filtration. Since the set of generic A is uncountable, we obtain the coincidence 

iCMS{e,z,) ^ iCMS{e,z,). I 

Lemma 15.59 Let A G C* be generic. The V -filtrations of and induced by '^V^^\ are same. 

Proof Let 'V denote the induced ^-filtrations of and We put A := ICMS{e, Zi) = ICMS{^, Zi). 

We put A{c) := {u G /CA15(£, Zi) | p(A, u) = c}. Note we have the following: 

^Gr^(g^)= E(z,5„-e(A,7.)), ''GrJ'((S^)= E(z,g„ -e(A, u)). 

ueA{c) ueA{c) 

Then the coincidence of the F-filtration follows from the uniqueness of the Kashiwara-Malgrange filtration. I 

Let A G C* be generic. Let V be the induced V^-fihration of or €^ by 

Lemma 15.60 Let f be a section o/ Vb(€^). Then f naturally gives the section ofVb{^i). 

Proof It follows from Lemma ri5.59l I 

Let us pick a point Ao G C\ and sufficiently small positive number eq- We will restrict our attention to the 
restrictions of £ and € to X{Xo,eo). 
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Lemma 15.61 Let f be a section of—V^Q"\^). Then f naturally gives the section o/2^y^o''^(€). 

Proof Let A e A(Ao,eo) be generic. Then the restriction f^;^x gives the section of y<o((£^) = V<o((£^)- Due 
to CoroUaryEHl / gives the section of '-^V^q"'' (€) . I 

Therefore we obtain the inclusion j : ^y^o'''(€) C Let A G A(Ao,eo) be generic. 

Lemma 15.62 The restriction of j to generic A is isomorphic. 

Proof The restriction of j to ljr=i isomorphic due to Lemma FlS.Syi Since X — [J"^^ is of codimension 

2 in and since both of and are locally free, the restriction of j to generic A is isomorphic. I 

Hence the inclusion j is isomorphic outside the closed subset whose codimension is larger than 2. Since both 
oiWj.o°\^) and ^k1o°^((£) are locally free, we can conclude that the inclusion j is isomorphic. 

Since ^\x{\o,<^o) ^^'^ ^\x(\o,eo) generated by —V^q°\ they are same as the submodule of i'*£\x(\o.eo)- Thus 
the proof of Proposition 1 1 5 . 21 is accomplished. I 

16 The filtrations of ^[5 



We use the right 7?.-module structures in this section. We put X = A", Di {zi = 0} and D = [J"^i Di. Let 
(iJ, 9b, 0, h) be a tame harmonic bundle over X — D. Note the remark in the subsubsect ion [15 . 2 . 41 

16.1 The filtration [/(^o) 
16.1.1 Preliminary 

Let I be a positive integer such that / < n. Let us pick an element m = (mi, . . . ,to;) G Z>0 5 ^^^id we put 

nl rrti 

Remark 16.1 The meaning of I is different from that in the previous section. I 

We obtain € and and thus ig*€ = €[3t] and ig^{^£) = ^£[dt]. We regard them as a 7J;f xc-module. 
We have the following formulas (cf. |46j ) : 



{u(S)Bi) - t^u- g(»dl + j ■ X-u(^ g^~\ {u (g 3^') • St = u (g g^'+\ 
We put Si := Zidi and s := tdf Then we have the following: 

{u g) 9^ ) • {si + niis) = usi g) S( + mi • A • j • u g) 9(. 
Here we put m^ = for i > I. In the following, {u (g l)s^ is denoted by u s^ . 
Lemma 16.1 We have {u (g s-') • Si — {u^ l)siS^ ~ usi (g) s^ — ruiU (g s-'+^. 
Proof It can be checked by a direct calculation from H324f) . 

It is easy to check '^£[84] = '^'^^[s]. 
Lemma 16.2 For any section s of ig^P£, we have the following: 

{u g) s^) ■ di = {u ■ g) s^) ■ Si = u ■ Bi 1^ s^ — nii ■ u ■ z~^ g) s^'^^. 



(324) 
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16.1.2 The filtration 11^'^°^ and the endomorphisms 

Following Saito we introduce the filtration U^^°\ For any negative real number b, we put as follows: 

[/('«)(^,.C:) (^.^^^ € « l) • 7^;, . 
For any real number b, we put as follows: 



c<0, 
c+j-m<b-rr 

For simplicity, we use the following notation 



c<0, b'+j<b, 
c+j-m<b-m fc'<0 



It is the 7?.;t-inodule. 

Lemma 16.3 The following immediately follows from the construction. 

. c/(^o) ^ 6=) . ^/„7^ c uilt {ig , £) . 

• The induced morphism t : ul^^°\ig > uj^^]^ {ig *€) is onto ifb<0. 

• The induced morphism 3^ : vj'^^"-' > "^b+i onto if b > —1. I 

Lemma 16.4 The following immediately follows from the definition. 

• J/^^^"'' is a coherent VqR-x -module. 

• The filtration U^^"^ is a good V -filtration. I 
For 6 = 0, we also put as follows: 

Lemma 16.5 We have U^^°\<B[dt]) C U'o'-^°\€[dt]) . In particular, we have the inclusion C ^q^^'^ 

Proof It immediately follows from the definition. I 

Lemma 16.6 The induced morphism t : — > vji'^^''-' is isomorphic. 

Proof It can be checked directly from the definition. I 

Corollary 16.1 ^q^"-* is isomorphic to the image of the induced morphism Qt '■ ^''I'l'' > ^q'"^"''. The induced 

morphism t : ^'o'*'"^ — > is infective. I 

16.1.3 The endomorphisms 

Let us pick a large integer N such that N > rank£. 

Lemma 16.7 For any section f of-V^^°\^£), we have the following: 

I 



f II n Cs,: + e(A,u))"Giy(^"i(°£). 

J=l ueK(£,Xo,i,bi) 



Here e denotes some positive number. 
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For any section J — f ® 1 e -Vj^^fPS) ® 1, we put as follows: 

Mf ® 1) - (/ 1) • Sh, (j)2h{f ® 1) (/ • Sh) ® 1. 
Lemma 16.8 The following claims can be checked by a direct calculation. 
• We have the following equality in ^£[s] for any h <l: 



= — (02,/>(/®l)-0i,/>(/®l)). (325) 



• We have the following: 



Y{ueKiSM,h,b.m,) {^2,h + e(A, u)) (/ ® 1) e ). 

• (pi^h OLnd (f>2.h o-fe commutative. 
Lemma 16.9 We have the following: 

Proof We have only to apply the lemmas above to the following: 



(326) 



n /02,. + e(A,u)+0i,,xA^ 

uGK{£ ,Xo.h,b-mh) 

Corollary 16.2 For any section f of -V^'^ we have the following: 

h=l uGK(£ ,\oJi,bmh,) 

Proof It immediately follows from Lemma [16.91 
We put as follows: 

ICMS{ig,<i°) := ULi{" e Rx C\mh-u£ ICMS{£°,h)}, 

JC{ig,e,XQ,b) := {u e ICMSiig,e")\p{\Q,u) = b}. 
Corollary 16.3 If N > I ■ rank(£), we have the following: 

(/®1)- n {s + ti\,u)f eU[]:'\^g.€). 

Proof It immediately follows from Corollarv ll6.2l I 

We put as follows: 

Fb{x):^ n {x + t{X,u))''. (327) 

uG/C(e[gf],Ao,b) 

Lemma 16.10 The action of Fb{s) vanishes on vj/^^"-* for any b. 

Proof In the case 6 < 0, it immediately follows from Corollary II 6. 31 By using the surjectivity of the induced 
morphisms 3* : "^[^i — > ^'c'^"-' (c > 0) and the obvious relation dt o Fc-i = i^c ° 9t for any real number c, we 
can reduce the general case to the case 6 < 0. I 
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16.1.4 The filtration liy(^o) on Uj^ 



We put as follows: 



^VoTZx ■.^Ox[si,...,Sn]. 
For any real number & < and for any element c e -R<o x we put as follows: 

Lemma 16.11 For any negative number b and any element c G -R<o ^ -R" we have the following: 

nyjA„)f;(Ao)gjg^j = ^14+6.^(2:) ® C[s]. 

Both of them are generated by —V^^'l'^{^) over —VqTZx ■ 
For any element c e Ji", we put as follows: 

in,a)eS 

Here we put S := {(n, a) e Z>g x (-R<o ^ -R" ') | n + a < c}. The following lemma is easy to see. 



Lemma 16.12 We have ^yi^°^C/f "^(£[9*] C -V^+f.^ni^^) C[s]. 



The submodule ^Vr"'U^ °'t[Qt] of f/^^ "•'€[9*] induces the submodule of Gr^ <^[Qt]. It is denoted by 
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16.2 Preliminary reductions and decompositions 
16.2.1 Reductions I, II and III 

We put do := — e • Sn-i = (0, . . . , 0, — e, . . . , — e) for some sufficiently small positive number e. In the following, 
let s(n) denote the set {i | 7^ 0} for an element n e i?'. We use the coordinate (zi, . . . , zj, xi, . . . , Xn~i)- 
Note we use the notation in the subsubsection 115. Ol 

Reduction I. 

Let / be a section of uj^'^"'' [€[dt]) for b < 0. We have a development: 

We take a primitive decomposition of each section fh^n of -^.^(2) given in the subsubsection 115. Ol Namely, 
we take a decomposition of fh,n as follows: 

beS(h.n) 

Here S{h, n) is a finite subset of i?" such that qi^(^S{h, n)) C S{b ■ m), and fh.n,b are n-primitive sections of (£ 

such that 2-deg^* °' {fh,n,b) = b. 

Then we obtain the following decomposition: 

/ = E E A,-,6®s^-sr. (328) 

b£S{h,n) 

Here fh.n.b are n-primitive sections of £ such that — deg^* °\fh,n,b) = b. 
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The procedure to take a development as in (|328|l is called Reduction I. Note the following: if /;,,,„ € !i.Vc'^°\ 
then S{h,n) C 5(c). 

Reduction II. 

Let b be an element of i?" such that qi{b) < b m. Let us consider a section of the form ^ s'^S" for n-primitive 
fb such that — deg^* °\fb) — b. We consider the following condition. 

(A2) There exists jo £ s(n) such that qj„{b) < b ■ mj„ — 1. 

If {A2) is satisfied, we have qi_{b + 5j„) < b ■ m, and thus /& • zjj^ is contained in -Vbm'^- Thus we have the 
following equalities in uj^'^''^ ^[dt]- 

We note (/& • • Sjg and /b • zj^^^ are sections of —Vb+S-j^ We also note n — Sj^ < n. 
Reduction III. 

Let b be an element of J?" such that qi{b) < b m. Let us consider a section of the form fb ® s''3" for n-primitive 
fb such that — deg^(/b) — b. We put K{b) := < I, qiib) — b-rrn], and we consider the following condition: 

(A3) h > \K{b)\. 

Assume that {A3) is satisfied. Since we have fb ■ YikeK G ~'^b-'sK "^ifc'm,' have the following: 

/b^s'-i^^c)!- n n z:)®^"-^'"-''^^- n s^ec/^t^sp,]. (329) 

keK{b) keK{b) keK(b) 

In general, we have the following equality for any u, by using the formula (|325|l : 

keK K'(ZK keK' keK-K' 

Thus we obtain the following: 

Lemma 16.13 // (A3) is satisfied, we have the following decomposition modulo U^^"^ 

fb s'^Sr = - E (-1)"^'' • • n ^fc) ^ • (modulo [/(",")). (331) 

$^K'(lK(b) keK' 

Here we put Si :— m^^ ■ Si. In the decomposition H331|) . the following holds: 

• fb ■ rifcex' is contained in — Vj,^^°''2;. 

• We have h- \K'\ < h. 

Proof It immediately follows from and (|223l- ' 

16.2.2 (i?l)-decomposition 

Definition 16.1 A section f o/ C/^'^"'(£[9t] is called {Bl), if it has the following decomposition mod U^^\' 

/ = E E (332) 

h,Ti beS{h,n) 

(Bl.l) fh.Ti,b is n-primitive such that —deg^{fii n b) — b. 
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(B1.2) Neither {A2) nor {A3) hold, i.e., the following holds for each (h^n^b) such that fh.n,b 7^ 0; 

• For any j G s(n), we have b ■ rrij — 1 < qj{b) < b ■ rrij. 

• h< \K{h)\. 

I 

Lemma 16.14 Any section f of uj^^°^ €[Qt] (b < 0) is {Bl). Moreover the condition (SI. 3) holds: 

(B1.3) If f e Eces-^i^°-'C/i'^°-'<£[gf], we can take Sih,n) C UceS'5(c- n) for any h and any n. 

Proof By using the reduction /, we can take the development H328(l satisfying (-B1.1) and (_B1.3). Then we 
have only to show that each fh,n.b ® s''3" satisfies the condition [Bl). 

We consider the following partial order on the set Z>q x Z>o = {(n, /i)}: 

(n', h') < (n, h) ^=4> n' < n and h' < h. 

We put as follows: 

S{n,h) {{n',h') e x Z>o | {n',h') < {n,h)}, 

S'{n,h) := {{n',h') e S{n,h) \ {n',h') ^ {n,h)}. 
Then we consider the following claims: 

P(n, h): For any (n', h') e S{n, h), any section fh'^n'.b' ® s''S" with (Bl.l) satisfies (B1.2) and (B1.3). 
Q{n,h): For any {n',h') e S'{n,h), any section fh',n',b' s''9" with (-B1.1) satisfies (i?1.2) and (_B1.3). 

We have only to show the claims P{n, h) hold for any (n, h) E Z>q x Z> q- 

In the case (n, ft,) = (0,0), the condition {B1.2) is trivial. Thus the claim P(0,0) holds. The claim Q{n,h) 
is equivalent to IJ^^, P{n', h'). Hence we have only to show Q{n, h) P(n, h). 

We make the following procedure to fh.n.b ® s''g": 

• If (A2) for fh,n,b ® s'^g^ holds, then we make Red// + Red / + Red/// + Red/. 

• If {Ai) for fh.n,b ® s'^g^ holds, then we make Red/// + Red/. 

• If neither {A2) nor {A2>) hold, then {B1.2) for fh,n,b is already satisfied. Thus we do nothing. Note (B1.3) 
also holds in this case. 

By this procedure, we obtain the development of fh.n.b ® s'^g" modulo [/^'^''''2;[g(]: 

fh.,r.,b®s'^Q7^ J2 f'h',r.',b'®s'^'^i . (333) 

(n\h')eS'(n.h), 
b'eS{n',h') 

We may apply Q{n, h) to each term in the right hand side of (|333|l . Thus the induction can proceed, and we 
obtain Lemma [16.141 I 

Definition 16.2 A development satisfying (i?l.l), {B1.2) and (/31.3) is called a {Bl)-development. I 
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16.2.3 Reductions I' and II' 
Reduction I' 

For any section / G U^^^^el^t]) , we have a development: 

/= E E (A,«e^y(t"i(e:)). 

By taking an n-primitive decomposition of eacli section fh,n of -Vj^°^<B, we obtain a decomposition of the 
following form, as in Reduction I in the subsubsection IT^. 2 . II 

/ = E E A.^.b^s^g?. (334) 

h,Ti b&S{h,n) 

Here S{h,n) denote subsets of i?", and fh,n,b are n-primitive sections of £ such that — deg^* °\fh.n.b) = b. 
Reduction II' 

Let us consider a section of u'^^'^^ldt] of the form /& §5 s'* • 9" for n-primitive such that — (/b) = b. Let us 
consider the following condition: 

{A2') There exists jo £ s(n) such that qjo{b) < b ■ rrijg — 1. 
Lemma 16.15 // {A2') is satisfied, we have the following: 

fb <E> s'^g^ - ifb ■ zj-^^) ■ s,„ s'^ • - mj„ • (/b • zr^i) ® s'^+i • • 

Proof Similar to Reduction II in the subsubsection IT?) .2.11 I 

16.2.4 Reduction (Bl') 



Definition 16.3 A section f ofU^^^(B[dt] is called {BV), if it has a decomposition as follows: 



/ = E E h,r.,b®s'^^^. (335) 

h,n b£S{h,n) 

(Bl'.l) fh.n,b is n-primitive and —deg^ (fh.h.b) = ^• 

(Bl'.2) {A2') is not satisfied, i.e.. For any j G s{n), the inequalities b ■ rnj — 1 < qj{b) < b ■ nij hold. I 
Lemma 16.16 Any section f e ui^^°''€[Bt] is {Bl'). 

Proof The argument is essentially same as the proof of Lemma 116.141 By using Red/', there exists a de- 
composition H335() of / satisfying {Bl'.l). We have only to show that fhnb® s'^g" with (Bl'.l) satisfies 
(Bl'.2). 

Let us consider the following claims: 
P{n): For any n' G S{n), any section of the form fh.n'.b ^ s'*g" satisfies {Bl'). 
Q{n): For any n' G S'{n), any section of the form fh,n',b ^ s'*g" satisfies {Bl'). 

We have only to show that the claims P{'n) holds for any n G Z>o. In the case n = 0, the claim P(0) is trivial. 
The claim Q{n) is equivalent to Un'G5'(") Thus we have only to show Q(n.) =^ P{n'). 

We make the following procedure to a section of the form fh,n,b ® s'^g" : 

• If {A2') for fh.n,b ^ s'^df holds, then we make Red//' + Red/'. 

• If {A2') does not hold, {Bl' .2) for fh,n.b ® s'*g" is already satisfied, and thus we do nothing. 

As in the proof of Lemma [16. 141 we obtain a development of fh,n,b ^ s^d'^, such that Q{n) can be applied to 
each term. Thus we are done. I 
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16.3 Primitive decomposition 
16.3.1 Preliminary 

For any section / of C/^'^°''€[3t], we take a (i?l)-development modulo ul^^^ <£[dt]- 

/^E E A,»,6®s"9r. (336) 

h,n b£S{h,n) 

We put as follows: 

r(/) := {n + 5 e i?" I ^ ® .s'^ O}. 

Then we obtain the set of the maximal elements of which is denoted by maxT(/). 

Lemma 16.17 Let c be an element ofT{f). Then we have a decomposition c = n + b such that fh.n.b ^ in 
l)336|l . Such n and b is determined uniquely for c. 

Proof Recall that n E Z>q and b E i?". They satisfy the following conditions: 

• b + n ^ c holds. 

• We have qi{b) = qi{c) in the case qi{c) < b ■ rrii, or i > I. 

• We have b ■ rui — 1 < qi{b) < b ■ rrii. 

It is easy to see that these conditions determine uniquely b and n. I 

Due to Lemma Fl 6. 171 we can use the notation '(n, 6)' to describe an element of T{f). For maximal element 
(n, b) of T(/), we put as follows: 

h<\K(b)\ h<\K(b)\ 

Proposition 16.1 The set ma.xT(f) is canonically determined for a section f of /7^^^°'' (€[9t]) . For each 
element (n, b) G maxT(/), the section P{n,b)if) is canonically determined. 

Proof Let us take other (_Bl)-development of /: 

h.n beS'{h,n) 

We obtain the sets T'{f) and maxT'(/). We put as follows: 

E fUb®s'^:-J2 E fh.r..b®s'^d:eu^^\°\e[B,]). 

h,n beS'{h,n) h.n beS{h,n) 

Let {no, bo) be an element of max(T(/) U T'{f)y We have only to show the following: 

E(A.-o,bo-/U.;>o)®^' = 0' in E -Gr^"'(*S)0s^ (337) 

h h<\K{b)\ 

Here we put h ng bo = (resp. f'h,riQ,bo = 0) if (no, bo) ^ T(/), (resp. if (no, bo) ^ ^'(/))- We assume that 
the equation (|337|l does not hold, and we will derive a contradiction. 

We have the natural inclusion €[9f] C '^f [St] — ^^[s\. We regard -F as a section of '^'^^[s]. Note the 
development of a section u e ^£[9f], of the following form: 

w(8/g" =wz~"(8s''+l''l •]J(-m,)"' + ^ av(8)/'. (338) 

h'<h+\n\ 
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(339) 



Here ah' denote sections of If u is a section of nyj'^"'' C^^^) , then u - z "' and a/j/ are sections of —V^^°2 (^f) 
Then we have the foUowing: 

h<h'<h+\n\ 

We put S"{h,n) := S'{h,n) U S{h,n). Then we have the following: 

n,h beS"{h,n) /i'<|_R'(b)| + |7i| 

Since no + is assumed to be maximal, we have the following naturally defined projection: 

h' 

We have the following: 

h 

We put as follows: 

ho := max{/j | - fi^^,^,^] ^ in ^Gr^'"' (€)} ■ 

By our choice of /ig, the coefficient of s'' in 7rjjQ+5Q(F) is as follows, due to H338|) : 

0, {h' > ho + \no\), 

[z-^" ■ {fho,r.oMo - /;.o,„o,6o)], (h' ^ K + |no|). 

On the other hand, we have a (_Bl')-development of e U^<b^ '■ 

Here Fh.n,b is n-primitive section of €, such that — deg^' {Fh,n.b) — b. As before we have the following, under 
the inclusion 2;[9t] C '^^-[s]: 

^^E E -Vb+r.{°^) ® - ^0 

h.n beSgih,n) 

We put ToiF) ■.= {n + beR"\ Fh,r,,b ® s'' ^ O}. 

Lemma 16.18 For any element c G 7o{F), the decomposition c = rii + bi is uniquely determined by the 
following conditions: 

• ni e Z>o and b E il". 

• = gfi(c) if qi{c) < b- mi, or if i > I. 

• b ■ mi — 1 < qi{b) < b ■ rrii . 

Proof Similar to Lemma [16. 171 I 
Let ni + bi G Tq{F) be a maximal element. We have the naturally defined morphism: 

C'o ®n'-Grb,+r.A°£)®s^' ■ 

We have 7r„,+bi(F) = 7r„,+bi (X),, Fh^^M ® s''9"0- 
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Lemma 16.19 Uq + bo is an element o/ max7o(i^). 

Proof It follows from Lemma ri5.54l I 

Let us pick the decomposition rii + bi = no + 6oi miiquely given in Lemma ll6.18l 

Lemma 16.20 We have the following relation: 

ni = no + ^if(bo), bi = bo - dx(bo)- 

Proof First we remark gi(bo) < b ■ ra-i for any i — 1^ . . . .1. In the case Qiibo) < b ■ mi, it is easy to check that 
Qiibo) = Qi{bi). In the case Qiibo) — b ■ mi, we have qi{bi) ~ b ■ mi ~ I and qiijii) — 1, because of the condition 
<li{bi) < b ■ mi. Thus we are done. I 

We put hi := max{/i | Fh^ni,bi 0}- The coefficient of s'* in nn„+bo{F) is as follows: 

" [^-"^ -^^/u.m.bj 7^0 {h'^hi + \ni\) 

(340) 

{h' > hi + \ni\). 

Note the following inequality due to Lemma Flfi . 201 and ho < \K{bo)\: 

hi + \ni\^hi + \no\ + \K{bo)\ > |no| + |i^(bo)| > |no| + ho 

Then H339|l and (|340|l contradict. Therefore the equation (|337ll holds, and thus the proof of Proposition ITHTI is 
accomplished. I 

Corollary 16.4 For any section f e = Grf (^[3*]), the set max T(/) is canonically determined. For 

any elements {n,b) G maxT(/), the sections P(n.b){f) € — Gr^' °' ^i'^"' ^.f^ canonically determined. I 

Notation For any element c e i?", the decomposition n7(c)+i9(c) = c is determined by the following conditions: 

• vj{c) e and ?9(c) G RK 

• We have qi(n7{c)) — qi{c) in the case qi{c) < 0, or in the case i > I. 

• We have —1 < qi{m{c)) < in the case qi{c) > and i < I. 

We also use the notation M{c) :— {i\i < I, qi{ci) — 0} for any c G i?". 

Recall that we put := Gr^* °' (2;[St]). We have the naturally defined morphism (see the subsubsection 

ll6.1.4l for the definition of^V^^"^ on U^^"^ and *^^'''): 

^Grr(3U..n(«)W-3f^'=^ ~-^Grr"'K'°^ 
It induces the following morphism: 



"Grr(;);..^(g)M 

niGAf(ro(c))(* ~ *i ) 



.g^(c) ^„g^.V<^o)^(Ao)^ (341) 



Here the action of s° on — Gr^(^° ^(e:)[s] is induced by the action of Si on — Gr^(j.°!^b.^(2:). 

Corollary 16.5 The morphism (|341() is isomorphic. In particular, — Gr^* vj/^'^"' is a locally free O-p^ -module. 
Proof By using Proposition ll6.ll it is easy to see that the morphism (|341|l is isomorphic. I 
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16.3.2 n-primitive decomposition 

Definition 16.4 Let f be an element o/5'['*'°-' for b <0. We put as follows: 

2^Prini(/) {ce R''\c + b-me max(r(/))}. 
For any element c e — Prini(/) , we put as follows: 



It is well defined due to Corollary \II5AI I 

Definition 16.5 Letb be an element of . A section f o/^'[^'''' is called n-primitive such that —deg^'^ °\f) = 
b, if the following holds: 



• / e ^V^ ^'^^b 



(Ao)^j;(Ao) 
J b 

[f]^0 tn^-^Grl'""' ^[^"l I 



Definition 16.6 For any section f of an n-primitive development is defined to be a development f = 
EbGS /b, where S denotes a finite subset of i?" and fh {b G S) are n-primitive such that — deg^* (/&) = b. I 

Lemma 16.21 For a section f e Gr^ ^Spt], we have a n-primitive development: 

ce2LPrim(/) 

Here fc is primitive such that — deg(/c) = c. We have [fd — Pc{f) in — Gr^' I 
Definition 16.7 Let I be a subset of n. For any element b G , we put as follows: 

qi(c)=b 

For any subset S C R^ , we put ^Vg^°^ — X^bes ^^t>- 

We use the notation V/^"^ instead o/{*>v/^°\ I 

Lemma 16.22 Let b be a negative real number. Let S be a finite subset of R" . We have the following equiva- 
lence: 

f e 2^V^^"\¥^°^) ^ ^iPrim(/) C S{S). 

Proof <F= is clear. We show =>. We have a development / = J2bes fb ^'^^^ ^^^^ fb G —Vb'^l^"^. Due to 
(51.3), we obtain Prini(/b) C S{b). Thus we obtain the result. I 

Corollary 16.6 Let I be a subset of n. Let S be a finite subset of R^ . We have the following equivalence: 

/ e ^ Vb*!'"^ ^ g,(^Prim(/)) C S{S). 
bes 

Proof <;= is clear. We show =4>. For any element b G S, we pick the element b e i?" appropriately satisfying 
qi{b) = b and the following: 

/giiyj^o)^(^o)^ S:={b\beS}. 
Then we have iiPrim(/) C S{S). It implies (7/(^Prim(/)) C S{S). I 
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Corollary 16.7 Let I be a subset of n, and 6 = (6^ | i G /) be an element of . We have the following: 



Let I be a subset of n and S be a finite subset of . Let i be an element of n — I , and c be a real number. 
We put /i = / U {i}. We have the naturally defined subset Si = {(b, c) | b G 5} C R^^ . Then we have the 
following: 

i 

Proof It is easy to check by using Corollarv ll6.6l I 

Corollary 16.8 Let I be a subset of n, and i be an element ofn — I. Let b be an element of R^ and c be a 
real number. We put Iq = I U {i}, and we have the naturally defined element bo — (b, c) G R^" . Then we have 

16.4 Strict S'-decomposability along t = 

16.4.1 The local freeness of the sheaf ^ Gr^'^°' Jv^^'''''^[^"^ {d < 0) 

Let / be a subset of n, and we put J := n — I. Wc put /o := I D I and Ii := n — Iq. We also put Jg := J O I 
and Ji :— n — Jq. 

For any element c G R^ , we take m{c) G JFI<q x R^^ and 'd{c) G Z>q determined by the following conditions: 

• n7(c) + t?(c) — c. 

• qi{zu{c)) = qi{c) in the cases qi{c) < or i G /i. 

• — 1 < (ji(n7(c)) < in the case qi{c) > and i G lo- 

We put M{vj{c)) := {ie Io\ qi{nj{c)) = O}. 

For any elements c G .R^ and d G R'^q, we have the following morphisms: 

The composite of the morphisms is denoted by $. Note the following: 

• -^Sc)+d+br„(2)W • n.6A/(^(c))(s - S°) ■ 3r C U^^'i^'^m] (Lemma [ma. Here the action of s° on 

is given by the action of ~s, on 



The image of ^ viti)+,.('>-)^Kl+i(.,r.) (^S) W via !> is contained in ^F<,^V^d*i'«^ 
Thus the following morphism (f> is induced: 

^T'-^^Uwic) + bmr , d + bm t)\s] ,/ % , t/(^o) ? rx„~i 
$ : ^j--^^ '^'^^ ■ gf('=) — > ' Grf ° ■'v^^°>¥^^°\ (342) 

See the subsubsection 1 1 5 . 2 . 5l for 'T^^'>'>. The action of s° on ^T^^°'> (tu{c) + bmi, d + bm,j) [s] is induced by the 
action of Si on ^T^^°^ (^(c) + bmi, d + bmj) . 

Proposition 16.2 The morphism $ is isomorphic. 
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We have !>(/) e ' Gr^''"' ^V^^°^<i^^°\ For any element b e 5*0, we have the foUowing morphisms: 



Proof First we show the surjectivity. Let / be an element oi—Vc+dUlj'^°\^^t\)- Let us take an n-primitive 
decomposition of /: 

In the development, we have h < w{c) + d + b ■ m and K{b) C M(tu(c)). Hence we obtain the surjectivity. 
Let us show the injectivity. We have the natural projection: 

7^ ■ '^rro(c)+6mj '^d+fcmA'^iPJ > = / _ -ox ' I'^^'^i 

ll'ieA/(ro(c))^* ^i-* 

Note that the right hand side of (|343|l is same as the left hand side of H342|l . Let us pick a non trivial section / 
of the right hand side of l\M'6\\ . We can pick a section / of the left hand side of (|343|) satisfying the following: 

• vr(/) = /. 

• We have a decomposition / — X^bes fbji ® ' Sf'''^''- Here 5*0 denotes a primitive subset of i?<0' ^^"^ 
/b,/i (b e S'o) are n-primitive such that — deg {fb,h) — ru{c) + b ■ m + b. 

To show the injectivity of $, we have only to show $(/) 0. 

/ r^^v'^o' ./t/(Ao),j,(Aq) ^ „ p^y(^o) (Ao) ^ '-'r^(c)+d+bTrtl'-JpJ 

"-'^c v'so '''fc ^-'-'fc+b - -Ff t; — ■ 

lli6A/(ro(c))l* ~ '^i J 

Here the left morphism is the naturally defined projection, and the right morphism is the isomorphism given 
in Corollarv ll6.5l The composite is denoted by tti,. Then we have the following, which can be checked directly 
from the definition: 

h 

Then we obtain TTb ($(/)) ^ 0. Thus we obtain the injectivity of and thus the proof of Proposition 116.21 is 
accomplished. I 

Corollary 16.9 Let I and J be subsets of n such that n~ I U J . Let b be a negative number, c be an element 
of R/ , d be an element of R^q. Then the sheaf ^ Gr^ ° Gr^ ^J;^"'' is an Ot>i -locally free sheaf. In particular, 
it is strict. I 

16.4.2 Strictness of ^[^""^ and the strict 5'-decomposability £[9t] along < = 

Lemma 16.23 Let b be a negative number. Let I and J be subsets of n such that I U J — n. Let c and d be 



elements of and R'^ respectively. Then the s/iea/^Gr^' .Jyi^o) /q,{>^o)\ strict. 



Proof For any element d e R\ we put as follows: A/_|_(d) :— {i | qi{d) > O}. Note that |M_|_(d)| < \ J\. Let 
us consider the following claims: 

P{m,i): The strictness holds for {J,d) such that (|J|, |Af+((i)|) < {m,i). 
Q{m,i): The strictness holds for ( J, d) such that (|J|, |Af+(d)|) < {m,i). 

We have already known that P(m, 0) holds for any m due to Corollary 116.91 We have only to show the 
implication Q{m, i) =4> P(m, i) in the case i > 0. 

Let {J,d) be the tuple such that (|J|, |M+((i)|) = (m, z) such that i > 0. Let us pick the element jo G J 
such that Qjoid) > 0. We put Ii :— I U {jo} and Ji :— J — {jo}- For an element c e R^ and a real number a, 
we have the naturally defined element (c, a) G R^^ . We have the naturally defined projection tt : R' — > R^^ . 

We have the induced filtration Joy(^o)^(^o) on ^ Gr^*^"' JyjAo)^(Ao)^ ^^^^ following: 



298 



. We have ^" Grf ' Gr^'"" '^'^'ifd^l*!^"^) - ^^J^S ^^Kr^d) (^i^''^ I* is strict due to the hypothesis 
of the induction Q(m,i). 

• Let N be the real number such that N > q-jjd). Then ^ Gr^'^"' "'Kj-jv^.j, (^i^"^) is strict, due to the 
hypothesis of the induction Q{m, i). 

Then the strictness of (J, d) follows easily. Thus we obtain Lemma ri6.28l I 

Corollary 16.10 Let h he a negative number. Let L he a suhset of n, and c he an element of . Then the 
sheaf ' Gt^^'^"' {^[^"^) is strict. 

Proof We put J ■.= n-L. Since ^ Gr^*^°' (^-i^"^) is the inductive limit of ' Grf ^vj^"^ (4'^^"^) (d € R-^). 

Thus the corollary follows from Lemma [16.231 I 

Corollary 16.11 Let b he a negative numher. The sheaf "^1^^°^ is strict. 

Proof It immediately follows from CoroUarv llG.lOl I 

Proposition 16.3 Let b he any real number. The sheaf 5'^'^"'' is strict. 

Proof In the case 6 < 0, we have already shown the claim in CoroUarv llB.llI Let us consider the case 6 = 0. 
Then we have the injection t : — > '^''l"^ (Corollary [HIIll. Thus the strictness of 'J'^'^"^ follows. 
Let us consider the following claims: 

P(a): The strictness of holds for any b < a. 

Q{a): The strictness of v[/^^") holds for any b < a. 

We have already shown that P{0). Since the set {a \ ^ 0} is discrete, we have only to show the implication 

Q{a) =J> P{a) in the case a > 0, which we will show in the following. 
Let us consider the following morphisms: 

^(Ao) ^(Ao) ^(A_„)^ (344) 



By our construction of the filtration U^^°\ the morphism 9t is surjective. Let us consider the composite, which 
is the endomorphism of induced by the multiplication of 9t • t = t • St + A from the right. Due to Lemma 

116. lUI we have Fa-i{t ■ dt) = Fa{dt • t) = on Here Fa is given in (|S77jl . Note that e(A,M) does not 

vanish identically, if we have p(Ao, u) — a > 0. Since "^^^-1 ^s strict due to our assumption Q(a), the composite 
of the morphisms in H344|) is injective. Thus the morphism 5t is isomorphic. It means the strictness of ^i^"'*. 
Namely the claim P{a) holds, and thus the proof of Proposition 116.31 is accomplished. I 

Recall that the the following endomorphism identically vanishes on for any b: 

n {s+<\u)f. 

«G/C((i*[gf],Ao,b) 

Here N denotes a sufficiently large integer. Recall that we put as follows for any element u E /C(£[St], Aq, b): 

4':\m])='^er{s + c{X,u)f. 
Corollary 16.12 We have the following: 
L The sheaf i;[^°\e[dt]) is strict for any u. 

2. The morphism t : ilj\.^°\(t^t\) — > V't u'-6o injective, and it is isomorphic in the cases 



299 



(a) p{u) < 0. 

(b) p{u) =0 andu^ (0,0). 

3. The morphism dt '■ 4't^u\'^[^t]) — > V't'^+5o(*^[3t]) is isomorphic in the cases 

(a) p{u) > -1. 

(b) p{u) = -1 anduT^ (-1,0). 

If we have p{u) < —1, the morphism 3( is injective. If we have u = (—1,0), then the morphism is 
surjective. I 

In particular, we obtain the following proposition. 

Proposition 16.4 The sheaf £[3t] is strictly S -decomposable along t = 0. I 

16.5 The decomposition 

16.5.1 The endomorphisms of ^ Gr^' °^ fpt,u^[(^t] and ^V'iiV't,«^[Sf] 

Let pick an element i € n. In the following, we put to^ = if i > L We see the action of Si on * Gr^* ■0t,„2;[3t], 
which is induced by the multiplication from the right. Assume h := p(Ao,u) < and c < 0. A section of 

'Gr^* can be described as a sum of sections of the form (/ g) s'')S" such that qi{n) = 0, where 

/ € ^yc+b-m '^- have the following formula: 

(/ ® s'')S^ • = (/s. ® s'')3^ - mi • (/ (g) s'^+i)g^. 

We put as follows: 



z 1 



3xi{{f ® s^)Wi) := fsi®s^^ 
52.((/'»s'')9?) {f®s^^^^)s, 
9s{{f <^ s'')d^) ■.= f(E)S^+^d^. 

In the case i > I, we have gn = g2i- 

Lemma 16.24 We have 921 = gn — mi ■ gs- The morphisms g2i, gn and gs commute. 

Proof The first claim is clear from the definition. The commutativity of 52 i and gs are easy to see. Since gi i 
can be described as a linear combination of g2i and gs, we obtain the second claim. I 

Lemma 16.25 On ' Gr^' °' ^t,„((£[3t]), we have the following vanishing for any sufficiently large integer N: 

H (ffii + e(A,«i))'^ = 0, {gs + t{X,u)f = 0. 

'WiG/C(5,i,Ao,c+mi6) 

Proof For any section / of ^y^^^.^i^)^ we have the following: 

/• n (t-gt + e(A,«i))^e^^ic;U(«)- 

It means the first vanishing. The second vanishing follows from the definition of ipt,u{^[^t])- I 
We put as follows: 

Gi,c,N{x) := JJ (x + e{X,ui - ruiu)) . 



Here x denotes a variable. 
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Lemma 16.26 For a sufficiently large N, we have Gi^c,N{g2i) — on ' Gr^' '0t.„(€[3t]); 

Proof We have the equahty 521 + e(A, ui — niiu) = gi i + e(A, ui) — mj • (^gs + t{X, u)). In the case c < 0, we obtain 

Gi,c,N{g2i) by the equahty above and Lemma [16.251 Since we have the surjection 9*^ : * Gt:^!_^j — > * Gr^* 
and the relation Gi^c.N{g2i) ° = ° Gi^c-M,N{g2i), the general case can be reduce to the case c < 0. I 

Lemma 16.27 On ' Grjf' " ^ Gr^* tpt,u{'^^t\), we have Gi^c.N{g2i) — for any sufficiently large integer N: 

Proof It follows from Lemma ri6.26l and the isomorphism ' Gr^' ^ Gr^' °' ipt.,u = ^ Gr^' * Gr^* ipt,u- I 

Corollary 16.13 Let I be a subset of n. Let c = {ci\i E I) be an element of . On ^ Gr^' '0t,«(S[3t]); we 
have Gi^ci,N{g2i) = for any sufficiently large integer N. I 

Lemma 16.28 For any element ui e /C(£, i, Ao, c + mtb), we have p(Ao, ui — miu) = c. 

Proof It can be shown by a direct calculation. Note the equality b = p(Ao, u). I 

Corollary 16.14 The TZ-Dj-module ^ Gr^* °' is strictly specializable along Zj = [i E n — I) at Aq. 

The V -filtrations at Aq are given 

We put /C(V't,ti6;, i, Aq, c) := {wi — • w | ui E JC{S, i, Aq, c + mife)}, where we put b := p(Ao, u). For any 
element c—{ci\iE /), and for any element u E Yl-^j IC{'il>t,u'^,T', ^OiCi), the submodule ^i^u°\''jjt,ui*^[<^t])) of 
^ Gr^* '0t^„(€[3t]) is defined as follows, for any sufficiently large integer N: 

Ker(52i + e(A, ^^(m))) ^ 

We put as follows: 



^^i-^«)(V't,„(e:[gt])) := flKer(52. + e(A,<z,(«)))' 
ICMS{^pt,u<^[Bt],i) ■■= {ui-mi-u\ui E ICMS{£° ,i)}. 



Lemma 16.29 

1. Let I be a subset of n. Let u be an element 0/ J^^^j /CA^5('0(.„£[5t], i). Then {^ipu°^i^t,u^[(^t] | Aq E Cx} 
give the TZvi -module ^ipuipt.u^i^^t]- 

2. Let i be an element of n — L. Then ^ipuipt.u'^l^^t] is strictly specializable along zi ~ 0. 

3. Let i be an element of n — I , and v be an element of ICMS{ipt.u'^[<^t\, i) ■ We put 1 1 :~ lU{i}. We have the 
naturally defined element {u,v) E Yijeii ^■^^i''Pt,u^[St], j)- Then we have the following isomorphism: 

Proof It can be shown by an inductive argument. I 
16.5.2 The decompositions of ^ Gr^^ "'Vb, (*[^''^) 

Let / U J = n be a decomposition of n. We put Iq -.= 101 and Ii := I — Lq. For any element b E i?", we put 
by := qyib) for Y^I,J. For any element b G -R" such that bj < 0, we put ' £b,b ' Gr^/^°' ''V^'^'''' {^[^°^) . 
We have the right action of Si [i E I). We put Si :— mf^ ■ Si for i E Iq. We would like to see the generalized 
eigen decomposition of ^ £b,b ■= ^ Gr^^* Jyi^o) ^^{>^o)'^ ^-^^^ respect to the actions of Si {i E M{vj(bi))). 
We have the following isomorphism (Proposition ^^J: 



_ ^r(^") {w{bi) +b-mj,bj + b- mj) [s 



Here the action of s° on ^T^^°'^ {w{bi) + braj, bj + 6m j) [s] is induced by the action of Si on ^T^^°^ (ru{bi) + 
bmj, bj + brnj). We use a similar convention in the following. 
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Remark 16.2 The actions of Si and s° are different. The relation is Si — s° — s. 

On ^r(^o)(n7(6/) + 6 • m/, bj + bmj^ , we have the action of the tuple of endomorphisms 

s -.^ {si\i <E /o). 

We have the generahzed eigen decomposition: 

^T'^^"\uj{bi) + bmi,bj + bm.j) := E(s, -e(A,M)). 

u^S {m{bi) ,b.m) 

Here we put S{Tu{bj), b, m) | (u; | i S /q) | • Ui € JC{£, Aq, i,b ■ rrii + }. 

We put Q{I ,b,u,in) :— E(s, — e(A,M)), and then we have the following decomposition: 

^r(^«) {m{bi) + bmi, bj + bmj) = Q{I, b, u, m). 

u£S{-CD{bi),b,m) 

Then we obtain the following decomposition: 

ir ^ £n Q(/,b,M,m)[s] ^(^^^ 

Let u — {ui\i e /o) be an element of S{m{bi),b,m). Since we have qi{m{bi)) — for any elements 
i e -M(ti7(6/)), we have p(Ao, Ui) = 6 for i g M(cc7(67)). Thus, if we have e(Ao, Ui) = e(Ao, Uj) {i,j g M[w{bi))^, 
then we obtain Ui = Uj. We also remark that we have p(Ao, Ui) ^ b for any i £ Iq ~ M(n7(6/)). We obtain the 
decomposition of M{w{bi)) as follows: 

M{nj{bi))^ Y[ M{u,u), M{u,u) -.^ {i e M{vj{bi))\u, ^ u} = {i e Io\u, = u}. (346) 

u<£K(e[3t],Xo,b) 

Corresponding to the decomposition (|346|l . wc have the following: 



(345) 



n (•^-■5°)= n n (•^-^~°)- 

ieM(za(bi)) ueK{€[Qt],\)-b) ieM(u,u) 

Then we have the following isomorphism: 

Q{I,b,u,m)[s\ ^ ^ Q{I,b,u,m)[s] 

We put as follows: 

r^ir u \ Q{I,b,u,m)[s] 

Q{I,b,u,m,u) := 



Then the eigenvalue of the action s on Q{I ,b,u,m,u) is — e(A,M), and the eigenvalue of s° — mj^ ■ gij is 
— z{X,Uj). Note that the eigen functions of ■ gn is — e(A, u) for any i £ M{u,u). We put N := s + e(A, u) 
and Ni := Si + e(A, u) for i £ M{u, u). Then we have the following: 

We obtain the decomposition, as follows: 

'£t,b^ Q{I,b,u,m,u)-dt^'"K (348) 

Here (w, it) runs through the set /C((£[9t], Ao, x S[vj{bi),h^m). We also have the decomposition: 

^Gr,^^'X^^^(eN)= Q{I.b,u,u,m)-<iT'\ (349) 

Let us consider the action of Si {i £ Iq) on Q{I, b, u, m, u). Recall that we have the relation Si = s° — s. 
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Lemma 16.30 

• Let i be an element of Iq. The eigenvalue of Si on Q(I,b,u,m,u) is --({XjUi — u). 

• The decompositions (|348|l and H349|) are generalized eigen decompositions with respect to the endomorphism 
Si (i G Iq) and s. 

Proof The second claim immediately follows from the first claim. The eigenvalue of s is — e(A, u) and the 
eigenvalue of s° is —z{X,Ui). Thus we obtain the first claim. I 

Corollary 16.15 Let i be an element of M{vj{b)). Then Si is nilpotent on Q(I,b,u,m,u) if and only if i is 
contained in M{u,u). I 

16.5.3 The decomposition of Gr^^^^ Q{I, b, u, m, u) 

Recall we put Iq = I D I and /i = I — Iq. We assume that bj < 0. From our construction, Q{I, b, u, m) is a 
subbundle of ^ Gr^^^'^..^^ '^^<b^+bm,^^) o'^^^ 2'/('^o,eo)- Moreover, they are contained in the — e(A,M)-part 
E(s, — e(A, m)), in the generalized eigen decomposition with respect to the tuple of the morphisms s = (s^ | i € 
M (6/)) . Let Mi denote the nilpotent part of st on E(S, — e(A, it)). 

We also have the action of Si {i e /i) on E(S, — e(A, w)). We denote the nilpotent part of Si by A/i. We put 
R{u) := {i e III = (0; 0)} C h- Then we have s^ = M for i e R{u). We put 7V>?(„) := nie/?(„) 

Lemma 16.31 We have Q{I,b,u,in) = ImA//j(„). 

Proof It can be directly checked by our construction, by using Lemma ll5.33l I 

Let j be an element of R{u). Note Q{I, b — dj. u — Sqj, m) ~ imM'ii(^u)-{j}- Then the naturally defined 
morphism Zj : Q{I ■, b. u, m) — > b — Sj,u — Sqj, m) is isomorphic to the natural inclusion. The naturally 
defined morphism 9^ : Q(/, b — 5j,u — Soj,m) — > Q{I, b, u, m) is isomorphic to the morphism Mj. Then we 
obtain the naturally induced morphisms, for any element j £ R{u): 

Zj : b,u,m,u) — > b - Sj,u - Sa^j^m, u), dj : Q{I,b- Sj,u~ doj,m,u) — > Q{I, b,u, m,u). 

Let i be an element of M{w{bi)) C Iq. Note that the multiplication -Zj from the right induces the isomor- 
phism (f) : Q{I, b, u, m) — > Q{I, b — Sj,u — So j, m). Then we obtain the following isomorphism: 

n,(T u Si X \ Q{I,b,u,m)[N] 

Q{I,b-6j,u-So,j,m,u)~— — — (350) 

Here we put M'{u,u) := M{u,u) — {j}. Under the isomorphism (|350|l . the morphism zj : Q{I,b,u,m,u) — > 
Q{I, b — 6j, u ~ 6oj,m, u) is induced by the identity of Q(/, b, u, m, u)[N]. 

Lemma 16.32 The morphism 9j : Q(/, b — Sj,u — Sqj, m, u) > Q{I, b, u, m, u) is induced by the morphism 

nij ■ {Nj - N) on Q{I, b, it, m, u) [N] . 

Proof Let 't'ifi) • -/V* be a section of the right hand side of the isomorphism H35U|) . We have the following: 

h h h h 

(J2 </>(/.) • N') ■ 9. - (E • • = E(/' ■ -N'-m.-Y^f^-N^-s 

h h 

= E • (^^- - '"j- • 5) ■ = ™. E • (^^- - ^) • (351) 
Thus we are done. I 
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Lemma 16.33 Assume that 6/ < and bj < 0. Let i be an element of M{'cu{bi)) U R{u). Then we have the 
following decomposition: 

Q^w{N) i^Q^^ ^ ^ ^-j^ ^ Im(can,) © Ker(vari). 
Proof It follows from Proposition ll2.3l I 

Let j be an element of Ii. Then we have the induced morphism: 

9j : Q{I,b- Sj,u - 6o.j,m) — > Q{I,b,u,m). (352) 

Lemma 16.34 In the case qj{b) > 0, the morphism H352() is isomorphic. Thus the induced morphism dj : 
Q{I , b — S j , u — do,j , m, u) — > Q{I ,b,u,m,u) is isomorphic. 

Proof It is clear from our construction. I 

Lemma 16.35 Let j be an element of Iq. Assume that qj{b) > 0. Then we have Q{I ,b,u,m) = Q(I,b — 
5j,u — So,j,m) and Q{I, b, u, m, u) — Q{I, b — Sj,u — So,j,m, u). 

Proof In the case qj{b) > 0, we have w{bi) — w{bi — 6j). Then the lemma is clear from our construction. I 

Proposition 16.5 Assume bj < 0. Let i be an element of M{m{bi)) U R{u). Then we have the following 
decomposition: 

Gt^'-^\Q{I, 6, M, m, u)) = lm(can,0 Ker(vari). 

Proof We have already checked such decomposition in the case b/ < 0. By using the isomorphisms given in 
Lemma H 6 . 341 and Lemma 116.351 the general case can be reduced to the case b/ < 0. I 

16.5.4 The special case 

Let us consider the case I = n, I = n and 5 = 0. In the case we have w{bj) = = We also have the 

following: 

S'(0, b, m) — {(ui \ i £ n) \ rrii ■ Ui £ IC{£, Xq, i, b ■ m^)}. 
Then we have the following decomposition: 

Lemma 16.36 The endomorphism Si on Q{n,0,u,m,u) is nilpotent for any i € n, if and only if Ui — u holds 
for any i £ n. 

Proof It follows from Corollarv ll6.15l I 

n 

Let us consider the case u = (u, . ?. , uj . We put u = (rui • u | i € n) + ^o.n G {R x C)". Note that 
u^Y[U^J^S[£^,i). 

Lemma 16.37 We have the natural isomorphism: 0,m, m) ~ —GuiE)- (See the subsubsection \H.[rT\ for 

Proof It can be checked directly from the definitions. I 
Hence we obtain the isomorphism: 

Q{n, 0, u, m, u) ~ Vn{Sl^'\E)) . 
See the subsubsection 13 . 9 !^ for V„(S'5'^"(i?)) . In particular, we obtain the subbundle: 

Cr^ic C PhGy'I^^''^ Q{n,0,u,m,u). 
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17 The weight filtration on ilJt,u^ and the induced 7?.- triple 

In this section, we use the right 7?.-module structure. 

17.1 The weight filtration on 
17.1.1 and the filtrations S-l/(^o) 

In this subsection, '0(^„(£[3t]) is often denoted by tpt,u, for simplicity. We put as foUows: 

Van.mi{£^°,i) := {a - 6 - m, I a e Par(£^°,i)}, 

^ar^m.(^^°>*) - {r ePor6.™.(£^^^) |r < 0}, 

^«^6-m,(^^°'») ■= {r&Van.m,{£^\i)\r>Q]. 
We put as follows, for any subset I Cn: 

Then ^£ is an £)uj(;v(,^eo)-sheaf, where we put J := n — I. For any element a G ii", we put as follows: 

Then W^^°\'C) is a coherent e)i,^(Ao,eo)-sheaf. 
Lemma 17.1 

• Let j be an element ofn — I. In the case aj < 0, we have —Va^°\^jC) = 0. 

• Let j be an element of I. In the case aj > 0, we put as follows: 

( ai j) 
[ maxPar^,^,{£^^,j), {t = j). 

Then we have ^V^^°\^ C) = ^vi^''\^ C) . 
Proof The claims arc clear from our construction of ^V^o''''(^^")- ' 

Let TT denote the projection ^V^Q°\ipt,u) — ^ ^j^- For any section / of we take a section F of ^V^Q°\ijjt,u) 
such that 7r(F) = /. 

Lemma 17.2 

• The set — Prim(/) := — Prim(F) fl (-R<o x R>o) is canonically determined for f. 

• For any element a G — Prim(/), the section Pa{f) '■= Pa{F) o/ — Gr^* °\tpt,u) is canonically determined 
for f. 

Proof Since we have F-F' e Y^roi ^'V<o\'^t,u) for other choice of F' , the claims are clear. I 
Let 5 be a subset of -R". We put as follows: 
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Lemma 17.3 The projection tt : ^V^q"'' (V't.w) — > ^ ^ induces the surjection: 

Proof It follows from iiV^^°\i;,,^) n 'V<o{A,^.) = Eaes '-Va^"^ i^t,u) O ^K^o"^ ■ 
Let / U J = n be a decomposition. 

Corollary 17.1 Let f be a section of Then f is contained in —Vg^""^ (J C) if and only i/— Prim(/) is 

contained in S{S). I 

17.1.2 Local freeness 

Let / U J = n be a decomposition. 

Corollary 17.2 Let b be an element of R^^q and c be an element o/i?>Q. Then we have the naturally defined 
isomorphism: 

In particular, Gr^* ^V^'^°\^C) is coherent and locally free Ox>, -module. 

Proof We have the naturally defined morphism from the left hand side to the right hand side. By using 
Lemma |17.3I we can check that the morphism is isomorphic. The local freeness follows from the result in the 
subsubsect ion 116. b?^ I 

Lemma 17.4 Let S be a primitive subset of -R>o- The O-pj-module Vg'^"^ ^ V^^°\^ C) is locally free and 
coherent. 

Proof We have only to check the claims for primitive subsets S, which are contained in Yijej T^^^^m 'J)- 
For such a primitive subset S, we put as follows: 

r{S) :=max{|c| |ce S*}. 

Here we put \a\ = J^'^i- We use an induction on the number r{S) 

h 

aes 



We have the following exact sequence for some 5' C Y[j(£j'P'^''"^m i^^" ^ ■^)'- 

^ {'C) ^ ■'V^^"^'V^^"^ ' Gr^'"" ^F^'^") {'C) 0. (353) 



Then we have r(5") < r{S). Due to the hypothesis of the induction, we may assume that ■^Vg^°^^V^'^°^ £,) is 
locally free and coherent. The third term in the sequence 1353(1 is locally free due to Gorollarv ll7.2l Then we 
obtain the local freeness of Jv^^"^^V^^°^ {'£) . I 

Corollary 17.3 The Ox) , -module ^vl^^"\^ C) is locally free of infinite rank. I 

17.1.3 Filtrations ^y^^'^ and the compatibility 

Let iiT be a subset of n and h be an element of . We put as follows: 

qK(a)=b 



In particular, we put := {^>y/^°^ 



Let 5* be a finite subset of R^ . We put as follows: 
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Lemma 17.5 

• The projection tt : ^V^o°^ — * ^ ^ induces the surjection: 



Let f be a section of ^ C. Then f is contained in ^Vg " if and only if qx [—Pn^{f)) is contained in 

S{S). I 

We have the filtrations (^^V'^'^°'^ | j G J) on Vs^°'' ^ V^'^"^ (J C) in the category of the vector bundles. 

Lemma 17.6 The tuple of the filtrations (Jv^^°^ | j G J) is compatible in the sense of Definition \A.i\ 

Proof From the proof of Lemma [17.41 we have the equahty: 

^rank'^Grr''"' 'V^^''\' C) = T^n\,'V^^"^'vl^"\' C). 
From Lemma ll7.5l we have the following: 

Then we obtain the compatibility by using Lemma 14.21 I 

17.1.4 The actions of gi^i and the generic spUtting 

On ■'V^s^''^^V^^°\^C) and -'Gr^*^"' ^V^^''\^C), we have the action of the tuple {gia\i S J), given in the 
subsubsection 116.5.11 

Lemma 17.7 The following endomorphism vanishes on Gr^' ° ^V^^°^(JC): 

Proof It follows from Lemma [16.251 and Corollarv ll7.2l I 

Lemma 17.8 Let Ai e A(Ao,eo) be generic, and ei be a positive number such that A(Ai,ei) C A(Ao,eo) o.fT'd 
that any X E A(Ai,ei) is generic. Let us consider the endomorphisms of (gi^i\i E j) on'^Vg^"'^ ^V^^°^ (J C) ^^^^^ 
Then the generalized eigen decomposition for [gi^i | i G J) gives the splitting of the filtrations | i g J) . 

Proof It follows from Lemma [17.71 I 

17.1.5 The weight filtration of = .s + e(A, u) 

We put s :— t ■ dt and N -.^ s + e(A, u). Since the eigenfunction of s on ipt,u is — e(A, u), the induced actions of 
TV are nilpotent on the vector bundles ^C, ^V^^°^^V^^°^' C) and ■^Gr^*^°' 'V^^°^^C). 

Lemma 17.9 The conjugacy classes of N on Gr^' ^V^^°^ |^_^ are independent of a choice of (A, P) G 
I'j(Ao,eo)- 

Proof Recall the descriptions in the subsubsection fTF. 5 . 21 Then the independence of A follows from the limiting 
mixed twistor theorem. When we fix a generic A, we can show the independence of P by using the normalizing 
frame. Thus we obtain the independence of (A, P). I 
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Corollary 17.4 The weight filtration W{N, Gr^*^"' ^vj^^"'^ C)) is a filtration in the category of vector bun- 
dles. I 

Lemma 17.10 Let us consider the action of N on -W^^"^ ' V^^"\^ C) . 

• The conjugacy classes of N on '^Vg^°^ ^V^''^''^^ are independent of a choice of {\, P) G I?j(Ao,eo)- 

• The filtration W (N,'^Vg^°'^^V^^°'^ C)) is a filtration in the category of vector bundles. 

• The projection Vg'^°'' V^'^°'^ (J C) — > Gr^ * ^V^'^°^(JC) induces the surjective morphism: 

• In the case S C 5(5"), we have the following equality: 

Proof Let us see the first claim. The independence of A for a fixed P can be shown by using the generic 
splitting fLemma ll7.8|l . Lemma lS.ll and Lemma ll7.9l The independence of P for a fixed generic A can be shown 
by using the normalizing frame. Thus we obtain the first claim. 

The other claims can be shown similarly. I 

Lemma 17.11 We have the following: 

J2 Wh{N, '^V^^'>^'V^^°\'C)) = Wh{N, ''V^^"^'V^^°\^C)). (354) 

aeS 

Proof We have only to check the claims for primitive subsets S, which are contained in Iljgj ^'^''^m ' j)- 
For such a primitive subset S, we put as follows: 

r{S) :=max{|c| |ce 5}. 

Here we put \a\ — ^ a^. We use an induction on the number r{S). The left hand side and the right hand side 
of (|354|l are denoted by A and B respectively. 
Let us consider the exact sequence: 

> ''V^^°^'V^^'>\'C) > JV^^"^W^^"\'C) e„es-'Gr^*'"''^b^'''(''C) > 

Here we have r{S') < r{S). 

Due to Lemma fiy.lOl we have the following: 



yyny^y.-^ '^^^'^^'"'^ /t/(^o)^/ 

We also obtain the following, due to Lemma Fl 7. 101 



aes 



Ker TrsnB = Wh {N, ^ V^^"^ ^ V^^"^ {^C)). (355) 
We have the following for Ker tts D A: 

= 5](w^h(iv,^yf ")(^/:)) n ■'v^^''^'v^^"\'c) n ■'v^^°^'v^^°\'£)y (356) 

The following lemma can be easily shown. 
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Lemma 17.12 We have the subset S{a) C Yij'^^^^m i^"^" ■• j) satisfying the following: 

We also have the following: 

S{ U S{a')) n n Tarfl^ (f ^«,,) = 5(3') n H ^a-.-:, (^'", J')- 
aeS jeJ jeJ 

I 

Then the right hand side of (|355|l can be rewritten as follows: 

(WniN, 'V^'^'\'C)) n 'V^'^^I'V;;^"^ {'C)). (357) 

Since we have r{S{a)) < r{S), H357|) can be rewritten as follows: 

Y Wh{N,''vj^»'>'V^^"\'C)) = YWh{N/vj^«^'V^^°'> {'€)). (358) 

aes ceS{a) ceS' 

Since r{S') < r{S), the right hand sides of 1358|) and H355|) are same. Then we obtain Ker tts n .4 = Ker tts B. 
Thus we obtain A — B. I 

17.1.6 The decomposition 

We reformulate the result in the subsubsect ion [TB . 5 . 31 

Let 5 be a primitive subset of i?". Let i be an element of n. Let / be a subset of n such that i G I. We 
put J' := (n - /) U {i}. We have the 0|x,^, -locally free sheaf ' Gr^*^"' S-yj^") (^/:). We also have the following 
direct summand: 

We put r := I - {i}. Note we have J' U /' = n. We put S" := {a + J; | a e S"} . Then we have Oi^^-locally free 
sheaf ' Gio—Vg'!'°\^ L). We also have the following direct summand: 

^0^4^" '(''/:) :=E(z,g„0). 

The multiplication Zi induces the morphism: 

var, : Grf ^0^4'"^ (''/:) ^ Ph Grf ^"^^ (^£) . 

The multiplication of 9^ induces the morphism: 

can, : Grf {' C) Ph Grf Vo^4^^ C) . 

Lemma 17.13 We have the decomposition: 

Ph Grf ("^^ {''^) = Ini(can,) ® Ker(varO. 

Proof When we take the •■' Gr^* , the result follows from Lemma ri6.33l Then we obtain the result by using 
the generic splitting fLemma ll7.8|l and Lemma [5.81 I 

Corollary 17.5 We have the decomposition: 

Ph Grf Vo(^'C) - Im(cani) ® Kervar, . 
In particular, Im(cani) anc? Ker(vari) are subbundles of PhGr^^^"^ ^ijjo{^ C) onVji. I 
Corollary 17.6 Im(vari) is a subbundle of PhGv^^^^ '"ip^Soi^ C.) onVji. I 



309 



17.2 The filtration F^^") 

17.2.1 Preliminary 

Let A be an abelian category. Let C be an object of A, and let / : C — > C be a nilpotent cndomorphism of C. 
Recall that we obtain the weight filtration W{f), characterized by the following conditions (see (1.6) in 

• fiWhif)) C W„-2{f)- 

• The induced morphism : GrJ^'"'^^ > Gr^^^''^-' is isomorphic for any h > 0. 

The weight filtration has a functoriality. 

Lemma 17.14 Let Ci {i — 1,2) be objects of A. Let fi be nilpotent endomorphisms of Ci. Let (j) : Ci > C2 

be a morphism such that the following diagramm is commutative: 

fi h 

Then the morphism (p preserves the weight filtrations, i.e., <p{Wh{fi)) C <j>(Wh{f2)) 

Proof Assume that f^+^ = f^+^ = 0. Recall that we have Wd(/0 = C„ Wd~i{ft) = Ker(//'), W-d = Ini(//) 
and W-d-i = 0. Then it is easy to see that Wd and W-d are preserved by 0. Then it is easy to derive that (j) 
preserves Wh for any h. (See the way of the recursive construction of the weight filtration in (1.6) in TT.) I 

Let — > Ci C2 ^ C3 — > be an exact sequence in the abelian category A. Let fi be nilpotent 
endomorphisms of Ci. Let W{Ci) be the filtrations of Ci which are preserved by the morphisms a and b. 
Moreover we assume that the induced sequence — >■ Gr'^(Ci) — > Gr'^(C2) — > Gr'^(C3) — > is exact, i.e., 
the morphisms a and b are strict with respect to the filtrations. 

Lemma 17.15 Leti be either 1 or 3. We put S := {1,2,3} — {i}. Assume thatW{Cj) are the weight filtrations 
of fj for j G S. Then W{Ci) is also the weight filtration of fi fori. 

Proof We have only to show that W{Ci) satisfies the axioms of the weight filtration. Since f2{Wh{C2)) C 
Wh-2{C2), we obtain fi{Wh{C^)) C Wh^2{Ci). Due to the exact sequence — > Gr^(Ci) — > Gr^(C2) — > 
Gr'^(C3) — > 0, we obtain that the morphisms //* : GrJ^(Ci) — > Gr^f^iCi) are isomorphic for any h. I 

Let — > Ci — ^ C2 — ^ C3 — > be an exact sequence in the abelian category A. Let fi be nilpotent 
endomorphisms of Ci. 

Corollary 17.7 

• // the morphism a is strict with respect to the filtrations W{fi) and W{f2), then b is also strict with respect 
to the filtrations W{f2) and ^(/s). 

• // the morphism b is strict with respect to the filtrations W{f2) and W^fs), then a is also strict with respect 
to the filtrations W{fi) and W{f2). I 

17.2.2 Definition of F'"^"^ and the decomposition of Gr^* 
We introduce the filtration F^'*'"^ of V't'^'''' as follows: 

\I\>l-m 

We put G^^) := ^'t,„/F,l^") 
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Lemma 17.16 We have GrJ^^"' = ®\i\=i-m^ C,- 

Proof We have the naturaUy defined surjective morphism ®|/|^;_^ ^ C — > GrJ^ Let (^/ | |/| = ^ — m) be 
an element of 0|/|=;_„i ^ ^ such that f ^ ^m-i- Then we have the following: 

|/'|>i-m, |7'|>i-m, 
I'^I I'^I 

If |/' I > ; - m and /' ^ /, then |/ U /' | > / - m + 1 and lUl' ^ I. Hence we obtam ^/ = 0. Thus the lemma is 
proved. I 

17.2.3 Compatibility of the weight filtration (/) 

We put as follows: 

Then we obtain the following exact sequence: 

> W^^"\Grt'°') > ^V^^"\gI^'!^,) > > 0. (359) 

Lemma 17.17 We have the following: 

Proof Due to Lemma [17.161 we have only to show the following, for \I\ = n — m: 

Wh {N, -V^^°\g'-^1\)) n ^V^^°\'C) = Wh {N, '-^V^^°\'C)) . (360) 

The implication D is clear from the functoriality of the weight filtration. Let us show the implication C. When 
we restrict the both sides of (|360|l to Vj — U/o/^-f'' ^^^^ the equahty in (|360|l holds. Since the right hand 

side is a subbundlc of —Vg''^"\^C) fLemma ll7.10|) . we obtain the implication C. I 



We put as follows: 



W;,{N,^V^'°\Gi^«^)) :=Im(w^,(^yj"")((G|,^\)) — >^V-i"°)(GL"«); 



Lemma 17.18 We have Wh{N,W^^°\Gi^^"'^)) = W^^(iV,i!^l/j^")(G^"^)) 
Proof It follows from Lemma Fl 7 . 1 71 and Corollarv ll7.7l 

Corollary 17.8 The projection ipt.u — > Gm"^ induces the surjection: 

Wh{N,^V^^''\i:t,u)) — > W^{N,^V^^''\Gl^°y)). 

Corollary 17.9 We have the following: 

Proof It follows from Lcmma ri7.18l and Corollarv ll7.7l 
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17.2.4 The compatibility of the weight filtration (//) 

Let S and S' be primitive subsets such that S C S(S'). Let us consider the following diagramm: 

I I I (361) 

The vertical arrows are injective. 
Lemma 17.19 We have the following: 

Proof We use a descending induction on m. The claim in the case to = n is trivial. We assume that the claim 
holds for TO, and we will show the claim for to — 1. 

The implication D follows from the functoriality of the weight filtration. Let us show the implication C. We 
have only to show the following two equalities: 

w,,{n,^v^^°\g[^''J^)) n^yj^'''(G|^!_\)] n^v^^°\GYl['°') = Wh{N,^v^^'>\Gl^«yj}n^v^^°\GYl["°'). (362) 

TTi (WhiN,^V^^"\(Gl^l\)) n ^V^^"\g';^1\)) c ^1 {WhiN,^V^^"\Gt^))) . (363) 
The equality (|362|l can be shown as follows: 



= WUN,^V^^'>\GTC"'))n^^V^^''\GrC) = W^{N,^v!,^"\GrC"' )) 

= WhiN,^V^^"\Gl^°^))n^V^^"\Git'"'). (364) 

The implication H363|l can be shown as follows: 

= Wh{N,^V^^°\G^y)) n^V^^"\Gl^°^) = Wh{N,^V^^"\Gl^:'>'>)). (365) 
Thus we are done. I 
Corollary 17.10 We have the following: 

In particular, we have the following: 

I 

Lemma 17.20 We have the following: 

W,{N,^V^^"HG<^«y)) = W,{N,^V^'"\Gi^o)^). 

aes 
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Proof We use a descending induction on m. In the case m = n, the claim is trivial. We assume that the claim 
for m holds, and we will prove the claim for rn — 1. We use the following exact sequence: 

> GrC"' > > 0. 

We have only to show the following two claims: 

Y: W^.(iV,^e")(G(^))) n Grr' = W,{N,^V^''>\gI::"^)) n GrC°' . (366) 

7T2(J2 Wh{N/-^V^'»\gI^'^'>))) = ^2(M/,.(iV,^yi"")(G(t'')))). (367) 
Let us show H366|l . We have the following: 
Y: W,iN, yi^o) GrC') C Y: W^.(iV,^yi^o)(G(^))) n GrC' 

C M/,(iV,^^i^'''(G(^))) n Gr^r"' = iy,(7V,^yi'«)(Grr"')). (368) 
Due to Lemma nrm we have already known J^aes Wh{N, V^^°'> Grf,*^"') = Wh {N, i^V^^"'' {Gif^"'' )) , we obtain 
The equality 1367() can be shown as follows: 

aeS aeS 

= 7T2(w,,{N,^vt\Gi^,o))^). (369) 

Hence we are done. I 
Corollary 17.11 We have the following: 

aes 

I 

Lemma 17.21 We have the following: 

aeS 

Proof It easily follows from Lemma [17. 191 and Lemma ri7.20l I 
Lemma 17.22 We have the following: 

Proof Similar to Lemma ri7.21l I 
Lemma 17.23 Let S and S' be primitive subsets of such that S C S{S'). The following sequence is exact: 

> Wh{N,'-^v^^"\^t,n)) > Wh{N,w^^°\^t,u)) > M^4^,^yi^V-"^s^°^) ' 0- 

Proof We have the exact sequence: 

y ^V^^"\^Pt,u) -V^^°\^t,u) > iLyJ^)/iLyj^'') , 0. (370) 

Due to Lemma ri7.21l the morphism a in l|37U|) is strict with respect to the weight filtrations. Hence the sequence 
H370|l is strict with respect to the weight filtrations due to Gorollarv ll7.7l Thus we are done. I 
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17.2.5 The filtrations on Gr^'^^\ipt,u) 
We put as follows, for any c e : 

We have the following isomorphism: 

We put Wt"^ Grr(-)(^,.) E„.5^^^^ Grf^^) (V^,.). 

Lemma 17.24 T/ie projection WhiNjilJt.u) — Grj^^^''('0(.„) induces the surjection: 

Proof It follows from Lcmma ri7.21l I 
Lemma 17.25 Let I he a subset of n and i be an element of n — I. We have the following: 
■lyiXo) ^ .^jAo)] (Gr^W(V-,,„)) = ^^{^>F/j'°;(Gr^W(V.,„)). 

Proof The implication D is clear. We show the implication C. For any section / e ^Vg'^"'' Gr^^^\'4!t,u) H 
iyi^o) Gr^W(V;,,„), we pick sections /i € 'V^s^''\^t,u)f^Wh{N,^t.u) and ^ € '^^^''^(V't,^) n W^,.(iV, Vt,„) such 
that = Ph{f2) = /• Here p/^ denotes the projection Wh{N) — > Gr)f 

Then we have the following: 

/1-/2 e Wh-i{N,^t,u)f^{'v^''"\iJt,u) + 'V^^''K4^t,u)) 



= {Wh-i{N,^t.u)r\'V^s^°\-^t.u)) + {Wh-i{N,ijt,u)r\'V,{-^t.u))- (371) 

Hence we obtain fi — = gi — 52 for some sections gi € n Wu-iiN^ipt.u) and 52 G ^Vc^°\il}t,u) H 

W/i-i (A*", ■(/'*.«)■ Then we obtain the following: 

fi~9i = f2 - 52 e 'v^^"\iPt,u) n iy,,(iv, ^t,„) n 'vy°H^Pt,u) n iy,,(iv, 

= n n Wh{N,i^t.u)- (372) 

Then the implication C follows easily. I 

Corollary 17.12 Let L be a subset of n and a be an element of . Let i be an element of n — I and c be a 
real number. We have the isomorphism: ' Gr^* ^ Gr^* GT^^'^\ipt,u) — ^'-'^^^ Gr^^*^"' Gr)^*-^' (■0t,u). 

Proof It follows from Lcmma ri7.25l I 

Lemma 17.26 Let S and 5" be primitive subsets of R^ such that S C 5(5"). We have the following isomor- 
phism: 

n 
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Proof The left hand side of (|373|l can be rewritten as follows: 



W{N}, 



(Ao) 



Gr 



W{N)i 



On the other hand, the right hand side of H373() can be rewritten as follows: 



R.H.S. ~ Cok(Gr]^^^\^V^^°\i;t,u)) 



Gr 



W{N)/ny{\ 



(374) 



(375) 



We have the following commutative diagramm: 




v^^"^ nWh-i{N) > nWh^N) > Wk-i{N,w^^"' /w^^°') 



nT/(Ao) 



1 



> w^^"'' nWh{N) 



h ) 



^ ii4^«)(Grf(^V-^i''''(Grr^'^^) > 















(376) 

Here we omit to denote "ipt.u" ■ The first and the second rows are exact due to Lemma fl7. 231 The third row 
is exact by definition. The first and the second columns are also exact by definition. Hence we obtain the 
exactness of the third columns. Therefore we obtain the isomorphism: 

Cok(iy^_i(7V,^4"V^4"^) W^47V,^4°7^4''')) ~ Cok(^i4"7Grf ('^^) ^ ^^"^Grf ('^')) . 

(377) 

The right hand side of (|377|l is isomorphic to the right hand side of H373|l due to (|375|l . 

On the other hand, since the first and the second rows in H376() are exact, the left hand side of (|377|l is 
isomorphic to the left hand side of H373|l . due to H374(l . Thus we are done. I 

Lemma 17.27 Let I U J — n be a decomposition. Let c be an element of R'^q, and b be an element of . 
Then'Grl''"' Gr^''"' Grjf (^^(V^*,,) ts strict. 



Proof Due to Lemma [17. 2 61 ^ Gr 



Grf (^)(^,„) is isomorphic to Grjf ^ Gr^'^"' 'V^^'\^t.,u). 
It is strict, for W{N) on ^ Gr^*^°' •^Fj^"'' is a filtration in the category of vector bundles. I 

Lemma 17.28 Let lU J — n be a decomposition. Let b be an element of R^ , and c be an element of R'' . Then 
^Grr''"'V?'')GrrW(^,,„) ^s str^ct. 

Proof We put M_(c) := {i\ci < O}. Note we have |M_(c)| < n - |/|. We use a descending induction on 
(|/|,|Af_(c)|). 

In the case (|/|, |M_(c)|) = («-, 0) or (|/|, |Af_(c)|) = {m,n — m), the claim holds due to Lemma [17. 2 71 Let 
us consider the case |/| = m and |M_(c)| < n — rn. We may assume that J — {1, . . . , n — m} and I = n— J. 
We may assume that ci > 0. 

We have the filtration ^^/(-^o) on ^ Gr^ " •^V'i'*'°-' GrJ^^^-* {^pt,u)■ For any d, we may assume that the following 
is strict: 

For d < 0, we may assume that ^V^^°\^ Gr^* •^Vc^°'^ GrJ^*-^'' (^t_,i)) is strict. Then we obtain the strictness 
of(^Grr"'^y?°)Grr^)(V^,„)). ' I 
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Corollary 17.13 GtY^^'' i't^u awe? ' Gr^' Gr)^*'^'' V't.u strict. I 
Corollary 17.14 Gr)^''^'' ^t,u "is strictly specializable along Zi = for any i = 1, . . . ,n. I 

17.3 Strict S'-decomposability 
17.3.1 Preliminary 

Let m be an integer such that < m < n. Let c be a real number. Let h be an integer. Let 5 be a primitive 
subset of i?". We put as follows: 

A{m, c, s, h) := (fI-^) n ' vi^") + F,„ n ^^i^)) n liyj^") n Wn{N, ,kt,u). 
i(m, c, s, h) := (fI^^^ n + F„ n 'yi^^) n ^yj^"' n Grf 

Lemma 17.29 M^e /lawe i/ie following: 

A{m, c, s, /i) = w(n, {v''^'Sl n + f(^) n vi^)) n • (378) 

Proof The proof is essentially same as the arguments for Corollarv llT.lUI We only indicate an outline. 
We put as follows: 



y-= 



' s 



Then we have the following exact sequence: 

> 'yi^^niiyJ^"^(Gr^l'"') > ^yi^''^n^yJ^"^(G|;^!_\) > y > o. 

By an argument similar to the proof of Lemma ll7.17l we obtain the following: 

Then by an argument similar to the proof of Lemma [l7.18l we can show that the projection 'Vc^^"^ n^V^^°^ - 
y induces the surjection: 

Then it immediately follows that the projection 'vi^"^ C^—Vg^°\4't,u) — > y induces the surjection: 

Wh{N,'v}^°^n^v^^"\^t.u)) — > Wh{N,y). (379) 

Let us consider the following exact sequence: 

> {¥l^"J,nWc^^°^ n¥i^°^ n'vi]''^) nw^^''\^l;t.u) — ^ y > 0. 

(380) 

The surjectivity of H379() implies that the morphism b in H380() is strict with respect to the weight filtrations. Due 
to Corollary 1 17. 71 the sequence H38U|) is strict with respect to the weight filtration. In particular, the morphism 
a is strict with respect to the weight filtration. Thus we obtain the equality H378|) . I 

We put as follows: 

B{m, c, S, h) := (f,„ n ^T^i^"^) n W^^"^ H WhiN, ^t,„), ^(m, c, S, h) : (f„ n ^l/i^"^) n W^^"^ n Gr^^''\'il;uu), 
Cim,c,S,h) ■.= W,{N,^vt'^^GT^''"'Grt'''), C{m,c,S,h) := Grf^'"' Gr^"' ^^i""^ (Grif (V-t.u)) . 
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Lemma 17.30 The following sequence is exact: 

> A{m, c, S, h) > S(m, c, S, h) 



C{m, c, S, h) 



Proof We have the following exact sequence: 



ny(Ao)i Qj-V''*"' Gr"^*^"' 



0. (381) 



Due to Lemma [17.291 and Corollary II 7. 71 the sequence p81() is strict with respect to the weight filtration. Due 
to Corollary 1 17. 101 we haye the following: 

B{m,c,s,h) = m^,,(7V,f(,^) n Vi^"' n^yj^"'). 

Thus we are done. I 
Then we haye the following diagramm: 





A{m, c,S,h— 1) 



> A{m,c,S,h) 

> A{m, c, S, h) 



B{m,c, h — 1) > C{m,c,S,h—l) 



B{m, c, S', h) 
B{m, c, S, h) 



C{m, c, S", h) 

C(TO, C, ft-) 



(382) 















The first and the second rows are exact due to Lemma |17.3UI The third row is exact by definition. The first 
and the second columns are also exact by definition. Therefore we obtain the exactness of the third columns. 



Corollary 17.15 We have the following isomorphism: 

C{m, c, S, h) ~ Cok^C(r7i, c, S,h — 1) — y C{m, c, S, h) 

Proof It follows from the exactness of the third column in the diagramm (|382f) . 
Corollary 17.16 We have the natural isomorphism: 

GrC"' ^ Grr''"' ^V^'"^ Grf'"') (^,,„) Grf*^) Gr^'"' ' Grr''"' ^vt°\^t..u). 
Proof (|384|l is just a reformulation of H383|) . 

17.3.2 The filtrations F(^°) on >oP/i Grjf ^"^^ (^t^„) and >_5„Pft Grf '"^^ (V-t.n) 
We haye the induced fihrations ¥^^°'> on '^JoPh Grf '^V^t,") and V-6o^ Gr)f ^^^(V'*,,,). 
Lemma 17.31 We have the following isomorphism: 

Grt'"' VoP. Grff^) (^,„) Grf Vo Grf"' (^,„) = P, Grf 

|/|— n — m, 



(383) 



(384) 
I 
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We have the following isomorphism: 



|/|— 71— m + l, 



Proof It follows from Corollarv ll7.16l 



17.3.3 The morphisms can^ and var^ 

The morphisms caiii and var^ induce the following: 

can, : F^^o) V^-.oP. Grjf f(„^^\VoA Grf^^H^.^). 

var, : F^^^^VoP. Gr^^^'HA.,^) fL^o).^_,^p^ GrY^^^^;,,^). 
Thus we obtain the induced morphisms: 

can,(m) : ^V^-.o^/. Grf W(V^,,„) ^ ^oP. Grf ^ (V^,,,). 

Gr„(can.) : GrC' V-^„P/. Grf'^^ Grf^;\' VoP. Grr(^)(V*,.). 

var,(m) : i^^^^F, Grf (^)(^,,„) ^ ^«V^_,„P, Grf 

Fm F„j_;^ 

Gr„,(varO : Gr^;\' ^Vo^. Grf (^)(V^,,„) ^ Grf"' V.,„P, Grf 
In the following diagramm, we omit to denote ^ipoPh Gr^ ^^\'ipt^u)' 

U U ^ U (385) 

— > ImGrm(cani) — > Im(cani(TO)) — > Im(cani(m + 1)) — > 0. 

The upper sequence is exact by definition. 
Lemma 17.32 The lower sequence is exact. 

Proof The surjectivity of b and the injectivity of a are easy. Let us show Ker(6) = Im(a). We have only to 
show Ker(&) C Im(a). The argument is similar to the proof of Lemma [17. 171 
Recall that we have the decomposition: 



Im(Gr„i(cani)) = Aj. 

|/|— n— 1 

Here Ai denotes a subbundle of P/j GrJ^*-^' *V-'o^'C over f Corollary I17.5|) . It is easy to see that the 

restrictions of Im(Gr„i(cani)) and Im(cani(TO)) to A" — arc same. Here we put := U|/'|=n-m -^h-^'- 
Thus we obtain Ker(6) C Ini(a). I 

In the following diagram, we omit to denote ^ijj^SoPh GvY^^^ipt.u)' 

0^ Gr^'"' ^ Fii°l/FL^\ Fii°^/Fi^) ^0 

u u ^ u 

— > ImGrm(vari) — > Im(vari(m)) — > Im(vari(m + 1)) — > 0. 
The upper sequence is exact by definition. 
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Lemma 17.33 The lower sequence is also exact. 

Proof It can be shown by an argument similar to the proof of Lcmma ri7.32l We use Corollary II 7 . 61 instead of 
Corollary [T731 I 

In the following diagramm, we omit to denote ^V'o-P/i GT^'"^\^pt,u)'- 

u ^ u ^ u 

— > Ker Gr,„(yari) — > Ker(yari(m)) — > Ker(yari(m + 1)) — > 0. 
The upper sequence is exact by definition. 
Lemma 17.34 The lower sequence is also exact. 

Proof It immediately follows from Lemma [17.331 I 
Lemma 17.35 We have the following decomposition: 



{'i^oPh Gr)f ("^^(^t,,)) = Im(can,(m)) Ker(yar,(m)). 



Proof Recall that we haye the decomposition of GrJ^ (*V'o-P?i GT^^^\ipt,u))- ('Corollary ll7.5|l . We also haye 
Lemma 117.321 and Lemma 1 17. 341 Then the lemma can be shown by an easy descending induction on m. I 

Corollary 17.17 We have the decomposition: 

'^oPh GT^^^\^Pt.u) = Im(can,) ® Ker(yar,). 
As a result, Ph Gv^'^'^\'ipt,u) is strictly S -decomposable along Zi = Q. I 

17.3.4 Some properties of the components 
Proposition 17.1 We have the decomposition: 

P,Gr'^W^,,.=0M,. 



ICn 



Here Mi denotes the TZ-module satisfying the following: 



• The support of Aij is T>i, we have the injection Aij — > I'l *{M.j\x>°)- Here we put Vj := Vj — U/o/ '^i'' 
and Li denotes the open immersion Vj > Vj. 

• Mi are holonomic. 

• Mi are regular and strictly S -decomposable along Zi = for any i. 

Proof It immediately follows from Corollary II 7 . 1 71 and Proposition ll4.2l I 
Lemma 17.36 For any subset I <Z n, the TZ-module Mi satisfies the conditions'^ in Provosition Wh.'A 
Proof It is easy to check the conditions |2 and 01 (The condition |21 is replaced by the injectiyity Mi — > 

^I*{Mi\-D-)-) 

Let A e C*x be generic. By the same argument as those in the section HMTTI we can show that GrJ^^^^ {'4't.u)\x>- 
is also strictly 5'-decomposable along Zi = for j = 1, . . . ,n. In that case, it is easy to see the specialization 
Mi\x>' gives the /-component of GTY^^\tpt,u)\x>^- Hence Mi\x>^ are also strictly S'-decomposable along 
Zi — 0, i.e., the condition 0] is satisfied. 
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Let us check the condition[31 We put J := n — I . Let us consider ^ipoAdj, which is the 7?.-niodule on Dj. Let 
us pick any point Aq G C\. We denote 2?/(Ao, eo) by Vj for simphcity. Around Aq, the sheaf ^tl^oMi is a direct 
summand of Gr^^^^^ ^ Gr^'^°' {^t,u)- We have the induced filtrations {i e J) on ^-ipoMj. Note that 

is the T^-filtration along Zi — 0. Since '^y^Q°''^ Gr^* Gr^^^\^t,u) is coherent and locaUy free Op^-module, 

and since ^v[l°^Mi is a direct summand of ^^^0°^-^ Gr^*'"' Grf ^^^(V't.u), the Op.-module ^V^^^'^Mi is also 
coherent and locally free. 

By our construction, It is easy to see that -^V^o"^^ GrJ''^"' Gr'^(^) (V't.u) generates Gr^'^"' Gr'^^^' (V-t.u). 
Hence we can conclude that "^V^^^ iI^qMi generate ^tpoMi. Thus we are done. I 

17.3.5 The isomorphism 

Let us see the component 7W„. Since the support oiMn is C\ x {O}, and since Mn is specially S'-decomposable 
along Zi (i G n), Mn is isomorphic to the push forward oi —t/joMn- We also have the following: 

^oA^n ^ Ker(^o(^'^Grf (^)(V^,,„€[g,])) ^ 0^V~-6o. (^/. Grjf (^)(^i,„e[g,]))) (386) 

i 

On the other hand, — -00 (-P/i GrJ^^^-* (T/if ^,)) is naturally isomorphic to P/i GrJ^*-^'' Q{n,0,u,m,u) (see the 

n 

subsubsect ion [TB . 5 . 4|l . Here we put u = (u, . 'T. , u). Wc put C„o := C„ | Ca • 
Lemma 17.37 We have the natural isomorphism: 

Proof We have only to compare the right hand side of 13861) and Cno, which can be checked directly from the 
definitions. I 

18 The sesqui-linear pairings 

In this section, we use the left 7?.-module structure on £ and £. 



18.1 The sesqui-linear pairing on (B 
18.1.1 The pairing on £ and the prolongation 

We put X := A", Di :— {zi — 0} and D := IJlLi Di. Let {E, dE,d, h) be a tame harmonic bundle over X — D. 
Let us recall the sesqui-linear pairing Cq : £a® £a — > '^^x given by Sabbah. Let / be a section of £\x(\o,<io) 
and (7 be a section of £\a{x{\o,to))- Then the pairing is defined as follows: 

C^{f,-9)-^h{f,a*{g)). (387) 

We prolong it to the sesqui-linear pairing € for the 7?.-modulc £. We have only to consider the pairings of the 
sections of l£|A(Ao,eo) and ^\c(A(\o,eo))- 
Let / be a section of V^^^°\'S. 

[^■(Ao.eo)) and g be a section of V^Q ^'^^\'S.\a[x(\o,co))) ■ Then we have the 
following estimate of C°°-functions on {X — D) y. A(Ao, eo)i for some positive constants C and e: 

n 

\h{f,a*{g))\<C-\{\z,\-'+\ 

1=1 

Thus the functions h(^f,a*{g)^ is an L^-function with respect to the standard metric X]r=i M'^* ' d.Zi\. Hence 
h[f,a*{g)) naturally gives a distribution. We denote it by <t{f,g). 
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For an element p = (pi, . . . ,p„) G q, we denote n"=i by 3z- Let us consider sections of the form 

• / and 3^= • g, where / and g are sections of v}.^°^ {^\x(\o,eo)) and F^q^^"^^ ('S|^(Ar(Ao,eo))) respectively, and 
rii and n2 be elements of Z"g. (Note we use the left 7?.-modules in this subsection.) Since €(/, 5) gives a 
distribution on X, we obtain the following distribution: 



£(3^-/, ^r--g) :=3r -S/'Caff)- (388) 
Since €|Ar(Ao,eo) and ^[^(^'(Ao.eo)) are generated by V^g°\eix(Xo,eo)) and K^o^^"''^ ('S|rT(Ar(Ao.eo))) ' formula 



gives the pairing £ of 2;. 
18.1.2 The uniqueness 

Let C : (£a ® 2;a — > S)bx be a sesqui-linear pairing. 

Lemma 18.1 Assume that C vanishes on X — D. Then it vanishes on X . 

Proof Similar to the proof of Proposition ll4.3l I 

Corollary 18.1 Let C be a pairing of 2;. Assume that the restriction of C to X — D coincides with Co given 
by Sahhah (|387|l . Then C is same as £ given in the subsubsection [TB .1.11 

Proof It immediately follows from Lemma 118.11 I 

18.2 The sesqui-linear pairing on -Gu{£) 
18.2.1 The definition of 2i^„(£) 



Let u be an element of ICA4S{£'^ ,n). We put as follows: 

^GuiS) :-^Grf;(\";^„)^E(^o)(,/(^^^„)). 

It is easy to see that we have the globally defined flat bundle —Gu(£) on {X — D) x C\ satisfying the following: 

-5ii('S^)|A(Ao,eo)x(X-D) = "^i (^) | A(Ao,eo)x (X-_D) • 

Remark 18.1 Note that—Qu is not same as —Gu^ which is defined for Ui G ICA4S{£'^,n) (the subsubsection 
110. 2. 2|) . Let TT : ICMS{£'^ ,n) — > ICMS{£'^ ,n) be the projection. Then we have the following relation: 

^u\{X-D)xCl =^tt{u)- (389) 

I 

18.2.2 Some vanishing 

Let Si and Si denote the left action of — 3i • Zi and — 3^ ■ Zi {i = 1, . . . ,n) respectively. Let us pick sections /i of 
^|A'(Ao,eo) and /2 of <Bi„{x{Xo,eo)) Satisfying {si + t{\,Ua)) ■ fa = for some Ua € ICMS{£°,i) {a = 1,2) and 
for some sufficiently large integer N. Note that we also have (s2 + o'*e(A, ^2))^ ■ /2 = 0. 
We put F :— £(/i, /2). We have the following: 



dzi ' A 

'e(A,W2)\\^ 
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From the equality H39U|) . F is of the foUowing form: 

F = Zi • Z^Ofc • (logZ,)^ 

k 

Here we have dak/dzi — 0. 

From the formula (|391|l . we obtain the following: 

Here we have used the equalities: 



'e(A,w)\ e(A, u) 



A 



The equation (|392(l implies that F is of the following form: 

F^-zr<^^'-^~^-'-Y,b,-{\og-z,)\ 

k 

Here we have dbk/dzi = 0. 

Lemma 18.2 Assume that F is not 0. Then we have ui = U2 + b ■ (1, 0) for some integer b, and F is of the 
following form on A'(Ao, eo)' 



k 

Here ak are independent of the variables Zi and zi, and we put u ~ ui. 

Proof Note that is a C°°-function on X—D. In particular, it is not multi- valued. It implies that A^^e(A, ui)~ 
A^^e(A, U2) is a integer. It implies ui — U2 G Z x {0}. Thus we obtain the first claim. The second claim also 
follows from the uni-valuedness of F. I 

18.2.3 The filtration and the decomposition 

Let Aq S C\ be generic. Recall that we have the generalized eigen decomposition with respect to the monodromy 
actions, for some small positive number cq: 



ueKMS(£°,n) 

Here " denotes the generalized eigen space corresponding to e-* (A, it) 



Lemma 18.3 Let U denote the disc A(Ao,eo)- The restriction of the sesqui-linear pairing Cq to ^'^"u ® ^U2^'{u) 
is trivial unless Ui = U2. 

Proof It immediately follows from Lemma [18.21 I 

Let Aq be a point of Ca, which is not necessarily generic. For a sufficiently small positive number eg, we 
have the filtrations (i e n) and the decomposition 'E'^"' {i e n) of ^^|A(Ao,eo)x(x-_D)- We may assume 

that any point A G A*(Ao, eo) is generic. 

Lemma 18.4 Let U denote the disc A(Ao,eo)- Let a = (a^) and f3 — {Pi) be elements ofC*". The restriction 
of the sesqui-linear pairing Cq to E*^'^"'(q;) (g) E('^")(/3) is trivial unless Ui — (3~^ for any i. 
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Proof Let Ai be any point of A*(Ao, eo), and ei be a positive number such that Ui := A(Ai, ei) C A*(Ao, co)- 
Then we have the following decomposition: 

E('°'(«)|r/.x(x-D)= _0 SL'^K IE(^('''»(/3)|.(a.)x(x-z,)= _0 

ueKMS(£°,n) ueKMS(£° .n) 

{\o,u)—OL {a(Xo),u)—f3 



In the case e-'^(Ao, ui) ^ (cr(Ao), 1*2) , we have Ui ^ 1x2. Hence we obtain the vanishing on Ui due to Lemma 
118.31 Then we obtain the vanishing on U by using the argument given in the last part of Lemma ll8.ll I 

Let us consider the set S{a) := {m e JCA4S{£^, i) | e-''(Ao, u) — . We have the two maps 

p-^(Ao) : S{a) ^ R, p^(a(Ao)) : S{a) ^ R. 

Lemma 18.5 Let ui and U2 he elements of S{a). Then we have p'^(Ao,ui) > p'^(Ao,'U2) if and only if we have 

Proof It can be checked by a direct calculation. I 

Lemma 18.6 Let u be an element of S{a) above. We put x p'''(Ao,u). Let us consider the restriction of Cq 
to the following: 

^jr(,Ao)iE(Ao)(Q,) ^^jr^Ao)jg(Ao)(^)^ (393) 

Here we assume ol ~ fi ^ . 

In the case y < p-^ {a{Xo),u), then the restriction of Cq to (|393|l is 0. 

Proof Let us take Ui = A(Ao, ei) as in the proof of Lemma [18. 41 We have the following decompositions: 

■^x ^ [Ol)\UiX{X-D) - KJP ^u' ' -^y '^\cr{Ui)x{X-D) ^ VF ^u' ' 

p/(Ao,9i(u'))<2: pf{a{\o),qi{u'))<y 

In the case p'''(Ao,wi) < p-''(Ao,M) and p^ {a{Xo),U2) < y < p-''(cr(Ao), w), we have ui ^ U2 due to Lemma 118.51 
Then we obtain the vanishing as in the proof of Lemma 1 18. 41 I 

Lemma 18.7 The pairing Co '■ £a ® £a — * ®&x-_d induces the pairing 

Co : '-^uA^'-^GuA ^b^-D- (394) 
Proof It follows from Lemma [18.41 (See the subsubsection ITS . 2 . II for the definition of —Gu{£)-) I 

18.2.4 In the case p(Ao,m) < Sn and p{a{Xo),u) < <5„ 

Let u be an element of ICAiS(£''\n). Let Ao be a point of C^. We denote a small disc A(Ao, eo) by U. 

Let F and G be sections of —Gu{£) over X x U and X x a{U) respectively. Recall we have the relation 
H389|l . Thus we can naturally regard F and G as sections of — ^,r(u)(^) over {X ~ D) x U and {X ~ D) x a{U) 
respectively. Here tt denotes the natural projection JCM.S{£'^ ,n) — > JCM.S{£'^ ,ri). Hence we have the pairing 
CoIf, G), which gives an element of C°°(X - D, q{U)). 

On the other hand, we can take the section F of £\{x-d)xu such that 7ri(F) = F. Here tti denotes the 
following projection: 

^1 :^.F;^;l^_„)E(^«)(e/(Ao,«)) — >^Grf;j;,„)E(^'')(e/(Ao,«)). 

We can pick F such as it is the section of ^(-^^ u)£\xy.u- (See the subsubsection (TU. 2 . 2() . In the case p(Ao; it) < 5, 
F naturally gives the section of V^^^l,^-^_gJ^it)\xy.u- 

Similarly we can pick a section G of V'p(t''(\o),ii)_5„ ('£)|XxfT((7) for G. 
Lemma 18.8 Co{F,G) naturally gives the 0{A)-valued distribution $ on X, and we have $ = G). 
Proof It is clear from the definitions of €{F, G). I 
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18.3 The induced sesqui-linear pairings 
18.3.1 The induced sesqui-linear pairing on —Gu{E) 

Let u be an element of ICMS{£^ ,n). We put u = u + do,n- Let / be sections of ^u{E){A). We have the 
sections F of —Gu{£)\xxA satisfying the foUowing: 

• We have i^|{o}xA = / under the isomorphism ^u{£){o}xC>^-, - -G{i{E)\ci- 

• We have the following vanishing, for any i and for any sufficiently large integer N: 

N 



(^-SiZi + e(A,'Uj)^ F = 0. 



The section F is called the lift of /. 

Let / and g be sections of —Gu{E) over A. Let F and G be the lifts of / and G respectively. We can 
naturally regard F and G as the sections of — t/7r(u)(f ) over {X — D) x A. Thus we have the pairing Co{F, G). 

Lemma 18.9 The function Co{F, G) is of the following form: 

n 

Go{F,G)=ll\z.r-'^^'--'^-'-{Y: ar.iX)-Y[{\og\z^T)- (395) 
Here a„(A) denote holomorphic functions on A. 

Proof It immediately follows from Lemma [18.21 I 
Definition 18.1 We put as follows: 

-*A(Co)(/,.g) :=ao. 

Here oq is given in the development (|395() . Thus we obtain the sesqui-linear pairing: 



^^M) ■.^i,{E)A(E>^i:,{E)A^O{A). 



I 



Let N be any integer. The multiplication of (n"=i ^i)^ induces the isomorphism —tj^j — > —Gu-n Sq „ (E)- 
Lemma 18.10 Under the isomorphism— Gu{E) — ^ —Gu-n-Sq n{E) above, wehave—'i'u{Co) — —"^^u-n So ^i^o)- 
Proof It is clear from the definition. I 

18.3.2 Comparison of the induced sesqui-linear pairings 

Let u be an element of ICA4S{£'^ ,n) such that any i-th components are not contained in Z x {0}. We put 
ii = u + So,n- We have the isomorphism — ~ —Gu{E) by definition (see the subsubsect ion 115. 0|l . Thus 
we obtain the following sesqui-linear pairing: 



On the other hand, we have the following pairing, due to Lemma ll5.48l 



Proposition 18.1 We have ^V'ii(<^) = -*ii(Co)- 
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Proof We have only to compare them on a neighbourhood of any point Xq E A. Due to Lemma Fl 8 . 1 Ul and the 
definition of — f/'uC, we may assume p{Xo,u) < and p{a{Xo), u) < 0. 

Let U denote a small disc A(Ao,eo). Let / and g be sections of — on U and cr{U) respectively. Let F 
and G be the lifts of / and g in the sense of the subsubsection 118.3.11 Due to Lemma 118.81 Lemma 118.91 and 
DefInition ll8.1l the proposition can be reduced to the following lemma. 

Lemma 18.11 We have = oq. Here Oq is given in the development (|395|l . 

Proof By the definition of —tpu"^ we have the following: 




'^i^"'^<^{f,9) = Res,^+o.{^,u^)^es,^+a.{x,u,)■■■'Reas„+o.ix,u„){<^{F,G),x ■ f^^ (396) 

i—l 

Here we put a{X,Ui) := • z{X,Ui), and x denotes a C°°-function on C" as follows: 
Condition 18.1 

• The support of x is compact. 

• X is identically 1 around the origin. 

• X depends only on \zi\ (i = 1, . . . , n). 
Then Lemma Il8. Ill can be reduced to the following lemma. 
Lemma 18.12 We have the following formula: 



ReS,+„(A,„) / X ■ |zr+2a(A,u)-2 . (^^g |^|.yn . ^ dz = \ (397) 



Here we put a{X,u) :— z{X,u) for u R y. C , and x denotes a C°° -function on as in Condition M't't.W 
Proof We put T := s + a(A, u), the left hand side of pTzjl can be rewritten as follows: 



ResT=o j X ■ Vr • (log VVT ■ A dz. 

Then we obtain the formula (|397|l from Corollarv l2.4l Thus we obtain Lemma f 18. 121 Lemma fl8.11l and thus 
ProDOsition ll8.1l I 

18.4 A comparison of the induced objects 
18.4.1 Preliminary 

Let y be a vector bundle over P-*^, and let S : V (E)a-{V) — > T(0) is a perfect symmetric pairing. Since it is sym- 
metric, it satisfies (T*S{f, a*{g)) = S{g,a*{f)). We have the perfect strict 7^-triple QiV^) = {Vq , a* (V^) , Cv) 
(the subsubsection l3.1(rT|l . The perfect pairing S : Vo(^a* (Voo) — > O, induces the isomorphism p2 : cr*{V^) — > 
Vb. 

Lemma 18.13 For any F e Vo{A) and for any G E a'{V^)(A), we have the following: 

Cv{F,G) = S{F,a*p2(G)). 



325 



Proof Let (•, •) denote the pairing of the vector bundle and its dual. We have the following equalities: 

Cv{F,G) = {F,a*G)^a*{a*F,G)^a*S{p2{G),a*F)^S{F,a*p2{G)). 
Thus we are done. I 



For sections F,G € Vb(A), we put Gs{F, G) := S{F, a*G), which gives the pairing Vo{A)(^Vo{A) — > 0{A). 
Thus we obtain the perfect 7^-triple (Vb, Vo,Cs). The isomorphism p2 : cr*{V^) ~ Vb induces the isomorphism 
e(F^) ~ (Vb, Vb,Cs), due to LemmaHEEl 

We have the isomorphism fs : — > a* (V^) induced by S. It induces the isomorphism Q{fs) : Q{V^) ~ 
e{a*{V'^)) ~ eiVy. We also have the natural morphism gs : {Vo,Vo, Cs) — > (Vb,Vb,Cs)* = (Vb, Vb,Cs). 
The following lemma is clear from our construction. 

Lemma 18.14 Under the isomorphism 0(V^^) ~ (Vb,Vb,Cs), we have Q{fs) — gs- I 

18.4.2 The 7^-triple Q{S^^i{E)) 

Let u be an element of Yli l^-MS {£''\ i) such that any i-th component is not contained in Z>o x {0}. For 
simplicity we put tt tt + ^o.n- Applying the construction in the subsubsection [T^.4.1l for V = S^'^{E) and 
the pairing S : Sl^'\E) (g> (T*sj^'^{E) — > T(0), we obtain the isomorphism: 

Here Cs can be calculated as follows: Let / and g be sections oi ^g^l°\E) and ^^^^^'''^\e) . We take the 
corresponding multi- valued holomorphic sections Fq and Gg of —Q'^°\e) and —Q''~^^^"^\e), namely, we have 
*r(^o) = /and $?-(Go)=5- 

Lemma 18.15 We have Cs{f,g) = h{FQ,a*GQ). Here h denotes the hermitian metric of the given tame 
harmonic bundle {E,dE,d,h). 

Proof It is clear from our construction. See Lemma [18. 131 I 

18.4.3 The isomorphism 

Since we have the isomorphism —ip[^°\iS.) ~ —Gu{E) (the subsubsection [T5 . 3 . 3|l . we would like to compare the 
sesqui-linear pairings and the polarizations under the isomorphism. 

Lemma 18.16 We have Gs{f,g) ^ ^iii^°h{f , g) . 
Proof We have the formula of the following form: 



n n 

i=l n^O i=l 

Here F„ and G„ denote multi-valued flat sections. Then the term oq in the development H395() is h{Fo,(J*Go). 

Thus we are done. I 

Corollary 18.2 We have the isomorphism 0(S'_{j(i?^)) ~ — €, £), which induces the isomorphism of 

the polarized mixed twistor structure. I 

Corollary 18.3 We have S{f,a*g)=^^^,€{f,g). I 
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18.5 The specialization of the pairings 

This subsection is a continuation of the subsubsect ion [T7 .3.51 



18.5.1 Preliminary 

Let us calculate the induced sesqui-linear pairing V't,«((V^^^)'''»id) on the component Al„ of P,, Gr}f*^Vt,u<S[5t 
(see the subsubsection 1 1 7 . 3 . 5|l . We would like to show that the 7?.-triple (^Mn, Mn, i^t,u'^{{V—^^)'^ ® id)) is 
a polarized pure twistor structure of weight h in the sense of Sabbah. (Note the support is {O} in this case.) 
Since A4n is isomorphic to the push-forward of C„o ■— C„|Ca fLemma I17.37|l . wc calculate the sesqui-linear 
pairings of the sections of Cno. We would like to use Lemma [12.3 71 and Lemma [3. 1011 

Remark 18.2 In Lemma fl 2. 3 71 the result is stated for our polarized mixed twistor structure. In particular, 
the nilpotent maps are obtained from the residues ReSi(]D>) there. In this section, we use the nilpotent parts of 
the left action of — SiZ^. Hence the signatures are reversed. I 



We put as follows: 

^"^'^ fc! • 

Let / be a section of Cn{A) and g be a section of C„(A). We denote the nilpotent part of — 3tt by N. We 
denote the nilpotent part of —BiZi by Ni. We also denote the nilpotent part of m~^{—diZi) by Ni. 

We have the description / = J2aZl{^/^N)°- fa and g = J2b=o (~''^'^~^^)^9>>y where fa and gt are sections 
of ^Qii{E), where we put ii — (rrii ■ u\i & nj + ^o,™. 

Let us consider the pairing ?/'t,M^((V~l-^)'° ' fi9)- First we calculate the function on a neighbourhood of a 
point Aq S a. We may assume that p(Ao,u) < 0. We put Ui = rm ■ u. 

Let us pick a point Aq of A. We can take the holomorphic sections Fa of —Gu{£) (a = 0, . . . , n — 1), such 
that the following holds: 

• -Pill Ax {O} = fa 



For any a and i and for sufficiently large Af, (— SiZi -|- z{X,Ui)) Fa — holds. 



(See the subsubsection 1 10. 2. 21 for '-^{.(S)). 

Similarly we can pick the sections Gb of —GI^''^"^\£) for g& {b — 0, . . . ,n ~ 1). 
Note the following equality: 



^t,u((V^^)'+V., i-V^Ny-g,) = (-A2)->t,„((V^7V)^+-'"+'^ •/., gj). 
We have the following equality: 

+ e(A,7.))'+^'+' • F,,G~) , \trx{t) -f^^dtA di) 

= (z+c:(p„g7), ((<g* + e(A,w))''+^'+'|tp^)-x(i)-¥'A^dMdi) + (z+e:(p„G7), \t\''^■xl{t)■^^^dt^dt). 

(398) 

Here Xi{t) denotes a C°°-function which vanishes identically around t = 0. The last term is entire function of 
T, thus we can ignore it. We have the following (see the section 3.7 in 42 ): 

i+€(F,,Gpj , ((tg* + e(A, u))'+^'+'|<p^) • x{t) -VA^dtA dt) 

= y+^^' ■ {t + '-^y^'^' ■ {m,G-i fl\z^r^^■x{f[\^^r^)A^)■ im 

i=l 1=1 



327 



We may assume that x(nr=i kiP™') = 1 on a neighbourhood of the support of ip. Thus we may ignore 



x(nr=i 



in the foUowing. 



Due to our choice of Fi and Gj, there exist holomorphic functions a„_fc(A) (fc G Z, n e Z>o) such that the 
following holds (see Lemma ri8.2|) : 

n n 



a+b—k — h 



i=l 



Lemma 18.17 We have the following, for any I — {h, . . . ,ln) € ^>o- 
Proof We have the foUowing: 



a-^b—k 



a+b—k i—1 i—1 n>l i—1 

Then we obtain the result by using Corollary 12. 41 inductively. 
Let us consider the following function: 



I 



A 



T 



e(A,u) 



n 

= . ^ (-l)^A'=-2..,,(^^^^).-Q|^ 
e(A,w)y 

2 = 1 



|2miT 



i=l 



A 



n |z,|2-.(T+A-e(A,«))-2 . ^ ^^^^ -Q ^^^^^^y (^qq) 



n i—1 



We put r = T + A ^ • e(A, u), and then the right hand side of H4UUI) can be rewritten as fohows: 

n n 

E(^)' ■ • n i^^i""-'"' • E ■ n (^^)- (401) 



i=l 



Then we have the following: 



= Res,=o(E(^)'-^'-ni^«l""''"'-^".(^^)-E""-^' (402) 

We put as follows: 



:= 



|(n,fc) e Z|o X Z>o |n| = fc-n+l| 
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Then the distribution in the right hand side of l|4U2|) can be regarded as the product of the delta function at 
{0} and the following holomorphic function of A fLemnia l2.19|l : 



-rii-l 

{n,k)eU i=l 



n n 

= n ^^i' ■ E . ^-^^^€(j[{^N,r ■ fa, 9b) . (403) 

Due to Corollarv ll8.3l we obtain the following: 

Lemma 18.18 Let f — J2fi' iV—^^Y o,i^d g — J29i' {—\/—^Ny be sections ofCn{A). We have the following 
formula: 

n n 

ift,u^{{V^N)'^-f,g) = l[m-^- iV^Xr-'-'^ ■S(j[{V^Nar-f.,a*g,) 

a=l -\n\-n+i+j+h=-l a=l 

Here S denotes the pairing of —Gu+Sq „ • I 

Corollary 18.4 The TZ-triple (A4„, A^„, C") is the polarized pure twistor module of weight h. 

Proof It follows from Lemma [18. 181 Lemma [3. 1011 Lemma ri2.37l and Remark 1 18. 21 I 

18.5.2 Consequences 

We have the pairing: 



Let / be a subset of n. Let Mi denote the component of Gr^'"^^ ^^:t,u^, whose strict support is Vj. 
Let €i denote the restriction of Gr^^^^ v!^i,„€((\/^A^)''-, •) to Mia <^ Mia- Then we obtain the 7^-triple 
{Mi,Mi,€i). 

Since the support of Mi is I?/, and since Mi is strictly S'-decomposable along Zi = for any i e n, we 
have the 7?.-triple {M'i,M'i,€i) on 2?/ such that whose push out with respect to the inclusion Vi — > X is 
{Mi, Mi, (Li). It is easy to see that Mi is smooth on = Vi — U/'d/-^^'- 

Lemma 18.19 The restriction of [Mi, Mi, ^ti) to T>°j is a variation of pure twistors of weight h. 

Proof Let qi denote the projection of X onto Di, and the induced projection of X onto 2?/. Let Q be a point 
of D°j. By considering the restriction of {Mi,Mi,(Li) to the hyperplane qJ^{Q), and by applying Corollary 
118.41 we obtain the result. I 

Then we obtain the harmonic bundle (£'/, dsi , hi) on Dj, such that the following holds: 

{£{Ei),£{Ei),Co) (E>Oih) ~ {Mi,Mi,€i)^jy^. 

Then we obtain the 7e-triple (£(£;/),(£(£'/),£) on D/. 

Proposition 18.2 The TZ-triple ((S(i?/), €{Ei), £) (g) 0{h) is naturally isomorphic to {Mi, Mi, £/). 

Proof Due to Lemma [17.361 and Proposition ll5.2l €{Ei) and Mi are naturally isomorphic. Due to Corollary 
118.11 we obtain the coincidence of the sesqui-linear pairings under the isomorphism. Thus we are done. I 
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19 A prolongment as a regular pure twistor D-module 

19.1 Correspondence 
19.1.1 The definitions 

Let X be a complex manifold and Z be an irreducible closed subset of X. 

Definition 19.1 A generically defined variation of polarized pure twistor structures of weight w on Z is defined 
to be the data as follows: 

• A Zariski open smooth subset U of Z . 

• A smooth polarized pure twistor structure T onU . (See the section 2.2 in 42 for a smooth polarized pure 
twistor structure. It is equivalent to a polarized variation of pure twistor structures, given by Simpson.) 

• There exists a resolution ip : Z — > Z satisfying the following: 

— D .= ip^^{Z — U) is a normal crossing divisor of Z 

— The corresponding harmonic bundle to f^^T is tame with respect to the divisor D. 

If the corresponding harmonic bundle to ip^'^T is tame and pure imaginary (see (39j^, then T is called pure 
imaginary. I 

Definition 19.2 Let (U, T) and ([/', T') be generically defined tame smooth pure twistor structures on Z . They 
are called equivalent, if there exists a generically defined tame smooth pure twistor structures [U" ,T") on Z 
satisfying U" C U n U' , T\u" ^ T" and T^^„ ~ T". I 

The special case it; = is as follows. 
Definition 19.3 A generically defined tame harmonic bundle on Z is defined to be a data as follows: 

• A Zariski open subset U of Z . It is smooth. 

• A harmonic bundle {E,dE,d,h) defined on U. 

• There exists a resolution ip : Z — > Z satisfying the following: 

— D := ip^^{Z — U) is a normal crossing divisor of Z 

— ip^^{E, Oe, 9, h) is a tame harmonic bundle on Z — D . 

If (f^^{E,dETO,h) is tame and pure imaginary, then {E,dE,d,h) is called pure imaginary. I 

Definition 19.4 Let (U,{E,dE,S,h)'^ and (U' ,{E' ,dE' ,h' ,6')"^ be generically defined tame harmonic bundles 
on Z . They are called equivalent if the following holds: 

• There exists a generically defined tame harmonic bundle (U" , {E" ,dE" , h" ,9")) on Z satisfying the fol- 
lowing: 

u" cunu', {E,dE,e,h)^u" = {e" ,dE",h" ,e"), {E',dE',h',e')^u" = {e" ,dE",h" ,e"). 

I 
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19.1.2 Statement 



Let VPTgo„(Z, w) denote the set of the equivalence classes of generically defined tame variation of polarized 
pure twistor structures of weight w on Z. Let MPT(Z, w) denote the set of the equivalence classes of polarized 
regular pure twistor I?-niodule of weight w whose strict support is Z. 
The following theorem is one of the main result in this paper. 

Theorem 19.1 We have the bijective correspondence VPTgcn(^, w) ~ MPT(Z,w). 

Now it is a rather formal consequence of our study. The map from MPT(Z, w) — > VPTgen(-^, w) is given in 
the subsectionHO The map from VPTgon(-^, w) — > MPT(Z, w) is given in the subsection ll9.3l and the subsec- 
tion ll9.4l It is clear from our construction that the composite VPTgen(-^, w) — > MPT(Z, w) — > VPTgo„(Z, w) 
is identity. It is shown in the subsection [TOI that the composite MPT(Z, w) — > VPTgon(2', w) — > MPT(Z, w) 
is identity. 

19.2 The tameness of the corresponding harmonic bundle 

19.2.1 The statement 

Let X he a, complex manifold, and Z he a closed irreducible subvariety of X . Let T be a regular pure twistor 
i^-module of weight n whose strict support is Z. Due to the result of Sabbah, we have a smooth Zariski 
open subset U of Z and a harmonic bundle {E, dE,d,h) defined on U the restriction of T to the open subset 
X - {Z -U) is push-forward of M{E) (g) 0{n), via the inclusion U — > X - {Z - U). 

Proposition 19.1 The harmonic bundle {E,dE,d,h) is tame. 

The proof of Proposition ll9.1l is given in the subsubsect ions [TO . 2 . 2H1 9 . 2 . 31 

19.2.2 One dimensional case 

Let us consider the case dimZ = 1. Let Q be a point oi Z — U . Since the property is local, we may assume the 
following: 

Condition 19.1 

• X = A" and Z is irreducible. 

• Let qi denote the projection A" — > A onto the first component. We have qi{Q) — O. The restriction of 
qi to Z is proper and surjective. The restriction of qi^{A*) n Z — > A* is a covering map. 

Since the restriction qi\z is proper, we have the push-forward qi + (T) , which is a regular pure twistor D- 
module. Let 71 = {Mi,Mi,C) denote the component of qi^ + (T) whose strict support is A. Then there exists 
the harmonic bundle {Ei,dEi,di,hi) on A* such that the restriction 7^ | a* — M{Ei) (g) 0{n). Let us take a 
y-filtration of A^i along 2:1 = at A = on A x A(e) for some positive number e > 0. Due to the regularity, Va 
is a coherent 0/>^xA(e)-module for a < 0. We have Bz^ ■ Va C Va+i. By considering the specialization at A = 0, 
we obtain that Oei, 61, hi) is tame. 

Let us consider the normalization tt : Z — > Z . Then we obtain the morphism F :— qi o n : Z — > A. 
Then , /ii, 6'i) is tame. Since Tr^^(^E,dE,h,9) is a direct summand of (£^1, , /ii, ^i), we can 

conclude that tt^^ (F, Oe, 6, h) is tame on Z , namely, [E, Oe, 0, h) is tame. 

19.2.3 The general case 

Let TT : Z — > Z he a birational morphism such that Z is smooth and that D :~ tt^^{Z — Z') is the normal 
crossing divisor of Z. Let C be a smooth curve in Z, which meets the smooth part of D transversally. Then 
we obtain the curve 7r(C) in Z. Let us specialize T to 7r(C), which gives the pure twistor D-module T' whose 
strict support is 7r(C). The restriction of T' to tt{C) Z' corresponds to the restriction of the harmonic bundle 
{E, Be, 9, ^)|7r(c)nZ'- The pull back of {E, Oe, 9, ^)|ir(C)nZ' is isomorphic to the restriction tt~^{E, Oe, S, /i)c\£)- 
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Then we can obtain the tameness of tt ^(E,dE,0,h)(j\^jj, due to the result in the one dimensional case (the 

subsubsection [T^ . 2 . 2|l . Then we obtain the tameness of TT^^(E,dE,0,h), due to Corollary 18. II Thus the proof 
of Proposition [Tmi is accomplished. I 



19.3 The existence of the prolongment as regular pure twistor D-module 

19.3.1 A prolongment of a tame variation of polarized pure twistor structure with normal cross- 
ing divisor 

Let X be a complex manifold and D he a normal crossing divisor. Let {E, Oe, 0, h) be a tame harmonic bundle 
over X — D. Then we have the 7?.-triple {£,£, Co) on X — D, as in the section 2.2 of l^^. Then we obtain the 
7?.-triple (€, €, £) on X. In the case X — A", Di = {zi = 0} and D = [J^^^ Di, the construction of (€, €, £) is 
given in the subsection 1 1 5 . 21 and the subsubsection [T^ . 1 . II The local construction can be globalized. 

Let T be a tame variation of polarized pure twistor structures of weight w on X — D. Let {E,dE,0,h) 
denote the corresponding tame harmonic bundle such that T ~ (£, £, Co) (8) Opi (w). Then we have the natural 
prolongment 1 (£, €) ® 0^i(w). 

Theorem 19.2 The TZ-triple X = (€, €, £) (E) Opi (w) is a regular pure twistor D-module of weight w. 

Proof We have only to consider the case w — 0. We use the right 7?.-structures. To distinguish it, we use the 
notation € ujx instead of £, where we put ujx '■= A"r2^°. So we show the following: Let {E, Be, 0, h) be a 
tame harmonic bundle over X -D. Then the 7^-triple M(E) := {^(g) ojx , (8) LUx ,2^) is a regular pure twistor 
D-module. 

We use an induction on the dimension of X . We assume that the claim has already been shown in the case 
dim(X) < n, and we will show the claim in the case dim(X) = n. 

Since the property is local, we may assume X = A" and D = lj"=i -^i' where Di = {zj = 0}. Let g 
be a holomorphic function on X. Then we have only to show that Gr^*-^-* 'ipg .aM.{E) satisfies the conditions 
Definition 120. II and Definition [5^1 which are Definition 4.1.2 and Definition 4.2.2 in 

Let TT : X — > X be a birational morphism satisfying the following: 

• We put g := IT o g, and D Tr^^{D) U g^^(O). Then D is normal crossing. 

• The restriction TT^x_f) gives isomorphism X — D — > X — (Z3 U g^^{0)). 

Let {E,dji.,h,6) denote the pull back of {E,dE,d,h)^^ -i(o))' '^^^^ obtain the 7^-triple M.{E) = 

(€ ® ^x,'^ fX" ^X'^) ^- Since Ph Gi^'"^^ ipg^u-M^E) are isomorphic to the tensor product of the Tate 
objects and the 7?.-triples induced by a tame harmonic bundles fProposition ll8.2l) . they are regular pure twistor 
ZJ-modules of weight h due to the hypothesis of the induction. 

We obtain the 7?.-triple W7r*A^(i?) = {A4i,A4i,C). Due to the argument of Sabbah-Saito we know the 
following: 

Lemma 19.1 

1. The TZ-modules Aii are strictly S -decomposable along g = 0, g ■ YYi=i — 0^ ^''^^ 0"=! ~ ^■ 

2. The n-tnples P,, Gr)f ^g^uWTT^M{E) are regular pure twistor D-modules with the polarization. 

Proof See the section 6.2.6 in 42 . I 

We take the component T = (AI2, A^2, C) of H^tt^,A4{E) such that A^2 docs not have non-trivial submodules 
whose supports are contained in ^^^(0). Note that the regularity of A^2 along 5 = follows from the regularity 
of € along .g = 0. 

Lemma 19.2 To check Ph Gr)^^^'' ipg^uMiE) satisfies the conditions in the defi,nitions \2{].l\ awd l20.2l we have 
only to show T ~ M{E). 
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Proof It follows from the fact that P,, Gr)f is a direct summand of P,, Gr^ {N),^il:t,J-Pii*M{E). I 

Let us show that T is isomorphic to M{E). We put Xi :— X — i^D ^ 17^^(0)). Let t denote the open 
immersion Xi — > X. Then € ® ljx and are contained in (g) 

We use the following remark. We take the metric gi of ri^°(logD) such that 2"^ • dzi {i e n) are the 
orthonormal frame. Let Q be any point of X. We take a neighbourhood of Q and a coordinate (Ci, . . . , C„) on 
t/ such that U n D = lj'=i{Cj — O}- We also take a metric 32 of QV^(\ogD^ on ?7, such that ■ dQ arc the 
orthonormal frame. Then the naturally defined morphism n* fllf (log D) — > fl^^{logD) is bounded on U. The 
metric h on E and the metrics (a = 1, 2) induce the metrics hi on E (g) cux and /12 on 7r*iJ ® restricted 
to U. The naturally induced morphism Tr*{E (g) cux) — * tt*E (g) ujj^ is bounded on U. 

Let / • dzi A • • • A dz„ be a section of £ (g) wx- The fact / • dzi A • • • A dz„ G V^q"^ t^x is equivalent to the 
following estimate for some positive numbers e and C: 

n 

|/-dziA---Adz„|,^^ <C- 

1=1 

Then we obtain the following estimate on U for some positive numbers C and e': 

n 

\n*{f)-n*{dziA---Adz,,)\^^^<C' -lllQf. 

1=1 

It means that the restriction tt* (/) • tt* (dzi A • • • A to U naturally induces the section of {—V^q"^€® uJx)\jj. 

Hence / • dzi A • • • A o?z„ naturally induces the section of 7VJ2. Since (£ (8) ujx is generated by —V^q°^(S.'^ wx, we 
obtain the inclusion -0 : £ cjx C A^2- 

Lemma 19.3 T/ie restriction of the inclusion to X — D is isomorphic, namely (2; (X) ti'x)|x-r> — -^2 \ x-D- 

Proof By our construction, we have (£(X)Wx)|Xi — -^2 1 Xi ■ Hence the support of the cokernel of the morphism 
(€ (g) uJx)\x-D — > -^^2 1 x-D is contained in g^^{0) H {X — D). Since both of ((£ (g) wx)|x-_d and M.2 \ x-d are 
strictly 5-decomposable along g^^{{)) r\{X — D), we obtain (£ (g wx)|x-_d — -^2 1 x-r> due to Corollarv ll4.3l I 

Lemma 19.4 The inclusion C; (g cjx — > A^2 *s isomorphic. 

Proof Both of €g) ti^x[St] and 7W2[St] are strictly ^-decomposable along n"=i ^i- Then we obtain the result 
due to Lemma [19.31 and Corollarv ll4.3l I 

The coincidence of the sesqui-linear pairings are obtained by the uniqueness (Proposition 3.6.6. in 02| and 
Corollary II 8. II in this paper). Hence T and Ai{E) are isomorphic. Due to Lemma [19.21 the proof of Theorem 
119.21 is accomplished. I 

19.3.2 The existence of prolongment 

Let X and Z be as in the subsection ll9.1l Let ([/, T) be a generically defined variation of polarized pure twistor 
structures of weight w. We take a resolution ip : U — > U as in Definition ll9.1l Due to Theorem 1 19. 21 we obtain 
the polarized regular pure twistor _D-module T', which is a prolongment of (f~^T . Let us take the component T 
of 'HP{(p^,T') whose strict support is Z, which is a polarized regular pure twistor I?-module. By our construction, 
we have the naturally defined isomorphism T|(7 ~ T, namely T gives a prolongment of T. 

19.4 The uniqueness of the prolongment as regular pure twistor D-module 
19.4.1 The statement of the uniqueness 

Let X be a complex manifold and Z be an irreducible closed subset of X. Let T = {A4'. .A4",C) be a regular 
pure twistor D- module whose strict support is Z. Due to Proposition 119. ll we have a smooth Zariski open 
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subset U oi Z and a tame harmonic bundle {E,dE,d,h) defined over U, such that the restriction of T to the 
open subset X — {Z — U) is push-forward of M{E) via the inclusion U — > X — (Z — U). We put Z — U — Y . 

Let take a birational morphism ip : Z — > Z such that Z is smooth and D :~ Lp^^{Y) is a normal crossing 
divisor. We have the harmonic bundle Lp~^{E,dE,h,9) = {E,dj^,h,6). Then we obtain the regular pure 
twistor £)-module M{E) = (€, £). We have the push-forward H°{ip*M{E)). Let T = {M',M",C) denote 

the component of H°((/?*A^(i?)) whose strict support is Z. We have the natural isomorphism Tx-y — 7x-y, 
because both of them are push-forward of M (E) . We would like to show that the isomorphism can be prolonged 
to the isomorphism of T and T. 

Theorem 19.3 We have the natural isomorphism T "^T . 

We will show the theorem in the following subsubsections. Before entering the proof, we give some remarks. 

Since the claim is local on X, we may assume that X = A". We may also assume that we have a holomorphic 
function g such that Y C (7~^(0). 

We put uju A'^^^f^^". We denote the immersion U — > X hy lu- Then M' , M" , M' and M" are 
contained in lu ® uou, where £ ^ujjj is regarded as the right 7^-module. 

Lemma 19.5 We have only to show that M.' (resp. M" ) and M.' (resp. M." ) are same as the TZ-submodules 
of iu*£ (8) cou- 

Proof It follows from the uniqueness of the pairing fProDOsition ll4.3'j) I 

Lemma 19.6 Let A e Cx be generic. We have M'^^x — M'^j^x in {tu *£ ® ^u) |;^-A • 

Proof Both of M'l^p^x and M'l^p^x can be regarded as the regular holonomic ZJ-modules. The restrictions 
to X — y is same as the push-forward of {£^ ^H^'^^ . By the Riemann-Hilbert correspondence, the regular 
holonomic Z?-modules M'\x>^ and M'^x'- correspond to the perverse sheaves Ti and .7^2, and the flat bundle 
^,D^'^) corresponds to the local system L on U. Then both of Ti {i = 1,2) are the intermediate extensions 
of L, due to the strictly S'-decomposability of -M'^^^x and Ai'^-^x- Thus Ti and are isomorphic. Therefore we 
have the isomorphism M'^;^x — J^\x>- > whose restriction to to X — y can be regarded as the identity of lujj. 
Hence we obtain the result. I 

We will use the following elementary lemma. 

Lemma 19.7 Let B be a connected complex manifold. Let f be a holomorphic function on B x A*. Assume 
the following: 

• For any point b € B, the restriction /|{(,}xA* is meromorphic at the origin {O}. In particular, we obtain 
the order of the pole p{b) . 

Then the numbers p{b) are bounded ofbCzB. 

Proof We have the development 

/|{6}xA- -^/„(&)-z". 

The coefficients fn{b) are calculated as follows: 

fnib) / Z^""^ • f\{b}x{\z\ = l/2}dz. 

J\z\ = l/2 

Hence the dependence of fn{b) (n e Z) on 6 g _B are holomorphic. Assume that the set 5* := {n < | /„ ^ 0} 
is infinite. We have B ^ Unes /« ^(0)- Foi" any point b £ B — UnsS fn^i^)' ^^'^ restriction of / to {b} x A* is 
transcendental, which contradicts to the assumption of the lemma. Thus the set S is finite. I 
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19.4.2 Step 1. In the case dimZ = 1 

We may assume that Z = A = {w | |w| < l}, and that Lp = ((^i, . . . , (^„) : A — > X = A" gives the 
homeomorphism Z — > Z. We may also assume that (pn{w) = for some integer / and that U ~ Z — {0} = A*. 

Let Ao be a point of C\. We pick a frame v = (vi) of T^<o'£ on A(Ao,eo) x A. Each Vi naturally gives the 
section of M' . We denote it by Then we obtain the submodule of M.' generated by We denote 

the submodule hy if ■ TZ. 

Lemma 19.8 We have tp^v ■ TZ = M' . 

Proof By definition, we have A4' — R(p^,{€(E)^^ (p^^TZx). Since (p is homeomorphic, we have i?<p* = Thus 
M' is same as the component of (p^^TZx)- Thus it is generated by ip*{v). I 

Lemma 19.9 Let f be a section of t-jj ®0Jij- Then we have the unique description as follows: 

n-l 

f= J2 ^^•/-.^•II^"'- (404) 
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> 



Here fn.i denote holomorphic functions on U ^ A* . 

Proof Note that d/dzi, . . . , d/dzn-i gives the frame of the normal bundle oiU m X — Y . Then the claim is 
clear. I 

Corollary 19.1 The morphism : ljj *£ <E) ujjj — > i-u *£ ^ is injective for any positive integer N. 

Proof It is clear from the description (|404(l . I 

For a section / of lu ^,8 ®u!ij or iu * {E ®uju)\x>' j we often use the notation Un(f) to denote Vi ■ fn.i- Here 
fn,i are given in the development H4U4|) . Then Un{f) can be regarded as the holomorphic sections of £ (8) f^A* 
over A(A, eq) x A* or A*. We also note that the set {n | Un{f) ^ 0} is finite. 

Lemma 19.10 Let f be a section of Ai' , or A4'^^x- The holomorphic functions fn^i on A* in the development 
l|4()4|l are meromorphic at A(Ao,e) x {0} or {O}, i.e., they are not transcendental. 
In particular, Un{f) are sections of^£ on A(Ao,eo) x A or A. 

Proof We have (p^,{d/dw) / dzj) for holomorphic functions Oj on A. We have a„ = Z • w^~^ . 

Then (p~^{d/dzn) can be described as the linear combination of d/dw and (p~^{d/dzj) {j — 1, . . . ,n — 1) with 
the meromorphic coefficients. Since we have Ai' — (p^,v ■ TZ, we obtain the result. I 

Let us consider the y-filtrations at Aq of A^' and Ai' along z„ = 0. Let us pick a section of / of V^q"''A^'. 

Lemma 19.11 For any sufficiently large integer N , the section f ■ z^ is contained in V^q"''A^'. 

Proof Since / can be regarded as the section of lu ^.E^lujj, we have the development f = J^'^i ' fin ' TVi=i ■ 

^\x>- ~ ''<o """" 



Let A G A(Ao, eo) be generic. Then the restriction f^^^- is contained in v}^Q°^Ai'^^x = '^<o'^^\x>^ fLcmma ll9.6|) . 
Due to Lemma 119.101 the restrictions fin\{\}xA' is meromorphic. Due to Lemma 1 19. 71 the order of the poles 
are bounded independently of a choice of generic A e A(Ao, eo)- Hence we obtain some sufficiently large integer 
such that fin ■ f*z^ are holomorphic on A(Ao, cq) x A for any i and n, due to Hartogs' Theorem. Then we 
have '^Un{f) ■ ^*z^ are sections of V^Q"^iB. In particular, we have / • ip{z^) G £ (g) ip^^TZx. Hence we obtain 
f ■ z^ £ Ai' ■ If we take larger N , then we may assume that f ■ z^ e V^o""*-^'- ' 

Since f ■ z^ is contained in V^^"'' Ai' nv},^"^ M' , we have {f-z^)-TZ<Z M'nM'. The V-filtrations V^^^HM') 
and y(^«)(7W') induce the filtrations C/(i) and t/^^) on (/ • z^) ■ TZ. 
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Lemma 19.12 We have C/^^^ = J/^^) 
Proof Both of [/(I) and 

are good and monodroniic. Moreover Gr'^ (a — 1, 2) are strict. Thus we have 
t/(i) ^ [/(2), due to Lemma 11321 I 

Lemma 19.13 We have M' d M' . 

Proof If / is contained in V^^^^'' M' for a negative number 6 < 0, we have f ■ € V^^'I^{M'). Due to Lemma 
rr^TSl we have f ■ e V^^^j^iM'). Since z^ : V^^°\m') — > V^^^°j^{M') are surjective for 6 < 0, we have a 
section / of V^''^"\A4') such that f ■ z^ = f ■ z^ . Due to the injectivity of the morphism z^ fCorollarv ll9.1(l . 
we have / = /. It means that / is contained in V^^^°\m'). Thus we obtain V^I"\m') C V^I°\m'). Since M' 
is generated by vj^Q°\A4'), we obtain Lemma [19. 131 I 



Lemma 19.14 We have M' = M' . 

Proof Let i denote the inclusion Ai' C M. Since i is isomorphic on X — Y, the support of the cokernel of i is 
contained mY = Z — U. Thus we have V^^^"\m') = V^^"\M') for any sufficiently negative number b. Since 

both of the filtrations and V^^°\M') are strictly speciahzable, it is easy to derive that M' = M' 

(Corollary inSI). I 



19.4.3 Step 2. In the case we have a good normal frame 

We put r dimX — dimZ. Then we can pick holomorphic functions /i, • • . ,/r such that Z is one of the 
irreducible components of 01=1 /^^(O) with the reduced structure. We put as follows: 



^ dzi dzi 



The following lemma is clear. 



Lemma 19.15 There exists a Zariski open subset U' of U such that the restrictions of wi, . . . ,Wr to U' give 
the frame ofNjj'X. I 

In this subsubsection, we impose the following assumption: 
Condition 19.2 U' = U. 

Under the assumption, we have the following lemma. 
Lemma 19.16 Let f be a section of lu*{£ (i^lou)- We have the following unique description: 

r 

"--n^?- (405) 

nez^Q j=l 

Here w„ (n G Z>o) denote holomorphic sections of £ ® uju onU ^ Z — D. The set {n \ un^Q} is finite. I 

Let / be a section of M.' C ljj *{£ ® ^u)- We have the development of / as in (|405|l . We may assume that 
there is a holomorphic function g on X such that Z — U CZ g^^{0), by shrinking X. 

Lemma 19.17 Let C d Z be a curve transversal with the smooth part of D. Then the restrictions u^^q give 
meromorphic sections of £ uj . 
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Proof We use an induction on the dimension of Z. The case dimZ = 1 has been done in the Step 1 (the 
previous subsubsection). We assume that the claim in the case dim Z < n — 1 holds, and we will show the claim 
in the case dim Z = n. 

Let us consider the image C = (p{C) C Z. We may assume that C O D consists of one point P. We put 
P = ^{P)- In the following argument, we can shrink X if we need to do so. 

We take a holomorphic function F on X such that C n ?7 is contained in the smooth part of F^^(O) and 
Z F~^(0). Let us consider the inclusion bp X — > X x C of the graph, and the F-filtration of ipM' 

along t — Q, where t denotes the coordinate of C 

Lemma 19.18 For any sufficiently large natural number N , the section f-g^'^1 is contained in V^\"\lf-M'). 

Proof It is easy to see that the restriction /[/ ® 1 is contained in v}_\°\ Assume that / 1 is contained in 

Va'^''\tFM') {a > —1). Then it induces the sections of Gr'^ Gr^' °\tFAi'), whose support is contained in 
U — Z C f;~^(0). Hence we can kill it by multiplying the power g. 

By using an inductive argument, we can take a sufficiently large number N such that / • g^ (8" 1 is contained 
in^i^"'. I 

Let Zi denote the irreducible component of F^^{Q) containing C. Let 7i = {A4'i,A4i,Ci) denote the 
component of ipp.-i'T whose strict support is Zi. 

Then f ■ g^ induces the section /i of M'l, and we have fi | unZi = if ■ g^)\unZi/dF. We have a development 
/i = X] ''^Ti ' n ""^j ' 1 Then it is easy to see that Un \ c can be holomorphically reconstructed from u^. 

Let ipi denote a resolution Zi — > Zi such that Di = Zi — tp^^{Zi n U) is normal crossing. We have the 
curve Ci C Zi corresponding to C. We may assume that Ci transversal with Di. Due to the hypothesis of the 
induction, the sections (u^ | (7nZi/'^^)|c naturally give the meromorphic sections of i^u^J^-^. Then 

it is easy to derive that the sections | ^ give the meromorphic sections of uj^) I 

Let us pick a point P of Z. We can take a neighbourhood U oi Z on which we have a coordinate (Ci, . • . , Cn) 
such that Z^nD ~ y^^-^ICj = Q}a.nd(i{P) — 0. Such an open subset is called an admissible open set. We remark 
that we can consider the filtrations -V^^'>^ on each admissible open subset. Let Du.i denote the component of 
U O D corresponding to {Q — 0}. Let tt^ denote the projection of U onto {Q — 0}. 

We pick a frame v = (vi) of V^q°^(£. on U. Let us consider the restriction of Un to U (1 U , where m„ are 
obtained in the development (|405() for the section / g Ai' . Then we have the description Un — ^ ctinVi, where 
ain are holomorphic onU — {U O D). Due to Lemma [19. 171 the restrictions of ain to the curves {A} x 7r~^((5) 
are meromorphic for any point (A, Q) G A(Ao,eo) x D°^.u- Here we put L)^ ^ := Dy^p - [jr^p{Du,p H Du,r)- 

Due to Lemma [19.71 the degree * deg^* "\oij^n) are bounded, independently of (A, Q). It implies the following 
lemma. 

Lemma 19.19 The restrictions of Un toUdU give sections o/^£(8)u;^. I 

We may take a finite covering of Z by admissible open subsets. Hence we obtain the following: 
Lemma 19.20 u„ give sections of^Ei^uj^. I 

Lemma 19.21 For any sufficiently large number N , the sections Un-g^ [n G Z") are contained in £. Moreover 
they are contained m -V^g"'* (£) on each admissible open subset. 

Proof It immediately follows from Lemma [19.201 I 



CorollarjMJ).2 Let f be a section of Ai' . There exists a positive integer such that f ■ g^ naturally gives the 
section of M' 

Proof It immediately follows from Lemma [19.211 I 
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Let us show the equahty M' — A4' . To show it, we consider the inclusion X — > X x C for the graph of g. 
Let t denote the coordinate of C. We have only to show ig^,M.' = ig^,M'. 
We denote the T^-filtration along t = of ig^M' and ig^M' by v'^^"\ 
Let / be a section of V^Q°\ig^,M'). We have the development: 

Due to Corollarv ll9.2l we have an integer N such that / • e V^^q""^ (^ig ^M') . Note t ~ g on the graph of g. 

The rests are completely same as the Step 1. Since / • is contained in F^q" hg^M'n V^l"hg ^M' , we have 
{f-t^)-ncM'n M'. The y-filtrations V^^''\M') and {M') induce the same F-filtration on (/ • i^) • 7^ 
(Lemma IIHII. _ 

Since the multiplication of g on Ai' and M' are injective, it can be checked easily that the multiplication 
of t on ig^,Ai' and ig^,A4' are injective. Then we obtain the implication A4' C A4' by the same argument as 
the proof of Lemma [19. 131 and we obtain the equality Al' = by the same argument as the proof of Lemma 
119.141 Thus we are done when Condition ll9.2l is satisfied. 

19.4.4 The end of the proof of Theorem [TOl 

Let us consider the general case. Let U' be a Zariski open subset of U as in Lemma ri9.15l We put Y' := Z — U'. 
Let us take a birational morphism (p : Z' — > Z such that Z' is smooth and D' := tp'^^{Y') is a normal crossing 
divisor. We put {E' ,djj,,,h' ^9') :— ip'^^{{E,dE,d,h)). Then we obtain the regular pure twistor D-module 
A4{E') :— (£',€',€'). Taking the the push-forward via ip' , and taking the component whose strict support 
is X, we obtain T as is explained in the subsubsection [T^.4.1l Due to the result in the subsubsection [T^.4.31 
we have the naturally defined isomorphism T' ~ T. By applying the same consideration to T, we have the 
isomorphism T' ~ T. Thus we obtain the isomorphism T ~ T. I 

19.5 The pure imaginary case 

19.5.1 The correspondence in the pure imaginary case 

Let X be a complex manifold, and Z be an irreducible closed subset of X. Let VPTgcn^*(^, w) denote the set of 
the equivalence classes of generically defined tame variation of polarized pure twistor structures of weight w on 
Z. Let MPT^*(Z, w) denote the set of the equivalence classes of polarized regular pure twistor module of weight 
w whose strict support is Z. (See the subsubsection [T^. 1.11 for the definitions.) Restricting the correspondence 
of Theorem 119. II to the pure imaginary cases, we have the following theorem. 

Theorem 19.4 We have the bijective correspondence VPT gen'" {Z , w) ~ MPT^*(Z, w). 

We have only to show the following: 

• The image of VPTgon'"(2', w) via the map VPTge„(Z, w) — > MPT(Z, w) (the subsection lTiOjl is contained 
in MPT^*(Z, w). The sketch of the proof is given in the subsubsection [W .5.21 

• The image of MPTP*(Z, w) via the map MPT(Z, w) — > VPTgcn(2', w) (the subsection [TiO|l is contained 
in VPTge„^'*(Z, w). 

Both of them are the minor modifications of the previous argument. Hence we give only a sketch of the 
proof. 

19.5.2 The prolongation preserves the pure imaginary property 

Let U he a smooth Zariski open subset of Z. Let (E, dE,0,h) be a tame pure imaginary harmonic bundle on 
U . We have the prolongment T ~ (€, €, £) as pure twistor D-module on Z of (£', ^E^ 0, h). 

Proposition 19.2 The pure twistor D-module T ® 0{w) is pure imaginary. 
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Proof We use an induction on the dimension of X. Since the property is local, we can assume that X = A" = 
{(zi, . . . , z„) I \z,\ < 1}, A = {z^ = 0} and D = ULi A- 

Lemma 19.22 In the case g = Y[7=i ^T^ ' have the following: 

• ipg.uT — unless u (1 Rx {\/—lR). 

• The twistor D-module Ph GrJ^'^^ '4't,uT is pure imaginary. 

Proof From |j22El), Lemma H 6 . 1 01 and the strictness of f Proposition II 6 . 3(1 . we obtain V't,M(*g»'£) — unless 
mG i?x (\/— If?) . Then the first claim immediately follows. From Lemma^^^Hland the strictness of ■!/'t,ii(ig*£) , 
we obtain the vanishing 'Vt)V't,ji(*g*S) = unless v ^ Rx (^/— li?) . It follows that Gr^*-^^ 4't,u{ig*'^) = 
unless V e Rx (^y/^R). Recall that we have the decomposition P/i Gr)^^^-* '0t,u(«g*'£) = as in 

Proposition 117. ll Then we obtain ^pZi.v-M — unless v G R x li?) . It means that the tame harmonic 
bundle corresponding to the pure twistor D-modules [Mi , M] given as in the subsubsection [T^.5.21 are 
pure imaginary. Due to the hypothesis of our induction for the proof of Proposition 119.^ we obtain that the 
twistor Z?-modules (A^/,A^/,£/) are pure imaginary. Thus we can conclude that PhGv^^^'^ il}t,uT are pure 
imaginary. I 

Let us return to the proof of Proposition ll9.2l Let 5 be a general holomorphic function on X. Let us take 
the birational map tt : X — > X such that (g o tt) (0) is normal crossing and that X is smooth. Note that 
Tr~^{E,dE,d,h) is pure imaginary (Lemma 7.1 in 39 ). Let T be the pure twistor ZJ-module corresponding to 
7T~^{E,dE,0,h). We put g := g on. From Lemma fl9. 221 we know that '4'g,u'i' ~ unless u £ Rx (V— li?) 
and that Pn Gr)f ^g,„t is pure imaginary. Note that T is the direct summand of tt+T whose strict support 
is X. Then we obtain t/jg.uT = unless u £ R x (-\/— li?) from Theorem 3.3.15 in and we obtain that 

Ph GrJ^'^^'' iJjg.uT is pure imaginary from the argument in the section 6.2.b in ^42,. Thus the proof of Proposition 
119.21 is accomplished. I 

We can show that the image of VPTgcn^'(^, w) via the map VPT g^n^\Z , w) — > MPT{Z,w) is contained 
in MPT^'(Z, w), by using Proposition ll9.2l and the argument in the subsubsection [TO. 3 . 21 



19.5.3 The generic part is also pure imaginary 

Let T — (€, €, £) is a pure imaginary pure twistor Z?-module whose strict support is Z. We obtain the 
harmonic bundle {E,dE,d,h) on a Zariski dense subset U of Z, as in the subsubsection IT^ . 2 . II Let us show 
that (E, dE,0,h) is pure imaginary. 

First we consider the case dimZ = 1. Let Q be a point oi Z — U . Since the property is local, we may 
assume the condition 119.11 Let {Ei,dEi,Oi,hi) be as in the subsubsection [TO. 2. II Due to the result of the 
section 5 in I43j . {Ei,dEnOi,hi) is pure imaginary. Or, we can directly check it by seeing the monodromy of 
{Si^n^'^^ for generic A. Let tt : Z — * Z he a resolution, and then TT^^{E,dE,d,h) is a direct summand of 

((71 o tt) ^ {^Ei,dEi,Oi,hi). Since [qi o tt) ^ (^Ei,dEi,Oi,hij is pure imaginary, we obtain that [E,dE,d,h) is 
pure imaginary. 

Let us consider the general case. Let tt : Z — > Z be a resolution such that D :— n^^i^Z — C/) is a 
normal crossing divisor of Z. Let C be a curve contained in Z, which intersects with the smooth part of D 
transversally. Let us consider the specialization of T to 7r(C), which is also pure imaginary. Then we obtain that 
Tr~^{E,dE,0,h)^fj^^jj is pure imaginary from the result in the one dimensional case, which is already discussed 
above. Therefore we obtain that (E, dE,0,h) is pure imaginary. 

Then it is easy to derive that the image of MPT^'*(Z,u;) via the map MPT(Z,w) — > VPTgon(Z,w) is 
contained in VPTgon'''(Z, w). In all, the proof of Theorem 119.41 is accomplished. I 
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19.6 The conjectures of Kashiwara and Sabbah 



Let X be a complex manifold, and Z be an irreducible closed subset of X. Let T = (Al', Al", £) be a pure 
imaginary pure twistor D-module. S^joil^) is defined to be the _D-module Al^^j^- We refer the 4.1.i in 021 for 
the fundamental property of the functor S^joi- In particular, we recall the following: 

Proposition 19.3 (Sabbah |43| ^ 'E.doi{T) is a semisimple regular holonomic D-module. I 

We have a Zariski open subset U oi Z such that the restriction 7[[/ is a variation of polarized pure twistor 
structures. By considering the restriction to A = 1, we obtain the flat bundle, or equivalently the local system 
L. We remark that it is semisimple. Let J-' be the regular holonomic £)-module on Z, which corresponds to the 
intermediate extension of L via the Riemann-Hilbert correspondence. Since S£)o/(T) is semisimple, we have the 
isomorphism T ~ S£)o;(T). 

Let RHD*''(Z) denote the set of the equivalence classes of the semisimple regular holonomic Z?- modules 
whose strict support is Z. As is explained above, we have the map S^o; ■ MPT^*(Z, 0) — > RHD'**(2'). 

Theorem 19.5 (The conjecture of Sabbah) The map EdoI ■ MPT^'(Z,0) — > RHD'"*(Z) is surjective. 

Proof Let be the element of RHD^*(Z). We have a smooth Zariski open subset U oi Z such that T^jj 
corresponds to a flat bundle. We can take a tame pure imaginary pluri- harmonic metric h oi J^\u (Theorem 
6.2 in EH). Hence we obtain the tame pure imaginary harmonic bundle {E, dE,d,h) on U. Let T = (€, €, £) 
denote the pure imaginary pure twistor £)- module corresponding to {E, dE,0,h) given in Theorem 119.41 Since 
the restrictions of the semisimple regular holonomic _D-modulcs J- and 'E.doi{T) to U are isomorphic to !F\Ui 
they are isomorphic. Thus we obtain the surjcctivity desired. I 

Remark 19.1 We formulate the theorem as the surjectivity between the sets of the equivalence classes, 'B.doI is 
given as the functor which is compatible with the vanishing cycle functors and the push-forward (see |43| ). As a 
result, we obtain the regular holonomic version of Kashiwara 's conjecture, combining the results of Sabbah and 
us. I 



Part V 

Appendix 

20 Pure twistor D-modules and polarization 
20.1 Pure twistor D-modules and polarization 

We recall the definitions of pure twistor D-modules and its polarization, due to Sabbah, given in Chapter 4 in 
his paper 02] • The definitions are based on the work of Saito on his celebrated pure Hodge modules, as Sabbah 
himself noted in 02] . We shall consider only the regular holonomic case. 

20.1.1 Pure twistor D-modules 

We only consider the regular case. Let X be an n-dimensional complex manifold. Let w be an integer. The 
definition of pure twistor Z?-modules of weight w is given as follows, inductively. 

Definition 20.1 (Definition 4.1.2. 02]) The category MT'^1{X,w) is defined to be the full subcategory of 
7?, — Triples (X), whose object {M',A4",C) satisfies the following: 

(HSD) The TZ-modules Jv[' and Jvi" are holonomic and strictly S -decomposable. The dimension of their strict 
support is less than d. 

(REG) Let U be any open subset of X, and f be any holomorphic function on U. Then M't^jj and M'^jj are 
regular along {/ = 0}. 
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(MTo) Let us consider the case d = 0. Let {xi} be the union of the strict supports ofM' and Ai" . Then we have 
{M.\[x}t^\{x}t^) ~ '''{xi} + {T^' I'H" , where (H' ,H" ,Co) is a pure twistor structure of dimension 
and weight w. 

{MT^o) Let us consider the case d > 0. Let U be any open subset of X , and f be any holomorphic function 
on U. Let u be any element of R x C — (Z>o x {0}), and I be any integer. Then the induced TZ-triple 

Grf" i^f,uiM',M",C) := (Gr^, Grf Gr|^ is the object of MU'^^l^^{U,w + l). 

I 

Remark 20.1 Since our index set of the KMS-structure is not R x {0} but Rx C, our pure twistor D-module 
is wider than those given by Sabbah's definition. However it is just a minor modification, and the results and 
the proofs in the section 4.1. in vahd, when we change as follows: 

• "ae [-1,0[" =^ "ue fix C - (Z>o X {0})". 

• "ae [-1,0]" =^ ''ueRxC\ 

• 'Vt.c" =^ 

• "zo G C*" =^ "any generic Ao". This case appears only in Proposition 4.1.21 (1) in 02]. I 

For example, Proposition 4.1.3 is changed as follows: 

Lemma 20.1 Let {M',M",C) is an object of MT^Xx,w). Then M' and M" are strict. 

Let U be any open subset of X , and f be any holomorphic function on U. Let u be any element of Rx C. 
Then ipt.u{-M') and "ipt^ui-M") are strict. I 

Since the paper |42| is very well written, and since the modification is quite minor, we do not reproduce the 
propositions and the proof, here. We recommend the reader to see [42) . 

20.1.2 Polarization 

We recall only the definition of polarization of pure twistor I?-modules, which is given in the subsection 4.2 in 

m 

Definition 20.2 (Definition 4.2.2 in ^) Let T be an object of MT^^{X,w). A polarization of T is a 
sesgui-linear Hermitian duality S : T > T* {—w) of weight w satisfying the following: 

{MTPq) Let us consider the case d = 0. Let {xi} be the strict support of T. We may assume that T = 
+ (7i', H", Co) . Then we have S — is^,j~i}^Sa for some polarization So of (7i', 7i", Cq) . 

(MTP>o) Let us consider the case d> 0. Let U be any open subset of X , and f be any holomorphic function 
on U . Let u be an element of Rx C — {Z>o x {0}}, and I be any non-negative integer. Then P Gr^ ^t,uS 
gives a polarization of Pi GrJ^ ^pt,uT- I 

Remark 20.2 Again the propositions and the proofs in the subsection 4.2 in 22 are valid, when we change 
them as in Remark l20. II 

20.2 Pure imaginary pure twistor D-modules 
20.2.1 The definition 

We have the inclusion of the set of the pure imaginary numbers \/—lR C C. 

Definition 20.3 (Pure imaginary pure twistor D-module) The category MT^f'"''^'{X, w) is defined to be 
the full subcategory of TZ-Triples(X), whose objects (A4',A4",C) satisfy the following conditions, in addition to 
the conditions in Definition \2{). 11 
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(PI) We have tptA^') = AA^") = unless ue Rx {^/^R). 

Such objects are called pure imagianry pure twistor D-module. 

A polarization of a pure imaginary pure twistor D-module is defined by Definition \20.2[ I 

Remark 20.3 Sabbah give the definition of pure twistor D-modules in which is our pure imaginary pure 
twistor D-module. Since his purpose is to attack Kashiwara's conjecture, it is natural to restrict the attention 
to pure imaginary case. On the other hand, our definition may be natural from the view point of Simpson's 
Meta Theorem. I 



20.3 The pure twistor D-modules on a smooth curve (correspondence) 

Let C be a holomorphic curve. 

Generalizing the result in Chapter 5 of 02 j we can show the following: 

Theorem 20.1 Let w be any integer. The variation of polarized pure twistor structures of weight w which are 
generically defined over C , are bijectively corresponds to the regular pure twistor D-modules of weight w whose 
strict support is C . 

Remark 20.4 Theorem I2U.1I is a special case of Theorem 119.21 and Theorem 119.31 Although we use the 
decomposition theorem in the proof Theorem 119.31 we do not need the decomposition theorem in the proof, if 
the dimension of the base manifold is 1, for we do not have to consider the blow up in that case. However, we 
give an explanation of the correspondence and an outline of the proof. I 

Outline of the proof of Theorem 120.11 We only consider the case w — Q, for we have only to consider the 
tensor product with 0{w) to obtain the other cases. 

Let {E^dEid^h) be a tame harmonic bundle defined over a Zariski open subset C C C. Then we obtain 
the pure twistor D-module T{E) :— (Q;, 2:, €.), as proved in Theorem 1 19. 21 It is easy to see that the restriction 
T{E)^(jr gives the harmonic bundle {E, Oe, d, h). 

On the other hand. Let T = {A4,A4,C,Id) be a regular pure twistor D-module on C. Then we have a 
Zariski open subset C", such that T^qi gives a harmonic bundle (E, dE,0,h). Due to the regularity, it is tame. 
Then we obtain the pure twistor D-modules T{E). 

Lemma 20.2 We have the naturally defined isomorphism T > T{E). 

Proof On the Zariski open subset C, we have the isomorphism T\c' — * ^(-^)|C': due to our construction of 
T{E)\c'- We shall prolong the morphism defined on C to the morphism defined on C. For that purpose, we 
have only to discuss on a neighbourhood of a point P E C — C . So we can assume that C = A and C" = A*. 
Let z be the coordinate of A. 

Let us pick a point Aq G Cx which is generic with respect to the sets KMS{M,z) and KM S{<t, z). Then 
the restrictions A^|{Ao}xc ^-i^d 2;|{Ao}xc can be regarded as regular holonomic D-modules, which are strictly 
5-decomposable. Let L be a local system corresponds to the fiat connection V = A^|{Ao}xA* = 2;|{Ao}xA*- 
By Riemann-Hilbert correspondence, both of regular holonomic D-modules ■M.\\„ and (£|Ao correspond to the 
perverse sheaf which is the intermediate extension of L. Thus we have the isomorphism M.\\„ — ^\Xa- If we 
regard them as the submodules of then we have A^|Ao — '^\\o- The F-filtrations are also same. (See the 
proof of Lemma Fl 5 . 581 and Lemma [15. 591 ') 

Let us pick a point Aq G Ca, which is not necessarily generic. Let / be a section of M. on A(Ao, eo) x A. 
Let us pick any point A G A(Ao, eo), which is generic. Then the restriction f\x gives a section of V<^q°^(£|a. 

The section / also gives the holomorphic section of £ over A(Ao, eo) x A*, which we denote by /. Since f\\ 

gives a section of K^o°^S|a, 

we have — ord(/|A) < 1. Due to CoroUarv 12.61 we can conclude that / gives the 
section of V^^<t. Thus we obtain the morphism V^^'' M — > V^q°'(£ on A(Ao,eo) x A. Since M is generated 
by V^'^ M., we obtain the morphism M — > £ defined over A(Ao, eo) x A, and thus the morphism defined over 
Cx X A. 
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Once we obtain the morphism M — > £ whose restriction to C" is isomorphic, the morphism is isomorphic 
on C, due to the strictly S'-decomposability of the both sides. It is easy to see that the sesqui-hnear pairings 
also coincide (Corollary ^OJ. 

I 



21 The decomposition theorem for pure twistor D-modules 

Let X and Y be complex manifolds, and / be a projective morphism from X to Y . Let c be the first Chern class 
of a relatively ample line bundle on X with respect to /. The decomposition theorem and the hard Lefschetz 
theorem for pure twistor I?-modules is as follows. 

Theorem 21.1 (Theorem 6.1.1 in gS]) Let {T,S) be a polarized pure twistor D -module of weight w on X . 
Then f+T, Cc, ®j /+) is a polarized graded Lefschetz twistor D-modules. 

The decomposition theorem for polarized pure twistor _D-module was shown by Sabbah in ^ (based on 
Saito's argument in 02)- Although our pure twistor £)-modules fDefinition l20.1l and Definition 120. 2() are wider 
than those given in [42|. the argument of Sabbah-Saito essentially works. Roughly speaking, their argument is 
divided into the following two steps. 

Step 1 By using the induction on the dimensions of Supp(T) and /(Supp(T)), the problem is reduced to the 
decomposition theorem for a pure twistor _D-modules on a smooth projective curve. (See the sections 
6.2.b and 6.2.C in See also the section 5.3 in jMlO 

Step 2 We prove the decomposition theorem for the pure twistor I^-module on a smooth projective curve. (See 
the sections 6. 2. a in See also the sections 6, 7 and 11 in |57l.) 

Since we do not have to change the argument for the step 1, we only give an argument for the step 2. 
Although it is just a minor modification of the argument given in 57 and i42|, we give some detail. 

21.1 Preliminary 

21.1.1 PreUminary calculation of cohomology 

Following Zucker, we put 9Jli := 21/05, where 21 and 03 are given as follows: 

21 := |measurable function / JJ^ |./(^)P • I log?"] ■ r ■ dr < oo for some < A < l|. 
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|/ e 21 f — u' weakly J^^ |up • | logr| ^r ^dr for some < A < l|. 



In the following, we use the Poincare metric and the induced volume form on A* . 

Let F be a C°°-vector bundle of rank 1 on A* with a trivialization e. Let V be the fiat connection of V such 
that V(e) — a ■ e ■ dz/z for some complex number a. Let h he a metric of V such that h{e, e) — r^'^" • | logrj'^ 
for some real number a and an integer k. 

Let CP{V) (2) be the sheaf of germs of locally L^-section oiV^il'' for which V {(/)) is L^-section of 1/ (8) 51^^^ . 
Then we obtain the complex of sheaves £' (F)(2): 

/:0(F)(2) ^/:i(v^)(2) ^/:'(i/)(2). 

Let 7Y*(£' (F)(2)) denote the stalk of the z-th cohomology sheaves of C{V)(^2) at O. 
Lemma 21.1 In the case a E C — Z, we have W{C' (F)(2)) — for i — 0,1, 2. 

Proof The claim i — can be shown by a direct calculation. The claims for i = 1, 2 are shown by Zucker in 
Prop (11.3) in his paper. Note that the condition —1 < a = —a < is imposed in the section 11 in his paper. 
However the only assumption a ^ Z is used in the proof of of Proposition (11.2). I 

Let H{V) denote the space of the fiat sections of V. 
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Lemma 21.2 In the case a = 0, we have the following: 

H{V) (a < 0, or a^O,k< 0) 

(otherwise) . 

dt 



n"(c{v) 



(2)^ 



t 



H{V), {a < 0, or a = 0,k< -2) 



Ml ■dr(g>H(V), (a = 0,/c=l) 



(otherwise) 



dt 



(2)J 



mil -drA y (g)i/(F), ia^O,k^-l) 







(otherwise) . 



(406) 



(407) 



(408) 



The proof of Lemma [2 1.21 due to Zucker, will be given in the subsubsections l?l . 1 . 2H2 1 . 1 . 41 Before entering 
the proof, we give the formulas of the norms of the sections oi V ^il^. 



J\f-e\^dvo\ = y|/|2.r-2-.|logr|* 



dr ■ de 

■ llogrP 



= j l/P • ^"^""^ • I logr|'=-2 . dr ■ de. (409) 



dr ■ de 



\fY ■r-^''+'^ ■\\ogr\'' -dr-de. (410) 



j \f-dr- dvol = J |/p • • | logrp • r-^^j logr| 

/" 1/ • • . dvol = /"|/|2.|iogr|2.r-2'^-|logr|^-4p^^ / l/P • r-2"-i| logr|'= • dr • d^. (411) 
J J r|logr|^ J 



J \f -dr -de- dvol = J \ffr-^°'-^-\\ogr\''+^-dr-de. 



(412) 



Here / denotes C°°-functions, and the metrics oi V ® $7' are induced by the metric ft, of and the Poincare 
metric. 

We denote the L^-norm by || • ||(2)- 
21.1.2 The calculation of H° 

From l|409|l . we have / |ep dvol < oo if and only if we have a<0ora = 0,A:<0. Thus (|4U6|1 immediately 
follows. 



21.1.3 The calculation of 

We need a preparation. Let uj — f ■ dr + g ■ de he a, C°°-section oi E ^H.^, whose support is compact. We have 
the Fourier developments: 



We take e„ as follows: 



div = J^ia'n - ^/^n ■ fn) ■ e^"^dr A de* = ^ e„ 



e^"^dr A de. 



We put Un := {n\/—l) ^gn for n ^ 0, and we put u :— J2 
{du)n of du is as follows: 



-ine 



Then the n-th Fourier coefficient 



-1 



{du)n u'n + V-ln ■ Un ■ de = (nv^) g'„ ■ dr + ,g„ • de = /„ • dr + gn ■ de e„ • dr. 
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Thus we obtain the foUowing: 

U ■.= du-LU-{fo-dr + go- dd) = -\/^^ • e„ • e^"^ • dr. 

Lemma 21.3 We have \\U ■ e||(2) < \\duj ■ e||(2). 
Proof From ()41U|I and (|412ll . we obtain the following: 



\\U-e\\l^)^ j |C/-e|2dvol= ^Ji-^y \^^^\^ . r-^<^+^\\ogr\'' ■ dr. 
\\du:-e\\%)^ I Ma; • ep. dvol = ^ J |e„ 



Thus we are done. I 

Let u = f -dr+g-dO be a section of £^ such that duj = 0. We have the Fourier development f — /n'C^'^"^ 
and g ~Y1 9n ' e^'^"^. We can take a sequence {a;'*''-' | fc = 1, 2, . . .} satisfying the following: 

• a;*^'') is C°°-section of V (g) fJ^, whose support is compact. 

• {w*^'^^} converges to a; in i^. 

• {dtj^'^''} converges to in L^. 

For each uj^''\ we take u'^'"^ e £"(y)(2) as above. Then {u^'^^} converges to X^n^^o"""^ ' 5" ' e^'^"^, and we 
have the following: 

_ ^(^0 _ (/(fc)d^ + fff d0)||(2) < |M^('=)||(2) - 0, (fc ^ OO). 

Hence w — (/o • dr + go ■ dO) is coboundary. 

We also have (dw^'^^)o = g^^ ■ dr A Thus we have hmfe^oo 5o'^'' = go and hmfe^oo 5o'°'" = 0. Thus go is 
constant. Moreover we have J \go ■ d9 ■ e\'^ dvol < oo if and only if we have a<Oora = 0,fc<— 1. In the case 
a < or a = 0, fc < —1, we have (logr) ■ e £ and dlogr • e e L^. Thus ' ^ V~^go ■ dO ■ e are same 
modulo d ■ 

Let us consider the equation Mq = /q. From H41U|) . we have / |/o| • r^^°+^ • | \ogr\''dr < oo. 
Lemma 21.4 If a < or a = 0, k < 1, then /q ■ dr is a coboundary. 
Proof We put /o • dp. We have the following: 

KP< Tl/olV-llogpr-^- /^p-i|logpri+^dp = e-i r l/op- p-|logp|i-^dp. (log A^- logr) 

< 2e-i • r l/oP • p • I \ogp\'-'dp ■ I logr|. (413) 

J r 

Here e is a positive number. In the case a = 0, we impose the condition < e < 1 — fc. Then we obtain the 
following: 



\uo ■ e||(2) 



/ |Mopr-2''-i|logr|'=-2dr < 2e-i . / / |/o|2 . p| logp|i-^dp • | logr|V-2''-i| logrj'^^^^r 

Jo Jo Jr 

= 2e-i. [^\fo\'-p\\ogp\'-^dp- r r-'--'\logr\'^-^+^dr<C- ^ |/o| V'+'l logH'"' • 
Jo Jo Jo 

<C- r\M^p-'^+'\\ogp\'^-dp^C-\\fo-dr-e\\ly (414) 
Jo 

Here C is positive constant depending only on e, a and fc. Thus Lemma [21.41 follows . I 
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Lemma 21.5 If a > or a ^ 0, k > 1, then fo ■ dr is a coboundary. 
Proof We put uq := JJ fo ■ dp. Then we have the following: 



< r\fo\'-p-\logp\'+^-dp- f p-^ ■\\ogp\-'-^dp = e-' r\fof-p-\logp\'+^dp-\logr\ 
Jo Jo Jo 



Here e denotes a positive number. In the case a = 0, we impose the condition < e < k — 1. We obtain the 
following: 



r l^^ol' • r-'""-' ■ I logrl^-^dr < e'' ■ f l/ol^ • | logp|i+^ -dp-] logrj'^-^-^ . r-^-^dr 
Jo Jo Jo 

= 6-1. ri/oP-p-llogpr+'dp- [^r-^'^-'\\ogr\''''-^dr<C 1^ \fo? ■ p-^''+'\\ogp\^-^dp 
Jo J p Jo 

<C- r|/orp-2°+i|logp|'=dp-||/o-dr.e||^2). (415) 
Jo 

Thus we are done. I 
In the case a = 0, A; = 1, the group 9Jli ® dr ® H[V) remains. 

21.1.4 The calculation of 

We put to — f ■ dr A dO. We have the Fourier development / = X^n /« ' e^'^"^. For n 7^ 0, we put f/„ := 
(n\/— 1)~^/„ and g = J2n^o 3" ' e^/~^"^. Then we have d{g ■ dr) = lu — fo ■ dr A d9. We also have the following: 



\uo ■ e||(2) 



\g-dr\\l)=2^Y. I l5«rr-2"-|logr|^-.r.dr = 2^^n-2 / \f^\^ ■ r-^'^+^ ■ \\ogr\^ dr 

n^O •' n^O 

<cY,n-^ j |/„rr-2-+i|logr|^+2dr<C.||a;||^2). (416) 



Hence uj — fo ■ dr A d6 is a coboundary. 

Let us consider the equation d{r]Q) — fo ■ dr A d0 ■ e for rjQ ~ ho ■ d6 ■ e. In the case a<OoTa — 0,k< — 1, 
we put ho — X4 /o • dp. In the case a > or ao, fc > —1, we put ho = Jo fo ■ dp. Then, as before ho is the 
L^-section. Thus fo-drA dO is a coboundary. 

In the case a = 0, A: = — 1, the group OJli ■ dr AdO remains. Note we have \/—ldr Ad9 ~ dr A dt/t. 

Thus the proof of Lemma [2 1.21 is finished. I 

21.2 Quasi isomorphisms of complexes of sheaves 
21.2.1 The complexes C {E) and (£^ 17 -0) 

Let -E be a holomorphic vector bundle over A*. Let be the A-connection on and /i be a hermitian metric 
of E. Let £P{E) denote the sheaf on A of germs of locally L^-sections cj) oi E(E)nP for which 'D'^(j> are L^-sections 
of E ^ Then we obtain the complex of sheaves C'{E) induced by D"^. 

Let us consider a tame harmonic bundle [E, ds, h) over A*. We obtain (£^,D^,/i) over A*. We have the 
projection: 

-£^10 ^ Gv^E^o) = E(Gro^(£|^o)>/3)- 

(3ec 

We have the weight filtration W on E(Gr^(£|Q), induced by the nilpotent part of the residue. We put as 
follows: 

/ := VFiE(Gro^(£|^o).0) ® 0W^-lE(Gro^(^|o)'/3)■ 
/3#o 
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We put as follows: 
We also put as follows: 

® n''')^^^ := { / e {^£' ® 1 7r(/) e W^, Gif 

The A-connection B'^ induces the morphism £^^-^ — > (g) r2^''')|,2^. We denote the complex by (g) il '^j^^)- 
Lemma 21.6 We have the following: 

5(^2) = {/ef^ I 11/11(2) <00, ||DV||(2) <00}, 

8^ <E> = {/ e£^<E> I 11/11(2) < 00}. 



Proof It is clear from our construction and the norm estimate. I 

)(2) 



We have the naturally defined morphism : (S'^ (g) il''^). , — > C'{S^). 



Proposition 21.1 The morphism ^I' is quasi isomorphic. 

The proposition 121 . II is also essentially due to Zucker [S7]. We divide the proof into the two cases. The case 
A = is discussed in the subsubsections I21.2.2fl2l.2.4l The case A is discussed in the subsubsections 

21.2.2 The case A = 0, Preliminary 

Let us consider the case A = 0. We have *i? over A, the Higgs field 9 — f ■ dz / z and the metric h. We have the 
decomposition (the subsubsection 18 . 2 !T|) : 

^a, /= /c, /„eEnd(£;„). 
We may assume that there exists a sufficiently small positive number e such that |q; — /3| < e for any eigenvalue 

of/„|p (Pe A*). 

Let V = (vi) be a frame of compatible with the following: 
• The decomposition i? = ® Ea ■ 



• The parabolic filtration F of E^q- 

• The weight filtration on Gr^ {E\o) 
For each Vi, we put as follows: 



h(vi):^deg [vi), a[vi) -.^ deg [Vi), h{vi) -.^ . 

If we put v[ := Vi ■ (— log l^ij)"'**^^''' • |z|''*^^»' and v' := {v[). Recall that v' is adapted over A* due to Simpson 
(see the subsubsection 4.3.3 in |SH|)- Let us consider the metric h determined as follows: 

Then the metrics h and h are mutually bounded. Since the complexes C'{E, h) and C'{E, h) coincide, we may 
use the metric h in the following argument. 
We have the decompositions: 

^■(^)(2) - 0/:-(^^a)(2), (£^®f^-'°)(2) = 0(^«®f^^'°)(2)- 
ctSC aec 

The decompositions are compatible with the morphism ^P. The claim of Proposition l21.1l for A = immediately 
follows from the following lemma. 

Lemma 21.7 The morphism ■ {Ea g" ^ '^)(2) — * (^q)(2) quasi isomorphic. 
Lemma [2 1.71 is proved in the subsubsections [?1 . 2 . 31 12 1 . 2 . 41 
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21.2.3 The proof of Lemma I^TTTI (a = 0) 

In the case a = 0, the morphism Oq : Eq — > EQ^n^'^ is bounded. Let us consider the sheaf (£^o) (2) on A of 
germs of locahy L^-section of Eq (g) il^''^, for which dcj) is L^. Then we obtain the complex of sheaves C^'' (-Eo)(2) ■ 

CP-'{Eo)i2)-^C^''-'HEo)^2)- 
We denote the cohomology sheaves of £P' (i?o)(2) by H^'' . 
Lemma 21.8 We have the following isomorphisms: 

T^O'i ~ OTi d< (g) Grf Gr^(£;o|o), 



n^'^ ~ OTi (g) dm J «) Gr^^i Gr^ (Eq \ o) 



Proof To show Lemma f2 1.81 we need some preparation. We consider the lexicographic order on i? x Z. Let 
us consider the filtration F of Eq in the category of vector bundles indexed by i? x Z, given as follows: 

FitM^o) := {v^ I deg^(«,) = 0, (deg^(«,), deg'^(z;,)) < {b,k)). 

Then we obtain the vector bundle Vt^k — Gr^)^ f.-^ {Eg) on A*. The tuple Vob.fe = {vi \ a{vi) = 0, b{vi) = b, 2h{vi) = 
k} naturally induces the frame of 14, fc. We denote it by t)o6,fc = {^i \ ct{vi) — 0, b{vi) — b, 2h{vi) = fc). 

We have the naturally induced metric ht^k on VbM, for which we have hb,k{vi,Vj) = Sij ■ \z\^'^^ ■ |log|z||*^. 
For the complex (Vb_/i), 9) , we recall Proposition 6.4 and Proposition 11.5 in |57| . 

Lemma 21.9 We have the following isomorphisms: 

9Jli (g Ffc^fc I o • (&o,A: = l), 



Hi(/:°'-(14,fc)) = 



i (otherwise), 
OTi(gyfc,fe|o-dif (6 = 0,fc = -l), 

(otherwise) . 



Proof The case 6 = is shown in Proposition 6.4 in [57]. and the case —1 < 6 < is shown in Proposition 
11.5 in [STj. The general case can be reduced to the two cases above. I 

We have the naturally defined inclusion (Gr^)^ ^.^ (i?o) ® 51*'°)^2) — * {^^b.k){Fo)): and we have the 
isomorphism: 

(GrJ^,) {Eq) ® ^ 7f {C'- (Grl,) {Eo))). 

We also have the isomorphism {Eq ® f2*'")(2) — ^"(''-'*' (-^o))(2)- Then Lemma 121.81 is obtained by an easy 
spectral sequence argument. I 

We have the morphism of the complexes: Oq : £°' (£'o)(2) — > {Eo)(2)- It is easy to see that it induces the 
isomorphism {C°- {Eo){2)) — > {C^- {Eo)(2)) ■ Then it follows from an easy spectral sequence argument, 
that the inclusion (i?o (g il''')^2) — ^ ^'{Fo){2) is quasi isomorphic. 
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21.2.4 The proof of Lemma I^TTTI fa 7^ 0) 

This is the easier part in the proof of Lemma [21.71 In the case a 7^ 0, the morphism 9^ '■ — > ® ^^'^ 
is invertible. Let F : E^ <Xi ^'^'^ — > E^ denote the inverse. Then there exists a positive constant C such that 
\F\f,<C-{-\og\z\r\ 

The morphism F induces the morphism Ea ^ ^^'^ — > Ea (Xi flP'^, which we denote also by F. 
Lemma 21.10 We have 'H'^{C{Ea)) = 0. 

Proof Let g be an i^-scction of Ea (Xi fl^'^. Then F{g) is the L^-section of Ea (X ^^'^ such that 9a{F{g)) = g. 
It implies ^2 (£•(£;„))= 0. I 

Lemma 21.11 We have {C {Ea)(2)) =0 and n\{Ea ft' ^^^) =0. 

Proof The vanishing ■0)^2^) =0 can be checked directly. Let us show the vanishing (£' (i?Q,) (2)) = 

0. Let gi ■ dz + g2 ■ dz be an i^-section of Ea ® such that the following holds: 

{d + 6*) (51 • + 52 • dz) = 9{gi) ■ dz + dg2 ■ dz — 0. 

We put g3 F{g2 ■ dz), which is a L^-section of Ea- Then we have ^(gs) — g2 ■ dz by our construction. We 
also have the following: 

Saidgs) = -'d9a{gz) = ~d{g2) ■ dz 9a{gi) ■ dz. 
Since 9a is invertible, we obtain dgs = gi. Thus we obtain the vanishing Ti.^ (^£' {Ea)(2)) ■ I 

Lemma 21.12 We have the vanishings n"{C{Ea){2)) = and n° {{Ea <Si ^''")(^2)) ^ 

Proof It immediately follows from the invertibility of 9a- I 
Therefore the proof of Lemma [2 1.71 is finished. I 

21.2.5 The case A 7^ 0, Preliminary 

Let us continue to prove the case A 7^ in Proposition 121.11 We consider the complex induced by the flat 
connection D"**'-^ instead of H^- Clearly, the complexes are naturally quasi isomorphic. 

Let us consider the space of the multi-valued flat section of f^. We have the filtration TH{£^^ by 

an increasing order, and we have the generalized eigen decomposition H{£^) = ®ujeSpi' (£>") , w) . We 

also have the weig ht filtration W on Gt:^{H{8^))- 

Let s be a frame oi H{£'^) , which is compatible with the decomposition E, the filtration JF, and the filtration 
W. We put as follows: 

w(si) := deg'^(sj), b{si) := deg-^(si), h{s,) := ^ deg^(si)- 

We put Vi :— F{si, 0), and v = (vi)- Then we have ]D)v = v ■ A- dz/ z for some constant matrix A E M{r), whose 
eigenvalues a satisfy the condition < Re{a) < 1. 

Let a{vi) denote the complex number satisfying exp(— 27r\/— 1 • ct{si)) = oj{si) and < ReQ;(si) < 1. We 
also put as follows: 

:= b{si) - Rea{vi), h{vi) := h{si). 
We put v', ■-= V, ■ |z|''("') • (- log Izl)-''^^'') and v' := {v[)- 
Lemma 21.13 The C°° -frame v' over A* is adapted- 
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Proof It is easy to reduce the claim to the norm estimate in one dimensional case. 
Let us consider the metric h defined as follows: 

Then the metrics h and h are mutually bounded. Thus we use h in the following. 

£^ := {vi I a{vi) = a). 



We have the decomposition £^ — ^aec^a^ where £^ is given as follows: 



The morphism 'J is compatible with the decomposition, i.e., is a direct sum of the morphisms 'fa : (g) 
ri '°)^2') — * ^ i^a)- The claim of Proposition 12 1 . II for A 7^ immediately follows from the following lemma. 

Lemma 21.14 The is quasi isomorphic. 

Lemma [2 1.1 41 which is essentially due to Zucker, is proved in the subsubsections I?! . 2 . 61 12 1 . 2 . 71 
Before entering the proof of Lemma [2 1.141 we need some preparation. We have the filtration of £^ given 
as follows: 

^b£a = {""i I "(^^i) = bC^i) < 

We have the naturally induced frame v^^a ■— {vi \ Oi{vi) — a,b{vi) — b). We also have the weight filtration W 
on Gi{{£^): 

Wh Grf = {v, I a{v,) = a, h{v,) = h, 2h{v^) < h). 

Then we obtain the vector bundle Vb.h '■= Gr)^ Grf^(£^) . We have the naturally induced frame Vhji '■= 
(vi \a{vi) = a, b{vi) = 6, 2h{vi) — K). Then we have the induced metric h^^h on Vbjn for which we have 
hb,h{vi,Vj) = Sij ■ \z\~'^'' ■ (— loglzj)'*. We also have the naturally induced connection V, for which we have 
^/{vi) = Vi ■ a ■ dz/z. 

21.2.6 Proof of Lemma I^TTTH (The case a = 0) 

Due to Lemma [2 1.21 we have the following: 



H{Vb,h), (6<0, or6 = 0,/i<0). 
(otherwise). 

j®Vb,h (5<0,6 = 0,/i< -2), 



(6o> = 1) 

(otherwise) . 

dt , 

y(g)e (6 = 0,/i=-l), 




(otherwise). 
On the other hand, the following can be checked directly: 

H{Vb,h), (6<0, or6 = 0,/i<0). 



H"(/:(H,/.<»f^-'°)(2)) = 



(otherwise) . 



(2)) 



j®H{VbM), {b<0, oib = 0,h<-2), 
(otherwise). 



350 



We have the spectral sequence: 

We have E^'"^ = E^''' for both of them. In the calculation of E^'"^, the Mi ■ dr (g) e in TL^iC {Vbj,)(2)) 
(b = 0,h=l) and Mi ■ drAdt/t(g>e in n'^{C {Vb,h)(2)) (6 = 0, /i = -1) are canceled. 

The morphism (^Gt^{£q) ® rj'^)^^-) — * 'C' (Grf^(£Q induces the morphisms of the spectral sequences. 
Then the induced morphisms are isomorphic at the i?3-levcl. As a consequence, the morphism (Grf^(£g ) (g) 
ri '°)^2) — * (Grf^(£o))^2) quasi isomorphic. 

As a result, we obtain that (£q (g) fl'-'^)^^^ — > £ (£q )(2) is quasi isomorphic. 

21.2.7 The proof of Lemma [2TTT41 (The case a ^ 0) 
Due to Lemma [21. II we have the vanishing for i = 0, 1, 2 

W{C{Gr]^GT^{8^))^^^)=0. 

The following vanishings can be checked by a direct calculation: 

7^'((GrrGrf(£,^))(2^). 

Thus the morphism ® il '^)^^) — ^ 'C (£^)(2) is quasi isomorphic. Therefore we obtain Lemma [21.141 and 
thus Proposition 12 1.11 I 

21.3 Globalization of isomorphisms 

21.3.1 First replacement 

Let C be a quasi projective curve over C, and C be the smooth completion. We take a Kahler metric of C 
which is equivalent to the Poincare metric around the points C — C. Then C is a complete Kahler manifold. 
Let {E,dE,d,h) be a tame harmonic bundle over C. Then we have the complex of sheaves £ (£'^)(2) and 
over C. 

Proposition 21.2 The naturally defined morphisms (^£^ ri''")^^) — * ^ {^^)(2) 0,1"^ quasi isomorphic. 
Proof It follows from Proposition 12 1.11 I 

21.3.2 Second replacement 

It is not so clear how we consider a family version of C'{£^){2) (-^ G C). So we replace them, as is explained 
in the following. Let D'*'* denote the formal adjoint of the differential operator D^. Recall the formula of the 
Laplacians: 

□a = o D^* + * o = (1 + |A|2)no = (d + e)o(d + ey + (d + ey o(d + e). (417) 

Let C^{£^)(2) denote the sheaf of germs of locally L^-sections of for which Da^ is L^. Let C^{£^)(2) 
denote the sheaf of germs of locally L^-sections (f) oi £^ ® fi^ for which D'^<^ and D'*'*0 are L?' . Let C'^{£^)(2) 
denote the sheaf of germs of locally L^-sections (f) oi £^ ^Vl^ . Then we obtain the complex of sheaves C {£^){2) ■ 
We have the naturally defined morphism C{£^)(2) — * ^'{£^)(2)- 

The following lemma is easy to see. 

Lemma 21.15 The sheaves C^{£^) (^2) and C'{£^)(2) are soft. I 
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Lemma 21.16 The morphism r(C, £' (£^)(2)) — >■ r(C,>C (£^)(2)) is quasi isomorphic. 

Proof We put V := ^L'^{£^ (g) ft'). Since the operator + on V is self adjoint. Thus we have the 
orthogonal decomposition (g) 51') = i^' Ini(D'^ + D'^*). Then we obtain the isomorphisms: 

Thus we are done. I 

The morphism (£'*'g)f2 ''') — ^ ^'{^^)i2) is decomposed into the morphisms (^S^^^fl''^) — > C{£^)(2) — > 
£ (£^)(2)- Thus we obtain the following. 

Proposition 21.3 We have the natural isomorphism o/ff ((f ^ (g fl''°)(2)) - H"^ [C {£^) (^2))) ■ I 

21.4 Family of isomorphisms 
21.4.1 Family of L^-complexes 

Let C be a quasi projective curve and C be the smooth completion. We take a complete Kahler metric of C 
which is equivalent to Poincare metric around C — C . Then we have the naturally defined measure on C \ x C . 

Let (i?, Oe, 0, h) be a tame harmonic bundle over C. Let p\ : C\ x C — > C denote the projection. Then 
we have the C°°-bundle £ = P\^E. We have the naturally defined metric on £ g) fi^. 

Let £^ ((A, P),£ ® 51p) denote the space of germs of L^-sections oi £ ® fi^ at the point (A, P). Let / be an 
element of ((A, P),£ ® fi^) . Let us consider the following condition. 

Condition 21.1 There exist open subsets A G C/i C C\ and P G C/2 C C, and an element L'^{Ui x U2) 
satisfying the following: 

1. The germ of F at {X, P) is f. 

2. Due to Fubini's theorem, F induces the measurable function ^^^^^^ ; JJ^ >■ 1/^(112, E ® il^'). Then the 

function <^^^^^^ is holomorphic. 

Note the following easy lemma. 

Lemma 21.17 Let f be an element of C'^ {{X, P) ,£ (g) n^) . A ssume that there exist Ui {i — 1,2) and F as in 
Cond.ition Xll.W Let A G ?7( and P E U2 be open subsets, and F' be an element of L^(U[ x U2) whose germ is 
f. Then there exist open subsets X G J7" and P G U2 be open subsets such that and Fl^^ satisfies the conditions 
^and\^in Condition \21.1\ I 

Definition 21.1 

• An element f G C^{{X,P),£ g) f2^) is called X-holomorphic, if Condition Vll.W holds for f. 



Let C((A,P),£ (g) rip) denote the subspace of C^(^{X,P),£ (g flp), which consists of the X-holomorphic 

I 



germs. 

Lemma 21.18 The following sequence is exact. 

> C{{Xo,P),£ C{{Xo,P),£ > c''{p,£^®ni) 



I 



Let / be an element of C((Ao,P),f ® ^c)- ^'^^ ^« (* ~ ^^'^) ^^"^ ^ Condition 121.11 and then 

we obtain the holomorphic function ^^^^^^ JJi — > L'^{U2,E ® n^). Let [/■ {i = 1,2) and F' be also as 
in Condition 121.11 and then we obtain the holomorphic function : U[ — > L^ (U2, E 1^ ^c)- ^'^^ 

take a sufficiently small open subset U'-^ C C/i n ?7{, and let us put U2 = C/2 H JJa- Then both of <i)^i^^2 ^^^^^ 
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^^ixf/a jjj(;iy(jg ^jjg holomorphic morphisms [/" — > L^(U2, E® f^p), and they coincide. In this sense, the germ 
/ € C((Ao, P), E ® rip) determines the germ of holomorphic function to the space C^{P, E (g) 17^) at Aq. 
We put as follows: 

£^{P, E (g) := {f e (P, E(E)n°)\ □/ e C? (P, P ® 1}°) } , 

We also put as follows: 

£2fPP«f]i)-/fG£2.p^^^u (9 + 0)/e/:2(P,P®f72), 
L {F,E<s^^i ).-|/e£ (P,P®S2 ) (d + erfeC^iP,E®n^) 

Lemma 21.19 Let X be any element of C\. We have the following: 

D^f e C^{P,E(g>n'^), 



£2(P,P® f^i) := |/ e C^{P,E®n^) 



) f CiP^E^n'^) 



Proof It follows from l|lT7jl . I 

Let us consider the following condition for an element / G C((Ao, P),£ (E) il^) : 
(★) $/ is the germ of a holomorphic function to C^[P, E (g) fi^") at P. 

Then we put as follows: 

C{{Xo,P),£ (g>n}j) := {f eC{{Xo,P),£ (g>nPc) I/satisfies (*)}. 

Lemma 21.20 The X-connection induces the complex: 

C((A,P),P® 17") — >C{{X,P),E(En^) — .C((A,P),P® fl^). 

Proof It follows from Lemma [2 1.1 91 I 

Let S{E ® rt^) denote the sheaf of germs C on Cx x C. Due to Lemma [21.201 the A-connection D induces 
the complex S{E 

Lemma 21.21 We have the exact sequence of the complexes: 

y s{E®n-) ! 5(p®rj-) > £(£:^®rj-)(2) > o. 

Proof It follows from Lemma [2 1.1 81 I 

The following lemma can be checked directly. 

Lemma 21.22 The sheaves S{E (g) Qp) {p = 0, 1, 2) are f-soft for the projection CxxC — > Cx. (See for 
the definition of f-soft.) 

In particular, we have W f^,S{E ® Vlf) = for i ^ 0. I 

Hence Rf^,S{E (g) fi^) is canonically quasi isomorphic to f*S{E (g) fi^). The sheaf f*S{E ^ fl^) is naturally 
isomorphic to the sheaf of L'^{E (g) r2p)-valued holomorphic functions over C\, i.e., it corresponds to the trivial 
vector bundle Ca x L2(P (g f^^). 

Lemma 21.23 The complex f*S{E is quasi isomorphic to ® «]. 

Proof We regard «] as the complex with the trivial differential. We have the naturally defined mor- 

phism of 0- i] to f*S{E (g) 1^^). By using the argument in the subsubsect ion 12 . 8 HI we can show that the 
morphism is quasi isomorphic. I 
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21.4.2 The sub-complex Q(^") of £ (g) " 

Let Aq be a point of C\. Let P be a point of C — C. We pick an appropriate coordinate around P, then we 
can pick an embedding A — > C such that the image of O is P. Let us consider the restriction of {E, dE,d,h) 
to A*. 

We take a sufhciently small positive number eo, then we have the filtration C^^) • We have the projec- 
tions: 



We have the generalized decomposition with respect to the action of —BzZ: 

Gr-r°' (°^) = ep(.„,„).-i IE(Grrr"\ -e(A, .)) , 

Gr^r' ) « - ep(.„,«).o E(Grr^"' , -e(A, u)) . 

We put as follows: 

We consider the above procedure for any point of C — C. Then we obtain the complex Q^^o)* (j 

Lemma 21.24 We have the inclusion Q(-^o)» ~, 6; (8) ^2*'*', which is quasi isomorphic. 

Proof The following morphism is isomorphic due to the strictly specializability of £: 

The following morphism is isomorphic, which we can show by using Proposition II 5 . l1 

Grrr°'g ^ Gro^''"'(£g^l|i.° 

WiE{Gt^['"\-1) iy_iE(Gr^<''",0)®m.o' 

Then we obtain the result. 

Let us consider the case A(Ai,ei) C A(Ao,eo)- 
Lemma 21.25 We have the following commutative diagramm: 



Proof It can checked easily from the definition. I 

21.4.3 The comparison of Q^^') and S{£ (g) Vl ) 

We have the natural inclusion: 

Q(^«) (418) 

Hence we obtain the morphism: 

i?/*(Q(^")) — >i?/*(5(£®r!-)|;,(Ao,.o)). (419) 
First let us consider the specialization of H419|l at A e A(Ao, eo). 
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Lemma 21.26 The following morphism is quasi isomorphic: 



Proof We have the natural inclusion: 



(2)- 



(420) 



It is easy to check the morphism (|420|) is quasi isomorphic. Then the lemma immediately follows from Propo- 
sition gOl I 



We have the following commutative diagram: 

> qM- ^-^'> , 



g(>o)- 



S{£ (g) n 



A-A 



Q 



(Ao) 



(2) 



Let us consider the following induced commutative diagramm: 



(Ao)- 



W{RU{Q 



nHRfjQ 



(421) 



Lemma 21.27 W {Rf^{Q'-^"^) and W {j .^S {£ ® )) are isomorphic. 

Proof We will use a descending induction on i. We assume that the isomorphism for i + 1 is shown, and we 
will show that the morphism for i is isomorphic. 

Due to Lemma f21.23l the multiplication of (A — Aq) on {Rf^,S{£ ® fi )) is injective. Hence we obtain 
that the upper vertical arrow in (|421|) is surjective. Due to Lemma r21.26l the right vertical arrow is isomorphic. 
Then we obtain the following: 

n\f,S{£®n-)) = {\~ Xa) ■W{f,S{£ + luyip. 

Then we obtain the surjectivity of due to Nakayama's Lemma. 

Let us show the injectivity of ip. Let / be a section of 7i'(Q''''"') such that <p{f) — 0. Since the right vertical 
arrow is isomorphic, / is of the form (A — Aq) • g for some section g of Since the multiplication of 

(A — Ao) on W(^Rf*S{E ® fi )) is injective, we obtain ip[g) = 0. Thus we obtain Ker((^) = (A — Ao) • Ker{ip). 
Then we obtain Ker((/3) = due to Nakayama's Lemma. I 

Lemma 21.28 Let us consider the case A(Ai,ei) C A(Ao,eo). We have the following commutative diagramm: 



W{Rf,S{E(g>n)) 



|A(Ai,ei)- 



n'{Rf,Q^^^^) — 

The horizontal arrows are isomorphic. 
Proof It is clear from the definition. 
Lemma 21.29 We have the canonical isomorphisms: 

n'{Rf,{<B®n-")) ^w{f.s{E®^i-))^^' ®Oc, 
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Proof It follows from Lcmma l21.24l Lcmma r21.25l Lemma 12 1.261 and Lenima l21.28l I 

Corollary 21.1 The induced U-triple (i?7, (CE ® Vt ) , Wf.^ (£ (g) 17 ), C) is pure twistor of weight i. The polar- 
ization is naturally given. The hard Lefschetz theorem holds. 

Proof The twistor property and the positivity can be shown by an argument similar to the proof of Theorem 
2.24 in the paper of Sabbah 112]. Since we can take the harmonic repesentatives of the cohomology classes, the 
hard Lefschetz theorem clearly holds. I 
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